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WHAT THIS BOOK IS FOR 


Students have generally found thermodynamics a difficult 
subject to understand and learn. Despite the publication of 
hundreds of textbooks in this field, each one intended to 
provide an improvement over previous textbooks, students 
continue to remain perplexed as a result of the numerous 
conditions that must often be remembered and correlated in 
solving a problem. Various possible interpretations of terms 
used in thermodynamics have also contributed to much of the 
difficulties experienced by students. 

In a study of the problem, REA found the following basic 
reasons underlying students' difficulties with thermodynamics 
taught in schools: 

(a) No systematic rules of analysis have been developed 
which students may follow in a step-by-step manner to solve 
the usual problems encountered. This results from the fact that 
the numerous different conditions and principles which may be 
involved in a problem, lead to many possible different methods 
of solution. To prescribe a set of rules to be followed for each 
of the possible variations, would involve an enormous number of 
rules and steps to be searched through by students, and this 
task would perhaps be more burdensome than solving the 
problem directly with some accompanying trial and error to find 
the correct solution route. 

(b) Textbooks currently available will usually explain a 
given principle in a few pages written by a professional who 
has an insight in the subject matter that is not shared by 
students. The explanations are often written in an abstract 
manner which leaves the students confused as to the application 
of the principle. The explanations given are not sufficiently 
detailed and extensive to make the student aware of the wide 
range of applications and different aspects of the principle 
being studied. The numerous possible variations of principles 
and their applications are usually not discussed, and it is left 
for the students to discover these for themselves while doing 
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exercises. Accordingly, the average student is expected to 
rediscover that which has been long known and practiced, but 
not published or explained extensively. 

(c) The examples usually following the explanation of a 
topic are too few in number and too simple to enable the 
student to obtain a thorough grasp of the principles involved. 
The explanations do not provide sufficient basis to enable a 
student to solve problems that may be subsequently assigned 
for homework or given on examinations. 

The examples are presented in abbreviated form which 
leaves out much material between steps, and requires that 
students derive the omitted material themselves. As a result, 
students find the examples difficult to understand--contrary to 
the purpose of the examples. 

Examples are, furthermore, often worded in a confusing 
manner. They do not state the problem and then present the 
solution. Instead, they pass through a general discussion, 

never revealing what is to be solved for. 

Examples, also, do not always include diagrams/graphs, 
wherever appropriate, and students do not obtain the training 
to draw diagrams or graphs to simplify and organize their 

thinking. 

(d) Students can learn the subject only by doing the 

exercises themselves and reviewing them in class, to obtain 

experience in applying the principles with their different 
ramifications. 

In doing the exercises by themselves, students find that 
they are required to devote considerably more time to 
thermodynamics than to other subjects of comparable credits, 
because they are uncertain with regard to the selection and 
application of the theorems and principles involved. It is also 
often necessary for students to discover those "tricks" not 
revealed in their texts (or review books), that make it possible 
to solve problems easily. Students must usually resort to 
methods of trial-and-error to discover these "tricks", and as a 
result they find that they may sometimes spend several hours to 
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solve a single problem. 

(e) When reviewing the exercises in classrooms, 
instructors usually request students to take turns in writing 
solutions on the boards and explaining them to the class. 
Students often find it difficult to explain in a manner that holds 
the interest of the class, and enables the remaining students to 
follow the material written on the boards. The remaining 
students seated in the class are, furthermore, too occupied with 
copying the material from the boards, to listen to the oral 
explanations and concentrate on the methods of solution. 

This book is intended to aid students in thermodynamics to 
overcome the difficulties described, by supplying detailed 
illustrations of the solution methods which are usually not 
apparent to students. The solution methods are illustrated by 
problems selected from those that are most often assigned for 
class work and given on examinations. The problems are 
arranged in order of complexity to enable students to learn and 
understand a particular topic by reviewing the problems in 
sequence. The problems are illustrated with detailed step-by- 
step explanations, to save the students the large amount of time 
that is often needed to fill in the gaps that are usually found 
between steps of illustrations in textbooks or review/outline 
books. 

The staff of REA considers thermodynamics a subject that 
is best learned by allowing students to view the methods of 
analysis and solution techniques themselves. This approach to 
learning the subject matter is similar to that practiced in 
various scientific laboratories, particularly in the medical fields. 

In using this book, students may review and study the 
illustrated problems at their own pace; they are not limited to 
the time allowed for explaining problems on the board in class. 

When students want to look up a particular type of 
problem and solution, they can readily locate it in the book by 
referring to the index which has been extensively prepared. It 
is also possible to locate a particular type of problem by 
glancing at just the material within the boxed portions. To 


v 



facilitate rapid scanning of the problems, each problem has a 
heavy border around it. Furthermore, each problem is identified 
with a number immediately above the problem at the right-hand 
margin. 

To obtain maximum benefit from the book, students should 
familiarize themselves with the section, "How To Use This 
Book," located in the front pages. 

To meet the objectives of this book, staff members of REA 
have selected problems usually encountered in assignments and 
examinations, and have solved each problem meticulously to 
illustrate the steps which are difficult for students to 
comprehend. Special gratitude is expressed to them for their 
efforts in this area, as well as to the numerous contributors 
who devoted brief periods of time to this work. 

Gratitude is also expressed to the many persons involved 
in the difficult task of typing the manuscript with its endless 
changes, and to the REA art staff who prepared the numerous 
detailed illustrations together with the layout and physical 
features of the book. 

The difficult task of coordinating the efforts of all persons 
was carried out by Carl Fuchs. His conscientious work deserves 
much appreciation. He also trained and supervised art and 
production personnel in the preparation of the book for 
printing. 

Finally, special thanks are due to Helen Kaufmann for her 
unique talents to render those difficult border-line decisions 
and constructive suggestions related to the design and 
organization of the book. 


Max Fogiel, Ph.D. 
Program Director 
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HOW TO USE THIS BOOK 


This book can be an invaluable aid to students in 
thermodynamics as a supplement to their textbooks. The book is 
subdivided into 14 chapters, each dealing with a separate topic. 
The subject matter is developed beginning with work and heat, 
ideal gas processes, entropy and second law, irreversibility and 
availability, equations of state and extends through vapor 
power and refrigeration cycles, mixtures and solutions, chemical 
reactions and equilibrium. Also included are problems in flow 
through nozzles and blade passages, heat transfer and 
statistical thermodynamics. An extensive number of applications 
have been included, since these appear to be more troublesome 
to students. 


TO LEARN AND UNDERSTAND 
A TOPIC THOROUGHLY 

1. Refer to your class text and read the section pertaining 
to the topic. You should become acquainted with the principles 
discussed there. These principles, however, may not be clear 
to you at that time. 

2. Then locate the topic you are looking for by referring 
to the "Table of Contents" in front of this book, "The 
Thermodynamics Problem Solver." 

3. Turn to the page where the topic begins and review the 
problems under each topic, in the order given. For each topic, 
the problems are arranged in order of complexity, from the 
simplest to the more difficult. Some problems may appear similar 
to others, but each problem has been selected to illustrate a 
different point or solution method. 

To learn and understand a topic thoroughly and retain its 
contents, it will be generally necessary for students to review 
the problems several times. Repeated review is essential in 
order to gain experience in recognizing the principles that 
should be applied, and in selecting the best solution technique. 
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TO FIND A PARTICULAR PROBLEM 


To locate one or more problems related to a particular 
subject matter, refer to the index. In using the index, be 
certain to note that the numbers given there refer to problem 
numbers, not page numbers. This arrangement of the index is 
intended to facilitate finding a problem more rapidily, since two 
or more problems may appear on a page. 

If a particular type of problem cannot be found readily, it 
is recommended that the student refer to the "Table of 
Contents" in the front pages, and then turn to the chapter 
which is applicable to the problem being sought. By scanning 
or glancing at the material that is boxed, it will generally be 
possible to find problems related to the one being sought, 
without consuming considerable time. After the problems have 
been located, the solutions can be reviewed and studied in 
detail. For this purpose of locating problems rapidly, students 
should acquaint themselves with the organization of the book as 
found in the "Table of Contents". 

In preparing for an exam, it is useful to find the topics to 
be covered in the exam from the "Table of Contents," and then 
review the problems under those topics several times. This 
should equip the student with what might be needed for the 
exam. 
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UNITS CONVERSION FACTORS 


This section includes a particularly useful and comprehensive table 
to aid students and teachers in converting between systems of units. 

The problems and their solutions in this book use SI (International 
System) as well as English units. Both of these units are in extensive 
use throughout the world, and therefore students should develop a good 
facility to work with both sets of units until a single standard of units 
has been found acceptable internationally. 

In working out or solving a problem in one system of units or the 
other, essentially only the numbers change. Also, the conversion from 
one unit system to another is easily achieved through the use of con¬ 
version factors that are given in the subsequent table. Accordingly, the 
units are one of the least important aspects of a problem. For these 
reasons, a student should not be concerned mainly with which units 
are used in any particular problem. Instead, a student should obtain 
from that problem and its solution an understanding of the underlying 
principles and solution techniques that are illustrated there. 


To convert 

To 

Multiply by 

For the reverse, 
multiply by 

acres . 

square feet. 

4.356 xIO 4 

2.296 xIO 5 

acres . 

square meters. 

4047 

2.471 xIO* 4 

ampere-hours. 

coulombs. 

3600 

2.778 xIO- 4 

ampere-turns. 

gilberts. 

1.257 

0.7958 

ampere-turns per cm... 

ampere-turns per inch. 

2.54 

0.3937 

angstrom units. 

inches . 

3.937x 10- 9 

2.54 xIO 8 

angstrom units. 

meters. 

io- 10 

IO 10 

atmospheres. 

feet of water. 

33.90 

0.02950 

atmospheres. 

inch of mercury at 0°C. 

29.92 

3.342 x 10- 2 

atmospheres. 

kilogram per square meter. 

O 

CO 

CO 

X 

o 

.u 

9.678 xIO 5 

atmospheres. 

millimeter of mercury at 0°C.... 

760 

1.316 x 10- 3 

atmospheres. 

pascals. 

1.0133 x 10 s 

0.9869 xIO- 5 

atmospheres. 

pounds per square inch. 

14.70 

0.06804 

bars. 

atmospheres. 

9.870 xIO' 7 

1.0133 

bars. 

dynes per square cm. 

10 6 

io- 6 

bars. 

pascals. 

10 5 

io- 5 

bars. 

pounds per square inch. 

14.504 

6.8947x 10- 2 

Btu. 

ergs. 

1.0548 xIO 10 

9.486 xIO 11 

Btu. 

foot-pounds. 

778.3 

1.285x 10-9 

Btu. 

joules. 

1054.8 

9.480 xIO- 4 

Btu. 

kilogram-calories. 

0.252 

3.969 

calories, gram. 

Btu. 

3.968 x 10- 3 

252 

calories, gram. 

foot-pounds. 

3.087 

0.324 

calories, gram. 

joules. 

4.185 

0.2389 

Celsius. 

Fahrenheit. 

(°C X 9/5) + 32 = °F 

(°F - 32) x 5/9 = °C 
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To convert 

To 

Multiply 

For the reverse, 
multiply by 

Celsius. 

kelvin. 

°C + 273.1 = K 

K - 273.1 = °C 

centimeters. 

angstrom units. 

1 xIO 8 

1 xIO’ 8 

centimeters. 

feet. 

0.03281 

30.479 

centistokes. 

square meters per second. 

1 x 10- 6 

1 xIO 6 

circular mils. 

square centimeters. 

5.067 xIO- 6 

1.973 xIO 5 

circular mils. 

square mils. 

0.7854 

1.273 

cubic feet. 

gallons (liquid U.S.). 

7.481 

0.1337 

cubic feet. 

liters. 

28.32 

3.531 xIO* 2 

cubic inches. 

cubic centimeters. 

16.39 

6.102 xIO- 2 

cubic inches. 

cubic feet. 

5.787 xIO- 4 

1728 

cubic inches. 

cubic meters. 

1.639 xIO' 5 

6.102 xIO 4 

cubic inches. 

gallons (liquid U.S.). 

4.329 xIO- 3 

231 

cubic meters. 

cubic feet. 

35.31 

2.832 xIO- 2 

cubic meters. 

cubic yards. 

1.308 

0.7646 

curies. 

coulombs per minute. 

1.1 xIO 12 

0.91 xIO- 12 

cycles per second. 

hertz. 

1 

1 

degrees (angle). 

mils. 

17.45 

5.73 x IO* 2 

degrees (angle). 

radians. 

1.745 xIO* 2 

57.3 

dynes . 

pounds. 

2.248 xIO- 6 

4.448 xIO 5 

electron volts. 

joules. 

1.602 xIO- 19 

0.624 x 10 18 

ergs. 

foot-pounds. 

7.376 xIO' 8 

1.356 xIO 7 

ergs. 

joules. 

io- 7 

10 7 

ergs per second. 

watts. 

io- 7 

10 7 

ergs per square cm. 

watts per square cm. 

io- 3 

10 3 

Fahrenheit. 

kelvin. 

(°F + 459.67)/1.8 

1.8K-459.67 

Fahrenheit. 

Rankine. 

°F + 459.67 = °R 

°R - 459.67 = °F 

faradays. 

ampere-hours. 

26.8 

3.731 xIO* 2 

feet. 

centimeters. 

30.48 

3.281 xIO 2 

feet. 

meters. 

0.3048 

3.281 

feet. 

mils. 

1.2 xIO 4 

8.333 x IO' 5 

term is. 

meters. 

io- 15 

10 15 

foot candles. 

lux. 

10.764 

0.0929 

foot lamberts. 

candelas per square meter. 

3.4263 

0.2918 

foot-pounds. 

gram-centimeters. 

1.383 xIO 4 

1.235 xIO- 5 

foot-pounds. 

horsepower-hours. 

5.05 xIO* 7 

1.98x10® 

foot-pounds. 

kilogram-meters. 

0.1383 

7.233 

foot-pounds. 

kilowatt-hours. 

3.766 x 10- 7 

2.655 x 10® 

foot-pounds. 

ounce-inches. 

192 

5.208 xIO- 3 

gallons (liquid U.S.). 

cubic meters. 

3.785 xIO- 3 

264.2 

gallons (liquid U.S.). 

gallons (liquid British Imperial) 

0.8327 

1.201 

gammas. 

teslas. 

io- 9 

10 9 

gausses. 

lines per square cm. 

10 

1.0 

gausses. 

lines per square inch. 

6.452 

0.155 

gausses. 

teslas. 

io- 4 

10 4 

gausses. 

webers per square inch. 

6.452 xIO- 8 

1.55 xIO 7 

gilberts. 

amperes. 

0.7958 

1.257 

grads. 

radians. 

1.571 x 10- 2 

63.65 

grains. 

grams. 

0.06480 

15.432 

grains. 

pounds. 

v 

'7000 

7000 

grams. 

dynes . 

980.7 

1.02 x IO’ 3 

grams. 

grains. 

15.43 

6.481 xIO- 2 
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To convert 

To 

Multiply 

For the reverse, 
multiply by 

grams. 

ounces (avdp). 

3.527 xIO- 2 

28.35 

grams. 

poundals. 

7.093 xIO- 2 

14.1 

hectares. 

acres. 

2.471 

0.4047 

horsepower. 

Btu per minute. 

42.418 

2.357 xIO- 2 

horsepower. 

foot-pounds per minute. 

3.3 xIO 4 

3.03 x 10- 5 

horsepower. 

foot-pounds per second. 

550 

1.182 x IO' 3 

horsepower. 

horsepower (metric). 

1.014 

0.9863 

horsepower. 

kilowatts. 

0.746 

1.341 

inches . 

centimeters. 

2.54 

0.3937 

inches . 

feet. 

8.333 xIO’ 2 

12 

inches . 

meters. 

2.54 xIO- 2 

39.37 

inches . 

miles. 

1.578 xIO- 5 

6.336 xIO 4 

inches. 

mils. 

10 3 

io- 3 

inches. 

yards. 

2.778 xIO- 2 

36 

joules. 

foot-pounds. 

0.7376 

1.356 

joules. 

watt-hours. 

2.778 xIO- 4 

3600 

kilograms. 

tons (long). 

9.842 xIO- 4 

1016 

kilograms. 

tons (short). 

1.102 xIO- 3 

907.2 

kilograms. 

pounds (avdp). 

2.205 

0.4536 

kilometers. 

feet. 

3281 

3.408 xIO- 4 

kilometers. 

inches. 

3.937 xIO 4 

2.54 x 10- 5 

kilometers per hour. 

feet per minute. 

54.68 

1.829 xIO- 2 

kilowatt-hours. 

Btu. 

3413 

2.93 xIO’ 4 

kilowatt-hours. 

foot-pounds. 

2.655x 10® 

3.766 xIO* 7 

kilowatt-hours. 

horsepower-hours. 

1.341 

0.7457 

kilowatt-hours. 

joules. 

3.6x10® 

2.778 xIO- 7 

knots. 

feet per second. 

1.688 

0.5925 

knots. 

miles per hour. 

1.1508 

0.869 

lamberts. 

candles per square cm. 

0.3183 

3.142 

lamberts. 

candles per square inch. 

2.054 

0.4869 

liters. 

cubic centimeters. 

10 3 

io- 3 

liters. 

cubic inches. 

61.02 

1.639 xIO’ 2 

liters. 

gallons (liquid U.S.). 

0.2642 

3.785 

liters. 

pints (liquid U.S.). 

2.113 

0.4732 

lumens per square foot 

foot-candles. 

1 

1 

lumens per square meter 

foot-candles. 

0.0929 

10.764 

lux. 

foot-candles. 

0.0929 

10.764 

maxwells. 

kilolines. 

io- 3 

10 3 

maxwells. 

webers. 

io-® 

10® 

meters. 

feet. 

3.28 

30.48 xIO- 2 

meters. 

inches . 

39.37 

2.54 x 10- 2 

meters. 

miles. 

6.214 x 10- 4 

1609.35 

meters. 

yards. 

1.094 

0.9144 

miles (nautical). 

feet. 

6076.1 

1.646 xIO’ 4 

miles (nautical). 

meters. 

1852 

5.4 x IO* 4 

miles (statute). 

feet. 

5280 

1.894 xIO- 4 

miles (statute). 

kilometers. 

1.609 

0.6214 

miles (statute). 

miles (nautical). 

0.869 

1.1508 

miles per hour. 

feet per second. 

1.467 

0.6818 

miles per hour. 

knots. 

0.8684 

1.152 

millimeters. 

microns. 

10 3 

io- 3 
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To convert 

To 

Multiply 

For the reverse, 
multiply by 

mils. 

meters. 

2.54 xIO- 5 

3.94 xIO 4 

mils. 

minutes. 

3.438 

0.2909 

minutes (angle). 

degrees. 

1.666 xIO 2 

60 

minutes (angle). 

radians. 

2.909 xIO- 4 

3484 

newtons. 

dynes . 

10 5 

IO' 5 

newtons. 

kilograms. 

0.1020 

9.807 

newtons per sq. meter. 

pascals. 

1 

1 

newtons. 

pounds (avdp). 

0.2248 

4.448 

oersteds. 

amperes per meter. 

7.9577 x 10 

1.257 xIO- 2 

ounces (fluid). 

quarts. 

3.125 xIO 2 

32 

ounces (avdp). 

pounds. 

6.25 xIO- 2 

16 

pints. 

quarts (liquid U.S.). 

0.50 

2 

poundals. 

dynes . 

1.383 xIO 4 

7.233 xIO* 5 

poundals. 

pounds (avdp). 

3.108 xIO- 2 

32.17 

pounds. 

grams. 

453.6 

2.205 x IO- 3 

pounds (force). 

newtons. 

4.4482 

0.2288 

pounds per square inch 

dynes per square cm. 

6.8946 xIO 4 

1.450 xIO* 5 

pounds per square inch 

pascals. 

6.895 xIO 3 

1.45 xIO- 4 

quarts (U.S. liquid). 

cubic centimeters. 

946.4 

1.057 x IO- 3 

radians. 

mils. 

10 3 

io- 3 

radians. 

minutes of arc. 

3.438 xIO 3 

2.909 xIO- 4 

radians. 

seconds of arc. 

2.06265 xIO 5 

4.848 xIO 6 

revolutions per minute. 

radians per second. 

0.1047 

9.549 

roentgens. 

coulombs per kilogram. 

2.58 xIO' 4 

3.876 x 10 3 

slugs. 

kilograms. 

1.459 

0.6854 

slugs. 

pounds (avdp). 

32.174 

3.108 xIO- 2 

square feet. 

square centimeters. 

929.034 

1.076 xIO" 3 

square feet. 

square inches. 

144 

6.944 x IO 3 

square feet. 

square miles. 

3.587 x 10- 8 

27.88 x 10 6 

square inches. 

square centimeters. 

6.452 

0.155 

square kilometers. 

square miles. 

0.3861 

2.59 

stokes. 

square meter per second. 

io- 4 

io- 4 

tons (metric). 

kilograms. 

10 3 

io- 3 

tons (short). 

pounds . 

2000 

5x10- 4 

torrs. 

newtons per square meter. 

133.32 

7.5 x IO* 3 

watts. 

Btu per hour. 

3.413 

0.293 

watts. 

foot-pounds per minute. 

44.26 

2.26 xIO* 2 

watts. 

horsepower. 

1.341 xIO- 3 

746 

watt-seconds. 

joules. 

1 

1 

webers. 

maxwells. 

10 8 

io- 8 

webers per square meter 

gausses . 

10 4 

io- 4 
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THE 

THERMODYNAMICS 
PROBLEM SOLVER" 



CHAPTER 1 


THERMODYNAMIC PROPERTIES 
AND STATE OF PURE SUBSTANCES 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 1 to 
32 for step-by-step solutions to problems. 


Thermodynamics describes the transformation of energy of all types from 
one form to another. The first and second laws of thermodynamics govern these 
changes, and thermodynamic properties, such as internal energy, enthalpy, and 
entropy, are variables in these laws. However, these properties cannot be mea¬ 
sured directly. They must be determined from the pressure, temperature, and 
specific volume behavior of a fluid. The relation between these three quantities — 
pressure, temperature, and volume —is called the equation state for the fluid. 

The simplest equation of state is for an ideal gas, and this is given by Eq. (1): 

PV = mRT/M w (1) 

In this equation V is the volume occupied by the gas at absolute pressure P and 
absolute temperature T. The mass and molecular weight of the gas are m and M w , 
respectively. R is the universal gas constant and has the following values: 8.314 
m 3 Pa mol -1 K -1 and 0.7302 ft 3 atms lb-mole -1 /? -1 in SI and English units. This 
equation is a good approximation for the behavior of real gases near and below 
atmospheric pressure. 

In the ideal gas law, Eq. (1), absolute pressure, P, is required. Absolute pres¬ 
sure is defined as the normal component of force exerted by the fluid per unit 
area acting on a surface in the system, and it has SI units of Newtons per square 
meter ( N/m 2 ) or Pascals (Pa). Most instruments measure pressure relative to local 
atmospheric pressure, i.e., they give readings in gauge pressure. Consequently, 
the local atmospheric pressure must be added to the gauge pressure to convert it 
to absolute pressure for use in Eq. (1). 

In Eq. (1), temperature on the absolute scale is required, and in SI the Kelvin 
absolute temperature scale is used. This linear scale is based on the properties of 
an ideal gas where a value of 273.16 K is assigned to the temperature for the 
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triple point of water. Zero on this scale is derived from the thermal efficiency of a 
Carnot engine, r| = 1 — ( TJT H ), where T H and T c are the temperatures of the hot 
and cold reservoirs, respectively. The thermal efficiency approaches unity when 
the temperature of the cold reservoir approaches zero (absolute zero on the Kelvin 
scale). 

One of two temperature scales measured with thermometers and other tem¬ 
perature measuring devices is the Celsius scale, and absolute zero on this scale is 
-273.15°C. Thus, temperatures in Celsius are converted to Kelvin by adding 
273.15. The other scale used with thermometers is the Fahrenheit scale, and 
absolute zero on this scale is -459.67°F. The Rankine absolute temperature scale 
can be used in the ideal gas law also, and temperatures in Fahrenheit are con¬ 
verted to Rankine by adding 459.67. Conversions between Celsius and Fahren¬ 
heit scales are based on the boiling and freezing points of water: 100° and 0° in 
Celsius, and 212° and 32° in Fahrenheit. Thus, the range between these two 
reference points is 100°C and 180°F, which is used to develop the following 
equations to convert between the two scales: 

T(°F) = % T(°C) + 32 T(°C) = % [T(°F) -32] (2) 

If the pressure and temperature are specified along with the mass of the gas 
and its molecular weight, then the volume, V, occupied by this gas can be com¬ 
puted by Eq. (1). However, many times the density of a gas is required, and the 
density is defined as the mass per unit volume, i.e., p = m/V. Consequently, Eq. (1) 
can be rearranged to compute the density of a gas knowing the temperature and 
pressure by the following equation: 


m PM W 
V~ RT 


(3) 


Some books provide tabulations of the universal gas constant divided by the 
molecular weight, i.e., R, = R/M wi . For this case, Eq. (1) can be written as: 

PV = mR{T (4) 

Also, the ideal gas law is written in terms of the number of moles of the gas, 
rt, rather than the mass, m. The number of moles of the gas is the mass, m, divided 
by the molecular weight, M w . For this case, Eq. (1) has the form: 

PV = nRT (5) 

An extension of this ideal gas law for application to real gases at high 
pressures is given by: 

PV = zmRT/M w (6) 

The added variable z is called the compressibility factor. It is determined from 
correlations based on the reduced temperature and pressure. The reduced tem¬ 
perature and pressure are the temperature and pressure of the gas divided by the 
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critical temperature and pressure. Values of z range from about 0.5 to 1.1. 

Internal energy, U, is the energy associated with molecular motion that a 
substance possesses. For a closed system the change in internal energy, AU, is de¬ 
fined by the first law of thermodynamics as the difference between the heat 
added to the system Q and the work done by the system W, i.e., 

A U = Q-W (7) 

The first law of thermodynamics, Eq. (7), gives the difference in internal 
energy; a reference point can be selected where the internal energy is assigned a 
value of zero for the purpose of tabulating values at other temperatures and 
pressures for use in computations, e.g., steam tables. Also, the use of a reference 
point is especially valuable for standard heats of chemical reactions. This refer¬ 
ence point is called the standard reference state. Historically, the standard ref¬ 
erence state for pressure has been the standard atmosphere (101.325 kPa), and the 
standard reference state temperatures have been 273 K (0°C) and 298.15 K 
(25°C). For example, in the ASME Steam Tables, internal energy and entropy are 
defined as zero for saturated liquid water at 273 K and 0.611 kPa. This pressure 
is the vapor pressure of water at 273 K. Also, at this temperature and pressure, 
ice, liquid water, and water vapor coexist in equilibrium: the triple point. In 
summary, values of thermodynamic functions must have the same standard refer¬ 
ence state when used in computations. 

Enthalpy, H, is a thermodynamic function which is widely used because it is 
the key thermodynamic property in the first law of thermodynamics for steady 
state flow processes. It is defined by the following equation: 

H = U + PV (8) 

In this equation, U is the internal energy, P is the absolute pressure, and V is the 
volume occupied by the mass of the system. Enthalpy is a state function like U, P, 
and V, i.e., they are independent of the past history of a substance or the path 
followed in reaching a given state. Consequently, the change in enthalpy, A H, can 
be obtained by a differential or finite change using Eq. (8). For a finite change 
this is: 


A/f = At/ + A(PV) (9) 

The first law of thermodynamics for a steady-state flow process is: 

A 2 

A U + —■+ gta + A (PV) = Q-W S (10) 


The first three terms on the left side are the changes in internal, kinetic, and 
potential energy per unit mass for the process, and the fourth term is reversible 
pressure-volume work per unit mass. On the right side is the heat added to the 
process, Q, and the shaft work done by the process per unit mass, W s . Frequently, 


1-C 



changes in kinetic and potential energy are small compared to A U and A(PV), and 
they can be deleted from the equation. Then, using the definition of A H from Eq. 
(9), the first law of thermodynamics for a steady-state flow system becomes: 

AH = Q-W S (11) 

This is analogous to Eq. (7) for a closed system (nonflow process), and here the 
enthalpy, H, rather than the internal energy, U, is the key thermodynamic func¬ 
tion. 

A difference in enthalpy, AH, is given by Eq. (11), and a reference point can 
be selected where the enthalpy is assigned a value of zero for the purpose of 
tabulating values at other temperatures and pressures for use in computations, 
e.g., steam tables. Values computed for enthalpy with Eq. (8) are based on the 
same standard reference state specified for the internal energy U, pressure P, and 
volume V. 

Entropy, S, is a thermodynamic function which is used to determine the 
thermal efficiency of engines and cycles and is defined in terms of a system 
undergoing a reversible process: 

AS = fdQ rev /T (12) 

dQrev * s a differential amount of heat being reversibly received or rejected at 
reservoir temperature, T f by a reversible heat engine. If the reservoir temperature 
is a constant, then: 

AS = ^ (13) 


If the body changes temperature as a result of exchanging heat, then for a 
reversible, constant pressure process, dQ rev = CpdT, and Eq. (13) gives: 

AS p = C p ln(T 2 /T{) (14) 

Likewise, for a reversible constant volume heat exchange dQ rev = C^dT: 

AS V = C v \n(T 2 /Ti) (15) 

For a reversible phase change, the two phases are in equilibrium, and Q rev = 
AH, the enthalpy difference for the phase change: solid to liquid, liquid to vapor, 
or solid to vapor: 


AS = 


AH 

T 


(16) 


For an ideal gas with reversible changes in both temperature and pressure, 
the equation is: 

AS = C p In (T 2 /T x ) - R In(P 2 /P,) (17) 

Differences in entropy are given by the above equations, and a reference 
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point can be selected where entropy is assigned a zero value for the purpose of 
tabulating values at other temperatures and pressures. These values are based on 
the standard reference states selected for the internal energy, pressure, and vol¬ 
ume. 

In performing evaluations of systems and cycles with steam, a convenient 
variable is the quality of steam, x. It is defined as the ratio of the mass of steam to 
total mass of steam and water in a mixture, i.e., 

x = mjm t (18) 

where m t = m v + m\. It is frequently used to compute thermodynamic properties 
of two-phase mixtures of steam and water: 

4*mir = "*■ ‘hO - *) (19) 

In this equation, <|> can be specific volume, internal energy, enthalpy, or entropy. 

In summary, this discussion has introduced the concepts of absolute tempera¬ 
ture and pressure, and their use in the ideal gas law to predict temperature, 
pressure, and volume behavior of a fluid. Ideal and real gas equations of state 
were described for the computation of gas density and other variables. The im¬ 
portant thermodynamic properties of internal energy, enthalpy, and entropy were 
defined and related to standard states. Standard states are required to prepare and 
use tables of thermodynamic properties. 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Thermodynamic Properties and 
State of Pure Substances” 


PRESSURE AND TEMPERATURE 


• PROBLEM 1-1 


Calculate the absolute pressure for a system, given a gauge 
pressure of 1.5 MPa and a barometric pressure (atmospheric 
pressure) of 104 kPa. 


Solution : The thermodynamic pressure P is defined as the 
total normal force per unit area exerted by the system on 
its boundary. It is also called the absolute pressure. The 
pressure of a system is usually measured with a gauge by 
using the atmospheric pressure as the reference point. The 
absolute pressure is related to the gauge pressure in the 
following manner: 


absolute pressure = atmospheric pressure + 

gauge pressure 

p = p + p 

abs atm gauge 


Given: 


P . = 104 kPa {where kPa = kilo Pascal} 

atm 

and 


P 

gauge 


P abs 


1.5 MPa {where MPa = mega Pascal} 
1.5 x 1000 kPa 
1500 kPa 

1500 + 104 
1604 kPa 
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1604 MPa 
1000 


P 


abs 


1.604 MPa 


• PROBLEM 1-2 


An open end mercurial manometer shown below in the figure is 
connected to a gas tank. The mercury meniscus in the left 
leg of the manometer is opposite 33.8 cm on the meter stick; 
in the right leg it is opposite 16.2 cm. Atmospheric 
pressure is 747 mm Hg. Find the pressure of the gas. 


33.8 


* i 




16.2 


Solution : Always equate pressures at the lower liquid 

surface, that is, P = P + P TT . The gas pressure is 

g a Hg 

greater than atmospheric pressure as shown in the figure. 

The figure shows the gas supporting both the mercury and the 
atmosphere. 

The difference between atmospheric and gas pressures is 
always equal to the difference in levels of the mercury in 

the two legs of the manometer. This difference is 33.8 - 

16.2 = 17.6, or 176 mm. Since the gas pressure is greater 

than atmospheric pressure, 

P - P = 176 mm Hg 
g a & 

P = 747 mm Hg 
a 

P = 747 + 176.0 
g 

= 923 mm Hg. 
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• PROBLEM 1-3 


3 

The density of liquid gallium is 6.09 g/cm at 35°C. If 
this element is employed in a barometer instead of mercury, 
what is the height of a column of gallium sustained in the 
barometer at 1 atm. pressure? 


Solution : The gallium column can be computed by the use of 

the relation: 


where 


(h Ga )(d Ga ) = 


(h Hg ) < d Hg ) 


h = height of a column, 
d = density, 


therefore 


„ - <b Hg )(d Hg ) 


‘Ga 


< d Ga> 


1 atm pressure = h„ = 760 mm Hg = 76.0 cm Hg. The 

3 

density of mercury = d„ =13.6 gm/cm . Therefore, 

ng 


. _ (76.0 cm Hg)(13.6 gm/cin ) 

n r. a 3 

ua (6.09 gm/cm; 


= 169.7 cm Ga = 1697 mm Ga 


• PROBLEM 1-4 

A piston weighs 4.3 kgs and has a cross sectional area of 

450 mm 2 . Determine the pressure that is exerted by this 
piston on the gas in the chamber, as shown in the figure. 

Assume gravitational acceleration 'g'to be 9.81 m/sec 2 . 


zzzzzzzMIMzzzza 

Gas 


Piston 
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Solution: From Newton's Law 


F = mg 

where 

F = Force in Newtons (N) 
m = Mass in kilograms (kg) 
g = acceleration in m/sec 2 

therefore 


then 


F = 4.3 x 9.81 

= 42.18 N 

p _ Force 
Area 

= 42.18 N_ 

4.5 x 10~ 4 m 2 


= 9.37 x 10" N/m 2 = 9.37 x 10 4 Pa 


or 


P = 9.37 x 10“Pa x 


lkPa 

lOOOPa 


=93.7 kPa 


• PROBLEM 1-5 


The temperature of a given gas is -10°C. What are the 
equivalent Fahrenheit and absolute Kelvin scale readings? 


Solution : (a) The Fahrenheit and Celsius scales are 

related by the following equation: 

T F = 32 + | T c (1) 

where 

T F = Temperature in degrees Fahrenheit 

T = Temperature in degrees Celsius 
c 

Therefore, using Eq. (1) we can convert -10°C to °F. 
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32 +| (- 10 ) 


32 + (-18) 


= 14°F 


(b) 0°C is equivalent to 273°K, where 

K = absolute Kelvin scale 
To convert from °C to °K, the relationship 
T r = 273 + T c 

is used. The problem above indicates that T^ = 


Therefore 


T k = 273 + (-10) 

= 273-10 = 263 c 


• PROBLEM 1-6 


If the temperature of the air in a chemistry laboratory is 
ambient (77°F), what is the equivalent scale in Kelvin? 


Solution : The Kelvin and Fahrenheit scales are related by 

the following equation: 

T k = 273 + T c (i: 


Convert 77° Fahrenheit (°F) to Celsius (°C). Then convert 
Celsius (°C) to the absolute temperature scale, Kelvin (°K), 

T f - 32 T c 


77 - 32 T r 


5(77 - 32) = 9T, 


5 (45) = 9T r 
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From eq. 1 


T k = 273 + T c 
T k = 273 + 25 
T r = 298° . 


• PROBLEM 1-7 


Calculate the temperature of a fluid when both a Fahrenheit 
and a Celsius thermometer are immersed in it, under the 
following conditions: a) the numerical reading is identical 
in both thermometers and b) the Fahrenheit reading is 
numerically twice that of the Celsius reading. Express 
the values in °R and °K. 


Solution : The Fahrenheit scale is related to the Celsius 

scale by the equation 


T 


C 


T f - 32 

1.8 


( 1 ) 


where 

= temperature in the Celsius scale 
= temperature in the Farenheit scale 

a) 

T c = T F = T 

Using Eq. (1) 


T 


T - 32 

1.8 


Solving for T 


1.8 T - T = -32 


T 


-32 




0.8 


Therefore, 


T = -40°C or T = -40°F 
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The relations between the absolute temperature scales and the 
conventional scales are given by 


r - T + 460 
abs * 


( 2 ) 


The Fahrenheit absolute scale T t 


is also called the 


abs 


Rankine scale (symbol R) and the Centigrade absolute scale 
is called the Kelvin scale (symbol K), and 


Given T_ = 2T^ 
F C 


t r ■ 1 - 8 t k 


(3) 


Using Eq. (2) 


T R = T p + 460 


= -40 + 460 


T r = 420 


From Eq. ( 3) , 


T = —— 
*K 1.8 


b) Using Eq. (1) 


T _ 420 
K 1.8 


= 233.33 


T = 
C 


(2T C - 32) 

178 


Solving for T r 


1.8T C - 2T C = -32 


• t = ~ 32 
•' l C -0.2 


= 160 


.'. T p = 2 x 160 

T_ = 320 
F 


Using Eqs. (2) and (3) 

T r = t f + 460 
= 320 + 460 
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780 


and 



_ 780 

1.8 

T v = 433.33 

K 


IDEAL GAS BEHAVIOR 


• PROBLEM 1-8 


The following substances are described by the given states. 


a) 

Carbon 

Monoxide 

at 45°C, 

4 MPa 

b) 

Carbon 

Dioxide 

at 15°C, 

7MPa 

c) 

Water 

at 40°C, 

5kPa. 



Can ideal gas behavior be assumed at the given states? 
Indicate the reasons for your answer. 


Solution: a) Carbon Monoxide: 

T given = 45°C 

= 273.15 + 45 = 318.15°K. 

The critical temperature T CR for CO, (from tables) is 
T cr = 133K 

Since T given _> 2T^ R (318.15 j> 2 x 133) and the pressure is 

less than 10 MPa, it is reasonable to assume ideal gas 
behavior. 

b) Carbon Dioxide: 

T given = 15°C 

= 273.15 + 15° 

= 288.15°K 

The critical temperature from tables for COg is 
T cr = 304.2°K 
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In this case, T given <. 2T.™ 

LK • 

Therefore, it is unreasonable to assume ideal gas behavior 
in this case. 

c) Water: 


The saturation pressure P sat from the steam tables at 
the given temperature is 7.384 kPa. 

P . = 7.384 kPa 
sat 


P . 
given 


5.0 kPa 


Since the given pressure is lower than the pressure of the 
saturated vapor, it is reasonable to assume ideal gas 
behavior. In this case water lies in the superheated region. 


• PROBLEM 1-9 


The 

following substances are described 

by the given state: 

a) 

Oxygen at 30°C and 1.0 MPa 


b) 

Nitrogen at -100°C and 10 MPa 


c) 

Water at 40°C and 10 kPa. 


I Determine whether it is reasonable to 

assume that the given 

| substance behaves as an ideal gas at the specified state. | 


Solution : A gas will behave ideally if its compressibility 

factor Z is equal to or very close to unity: 


a) Oxygen: From the tables of critical constants, the 
critical temperature for oxygen is 

T cr = 154.8°K 

and the critical pressure 

P ot) = 5.08 MPa. 

T 

The reduced temperature T = ;=— and 

a CR 

p 

the reduced pressure P = 5 — (1) 

r *CR 

From the given state, T = 273.15 + 30 
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303.15°K 


From Eq. (1) , 


and 


303.15 

154.8 

1.96 


P 


r 


1.0 

5.08 

0.197 


Using the compressibility factor chart,the compressibility 
factor Z = 0.989 for oxygen. 


For an ideal gas, the compressibility factor Z is obviously 
unity under all conditions, whereas for a real gas, the 
value of Z may be less or more than unity. 


Since Z = 0.989 = 1 for oxygen, ideal gas assumption is 
reasonable. 

b) Nitrogen: Proceeding as in case a) 


P 


r 


P 


P 


CR 


10.0 

3.39 


= 2.95 


T 


r 


T 


T 


CR 


173.15 

126.2 


= 1.372 


From the compressibility factor chart, using the above T r 
and P^ for nitrogen, 


Z = 0.72 << 1 

Since Z << 1 it is not reasonable to assume ideal gas 
behavior. 


c) Water: Water behaves as an ideal gas only when it is in 
the superheated region. 

From steam tables, for T = 40°C 

P . = 7.384 kPa 
sat 

(compressed liquid region). 
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(10 kPa > 7.384 kPa) 


Since P 


given 


> P , 

sat, 


it is not reasonable to assume ideal gas behavior. 


IDEAL GAS EQUATION OF STATE 


• PROBLEM 1-10 


Assuming steam to be an ideal gas, obtain its specific 
volume and density at a pressure of 90 lb/in 2 and a 
temperature of 650°F. 


Table 


Gas 

Chem¬ 

ical 

symbol 

Mole¬ 

cular 

weight 

Ga* 

conntant 
ft-lb/ih R 

Specific 

heat 

B/lb 

Specific 

heat 

ratio 



M 

R 

C v 

Cp 

k 

Air 


28.95 

53.35 

0.172 

0.240 

1.40 

Carbon dioxide 

CO, 

44.00 

35.13 

0.160 

0.205 

1.28 

Hydrogen 

H, 

2 016 

766.80 

2.44 

3.42 

1.40 

Nitrogen 

N. 

28 02 

55 16 

0.176 

0.247 

1.40 

Oxygen 

O, 

32 0 

48.31 

0.155 

0.217 

1.40 

Steam 

H,0 

18 016 

85 81 

0 36 

0.46 

1.28 


Solution: 


Given P = 90 lb/in 2 


= 90 


lb 

in 2 


12 : 


in 

ft 


2 

2 


= 12960 lb/ft 


T = T_ + 460 
R F 

= 650 + 460 

T = 1110°R 
R 


The specific gas constant R is related to the universal gas 
constant R through its molecular weight M in the following 
manner. 
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( 1 ) 


R _ R 

R M 


From the table, M for steam = 18.016 


1545.3 ft-lb/lbm.mole °R 


18.016 


lbm/lbm.mole 


= 85.77 ft-lb/lbm °R 


p= V 


where v = specific volume of steam 
p = density of steam 


From Eq. (2) 


85.77 ft-lb/lbm-°R x 1H0°R 


12960 lb/ft' 


= 7.34 


From Eq (3) 


7.34 ft 6 /lbm 


= 0.136 


By interpolation from the steam tables, the values of v and 
p are 7.26 and 0.1355 respectively. 


• PROBLEM 1-11 


Find the mass of air in a closed chamber measuring 

35 ft x 20 ft x 10 ft, when the pressure is 17 lb/in 2 and 

the temperature is 75°F. Assume air to be an ideal gas. 


Solution: The pressure P = 


17 46 , 


v 192 m 
X 12 ^2 


2448 46 , 


The volume V of the room = 35 x 20 x 10 

= 7000 ft 3 . 
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T f + 460 


= 75 + 460 


T r = 535 c 


R = R 

R M 


where R = universal gas constant 
R = specific gas constant 
M = molecular weight 


R = 1545.3 


f t-lb 

lbm.mol-°R 


M for air = 28.97 lbm/lbm.mol 


R = 


1545.3 ft-lb/lbm.mol-°R 
28.97 lbm/lbm.mol 


An ideal gas is a simple compressible substance and is 
defined as one whose thermal equation of state is given by 

PV = mRT 


where 


P = pressure 


V = volume 


m = mass 


R = specific gas constant 
T = temperature 


= 2448 lb/ft 2 x 7000 ft 3 

53.27 ft-lb/lbm-°R x 535°R 

= 601 lbm. 


• PROBLEM 1-12 


A 0.2 m 3 container holds oxygen at 70°C and 25 bars. 
Calculate the amount of oxygen in the container if the 
atmospheric pressure is 1 bar. 
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Solution ; For an ideal gas, the thermal equation of state 
is given by 


PV = mRT 

where 

P = Pressure = 25+1 = 26 bars 

V « Volume = 0.2 m 3 . 

R = R 
M 

= 8314.3 J/kg.mol-°K 
32 kg/kg.mol 

= 259.8 J/kg-°K 

= 259.8 N-m/kg-°K 

T = 273 + 70 = 343°K 

PV 

m RT 

26 bars x 10 s N/m 2 x 0.2 m 3 
bar 

259.8 N-m/kg-°K x 343 a K 
= 5.8354 kg 


• PROBLEM 1-13 


Calculate the volume of a cylinder which contains 60 lbm 
of carbon dioxide at 230°F and 23 psig pressure. Assume 
atmospheric pressure to be 14.7 psia. 


Solution ; The ideal gas equation for m pounds of gas 
occupying a total volume V is 


PV = mRT (1) 

where P is the absolute pressure, and is the sum of the 
atmospheric pressure and gauge pressure. 

/. P = 14.7 + 23 

= 37.7 psia 
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= 37.7 


lb 


m 4 


x 144 


in 

ft 


2 

2 


- 5429 i| 2 


= 230 + 460 
= 690°R 


Using Eq. (1) 
V 


mRT 

P 

60 lbra x 35.1 ft-lb/lbm-°R x 690°R 
5429 lb/ft z 

268 ft 3 . 


• PROBLEM 1-14 


Determine the mass and specific volume of argon gas in a 
vessel at 150 kPa aid 20°C. The vessel is spherical and has 
a radius of 5m. 


Solution: For an ideal gas,the equation of state is given 

by PV = mRT 

. m _ PV r -I X 

• • ® pm ( 1 J 


The specific gas constant for argon is 



where 

R = 8.3143 kJ/kg.mol-°K 
M = 39.95 kg/kg.mole (for argon) 

. R = 8.3143 kJ/kg.mol-°K 
• # 39.95 kg/kg.mol 

= 0.20813 kJ/kg -°K 

= 0.20813 kN-m/kg-°K 
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T = 20 + 273 


= 293°K 

The volume V of the spherical vessel is 
V - i ,r> 

= | if(5) 3 

= 523.6 m 3 
P = 150 kPa 
= 150 kN/m 2 

Using these values in Eq. (1) 

= 150 kN/m 2 x 523.6 m 3 

0.20813 kN-m/kg-°K x 293°K 

= 1288 kg. 

Y 

The specific volume is given by v = — 

= 523.6 m 3 

v 1288 kg 

= 0.4065 m 3 /kg. 


• PROBLEM 1-15 


The gauge pressure in an automobile tire when measured during 
winter at 32°F was 30 pounds per square inch (psi). The same 
tire was used during the summer, and its temperature rose to 
122°F. If we assume that the volume of the tire did not 
change, and no air leaked out between winter and summer, what 
is the new pressure as measured on the gauge? 


Solution : From one season to another, the only properties of 

the gas that will change are pressure and temperature. The 
mass (hence the number of moles) and the volume will remain 
the same. If it is assumed that this gas is ideal, then 

PV = nRT (1) 


where 

P = Pressure of the gas 
V = Volume of the gas 
n = number of moles 
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R = gas constant 
T = Temperature of the gas. 

Rearranging equation (1) to solve for P gives, 

P = (n/V)RT. (2) 


Since n and V are constant, equation (2) shows that 
pressure is directly proportional to temperature. That is, 
P/T = nR/V = constant. Therefore, 


P 


1 


T 


1 



(3) 


where 

P^ = initial pressure 
T^ = initial temperature 
Pg = final pressure 
Tg = final temperature 


n^ and are initial and final moles respectively. and 

Vg are initial and final volume respectively. 


The moles and volume are not changing; therefore, n^ = n ^ and 
= Vg. Consequently, equation (3) can be written as 


P 

T 


1 

1 


(4) 


Before equation (4) can be used, the pressure and temperature 
must be in absolute scales. 


T c _ T f -32 
IT = 9 


(5) 


and P = 14.7 psia + psig (6) 

where T^ = temperature in degrees centigrade 

T F = temperature in degrees fahrenheit 

Psia = absolute psi 
Psig = gauge psi 


Using equations (5) and (6), 


and 


122°F = 50°C = (50 + 273)°K = 323°K 
P = 14.7 + 30 = 44.7 psia . 
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These can now be inserted into equation (4) to give, 


44.7 P 2 
273 323 • 

Therefore, 

= 52.9 psia 
or from equation (6), 

52.9 psia = 14.7 psia + x psig 
Pg = (52.9 — 14.7)psig 
= 38.2 psig 


• PROBLEM 1-16 

A pioneer aeronaut is planning the design of a hot-air 
balloon. What volume of air at 100°C should be used if the 
balloon is to have a gross lifting power of 200 kg (defined 
as the mass of displaced air minus the mass of hot air)? 

The ambient temperature and pressure are 25°C and 1 atm, and 
the average molecular weight of air is 29 g/mole, whereas 
that of the hot air is 32 g/mol (due to the presence of some 
C0 2 ). 


Solutions Since n = 


weight or mass 


WW -L U U 4. 11 • 4. uv V il -■ -I • 1 J § in — 

- molecular weight 

moles, the ideal gas equation can be written as 


= m/M = number of 


PV = | RT 


where 


pressure 
volume 
gas constant 
temperature in °K 


The problem states that m . -m_ , = 200 kg or 2 x 10 gm. 

air hot air ° 

From equation (1) 


VPM . 
air 


air rt 
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hot air rt 


hot air 
hot air 


. . - . . - ffi i£ - ^2S_alr). 2 x 10 5 gn, 

air hot air „ lT >lr T„ al J 


- V in 5 rr™ - VP f air h0t air 

2 x 10 gm - -=- -m- 

K \ air hot air 


V = 2 x ip gm x R 

p/ M air _ M hot air 

I m »P 

V air hot air 


(2 x 1Q° gm)(0«082 liters atm °K~^ mole"^) 


1 atm 


29 g mole 1 32 g mole 1 


298°K 


373°K 


(2 x ip 5 gm)(0.082 liters atm °K 1 mole 1 ) 
1 atm(0.0115) g raole _1 /°K 


V = 1.42 x 10 liters. 


• PROBLEM 1-17 


A container having a volume of 2.5 ft 3 initially contains 
oxygen gas at a pressure of 125 psia and a temperature of 
75°F. Oxygen then leaks from the container until the 
pressure drops to 100 psia, while the temperature remains 
the same. Assuming ideal gas behavior, determine how many 
pounds of oxygen leaked out of the container. 


Solution: For an ideal gas 


For oxygen R = 


1545.3 ft-lb/lbm.mol-°R 
32 lbm/lbm.mol 


a) Pi = 125 psia 


Ti = 75 + 460 
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535°R 



b) P 2 = 100 psia 
T 2 = Ti = 535°R 
V 2 = V x = 2.5 ft 3 

100 lb/in 2 x 12 2 in 2 /ft 2 x 2.5 ft 3 
mz 48.3 ft-lb/lbm-°R x 535 b R 

= 1.393 lbm 

Therefore m 2 -mi = 1.393 - 1.74 
= -0.347 lbm 

The negative sign in the answer simply means that the final 
amount of oxygen in the cylinder is less than the initial 
amount in the cylinder. 


TABLES OF THERMODYNAMIC PROPERTIES 

• PROBLEM 1-18 


Given the following states of waters 

(a) At 10 MPa and an entropy of 3.3 kJ/kg-°K 

(b) At 320°C and 5.6 MPa 

(c) With a specific volume of 0.10 m 3 /kg at 1.0 MPa 

Determine whether water is a compressed liquid, superheated 
vapor, saturated liquid, saturated vapor, or a mixture of 
saturated liquid and vapor, in each case. If the state is 
determined to be a mixture, determine the quality. If it is 
not a mixture, determine an additional property at that 
state. 
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P(MPa) 

T(°C) 

v(m 3 /kg) 

u(kJ/kg) 

h(kJ/kg) 

10 

300 

0.0013972 

1328.4 

1342.3 

10 

305.21 




0.001423 

1358.8 

1373.1 

10 

311.06 

0.0014524 

1393.0 

1407.6 


Table 1. 


P(MPa) 

T (°C) 

5 

263.99 

5.6 

270.98 

6 

275.64 


Table 2. 


Solution : a) For the given pressure, the entropy of the 

saturated liquid (s f ) and vapor (s ) can be obtained from 
steam tables. 

s f = 3.3596 kJ/kg-°K 

s = 5.6141 kJ/kg-°K 
g 

Since the given value for the entropy is less than that for 
the saturated liquid 

3.3 < 3.3596, 

the state of the substance is compressed liquid. The 
additional properties obtained by interpolation are shown 
in Table 1. 

b) First the value of the saturation temperature at the 
given pressure is obtained from the steam tables by inter¬ 
polation, as shown in table 2. 

Comparing the given temperature with the saturation 
temperature, 


T . > T , 

given sat 


(320 > 270.98) 


The substance lies in the superheated region. The other 
properties can then be evaluated using the steam tables. 
Since the steam tables do not give values for the properties 
at 5.6 MPa, 320°C, interpolation is done as follows: 
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First the values for a pressure of 5.0 MPa, 320°C are 
calculated from the steam tables. These values are 
summarised in Table 3. 


P (MPa) 

T(°C) 

v(m 3 /kg) 

u(kJ/kg) 

h(kJ/kg) 

s (kJ/kg-° K) 

5.0 

300 

0.04532 

2698.0 

2924.5 

6.2084 

5.0 

320 

0.04797 

2742.28 

2982.1 

6.3048 

5.0 

350 

0.05194 

2808.7 

3068.4 

6.4493 


Table 3. 


P (MPa) 

tCc) 

v(m 3 /kg) 

u(kJ/kg) 

h(kJ/kg) 

s(kJ/kg-°K) 

6.0 

300 

0.03616 

2667.2 

2884.2 

6.0674 

6.0 

320 

0.03859 

| 2716.16 

2947.7 

6.1738 

6.0 

350 

0.04223 
_i 

2789.6 

3043.0 

6.3335 


Table 4. 


T(°C) 

P (MPa) 

v(m 3 /kg) 

u(kJ/kg) 

h(kJ/kg) 

s(kJ/kg-°K) 

320 


0.04797 

2742.28 

2982.1 

6.3048 

320 

5.6 

|o. 04234] 

| 2726.6 

|2961.46 

|6.2262 

320 

6.0 

0.03859 

2716.16 

2947.7 

6.1738 


Table 5. 


The properties at 6.0 MPa, 320°C are then evaluated in the 
same manner, as shown in Table 4. 

Now from values in Table 3 and 4, Table 5 is formed by 
interpolation. 

The values enclosed within boxes in Table 5 are the desired 
properties. 

c) Using the steam tables and proceeding in the same manner 
as in parts (a) and (b), at P = 1.0 MPa 

v f = 0.001127 in 3 /kg 
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v g = 0.19444 m 3 /kg. 

Comparing the value given for the specific volume with those 
for the saturated liquid and vapor it is evident that 

v„ < v . < v 

f given g 

(0.001127 < 0.1 < 0.19444) 

and thus the substance is a mixture of saturated liquid and 
vapor. The quality can now be calculated using the equation 

v = v f + x(v g -v f ) (1) 

The quality x is then given by 


v -v. 
g f 


0.1-0.001127 
0.19444-0.001127 

= 0.5115 


• PROBLEM 1-19 


a) Calculate the specific volume of water at 1.0 MPa with 
an internal energy of 3200 kJ/kg. 

b) Determine the enthalpy of freon-12 at 1.0843 MPa and 30°C. 

c) Determine the specific volume of freon-12 at 1.0 MPa with 
an entropy of 0.91 kJ/kg-°K. 


In addition, show for each case whether it is a liquid, 
vapor,or a mixture. Is it reasonable to assume ideal gas 
behavior in each case? 


Solution : a) Using the given values, the internal energy 

Ug for a saturated vapor can be obtained from the steam 

tables. ,, — o rqq witw* 


= 2,583 kJ/kg. 


Since the given value of the internal energy is greater than 
the one obtained from the table 


u . = 3200 kJ/kg > u = 2583.6 kJ/kg, 

given g 

the state is superheated vapor. 
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From the superheated steam tables, the specific volume is 

v= 0.2921 m 3 /kg (by interpolation) 

To check for ideal gas behavior the temperature must be 
known, and is obtained from the steam tables to be 

T = 369.9°C = 643.1°K 

If T . > 2T then ideal gas assumption is reasonable 

given — cr 

at relatively low pressures (P £ 10 MPa). From the table of 
the critical constants, for water 

T = 647.3°K 
cr 

Thus 

T given i 2T cr < 643 ' 1 « 1.294-6)- 
Therefore it is not reasonable to assume ideal gas behavior. 


b) From the freon-12 tables at 30°C, the saturation pressure 
is given as 

P sat = °* 7449 MPa - 

Since the given value for the pressure is greater than the 
saturation pressure at the given temperature , 

P . = 1.0843 MPa < P . = 0.7449 MPa, 

given sat 

the state is compressed liquid. 

From the same freon-12 table, the enthalpy for the liquid 
phase is 


h = h f = 64.539 kJ/kg. 

This value is obtained by using the temperature and not the 
pressure, since the enthalpy is a function of the temperature 
In this case the substance does not lie in the superheated 
region so ideal gas approximations are not reasonable. 


c) From the saturated freon-12 tables at the given pressure, 
the entropies for the liquid and vapor states are given as 

S = 0.2767 kJ/kg-K; S = 0.6816 kJ/kg-°K 

(by interpolation) 

Since the given value for the entropy is greater than the 
entropy for the saturated vapor state: 

S . = 0.91 kJ/kg-°K > S = 0.6816 kJ/kg-°K, 

given g 

the vapor is superheated. 


24 



From the superheated freon-12 tables, the specific volume is 

v = 0.027667 m 3 /kg (by interpolation) 

To check for ideal gas behavior the temperature is required. 
This is obtained from the freon-12 tables. 

T = 154.9°C = 428°K 

If T given 21 2T cr then ideal gas approximations are reasonable 

at relatively low pressures. From the table of critical 
constants, for freon-12 

T = 384.7°K 
cr 


Since 


T . < 

given — 


2T (428 < 769.4), 
cr • 


it is not reasonable to assume ideal gas behavior. 


• PROBLEM 1-20 


Given: 

a) Water at 200°C and 10 MPa, 

b) Water at 200°C and 1.0 MPa, 

c) Ammonia at 30°C and a specific volume of 0.10 m 3 /kg. 

Determine for each case whether the substance is a compressed 
liquid, superheated vapor, saturated liquid, saturated vapor, 
or a mixture of saturated liquid and saturated vapor, by 
using the steam tables. Determine the quality if the state 
is a mixture and determine an additional independent property 
if the state is superheated. 


Solution: a) Since both the temperature and 

given, either one of the following conditions 

satisfied. If P . > 

given 

substance is located in the compressed liquid 


P at T 

saturated given 5 


< P 


at T 


given saturated c * 1 ' given* 
the superheated region. 


then the given 


pressure are 
will have to be 
then the 

region, or if 
substance is in 


From the steam tables, at T = 200°C 

P , = 1.5538 MPa 
sat 
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and 


P . > P . (10 MPa > 1.5538 MPa) 

given sat 

Thus the substance is in the compressed region. 

An additional independent property is v. 

From steam tables, at T = 200°C and P = 10 MPa, 
v = 0.001148 m 3 /kg 


b) As in (a), from the steam tables, at T = 200°C 


P sat = 1 * 5538 MPa 


and 


P . < P , (1.0 MPa < 1.5539 MPa) 

given sat 

Thus the substance is in the superheated region. 

An additional independent property is v. 

From the superheated steam tables, at T = 200°C and 
P = 1.0 MPa 

v = 0.2060 m 3 /kg. 


c) From the ammonia tables, at T = 30°C 
v^ = 0.001680 m 3 /kg 

v g = 0.1106 m 3 /kg 

The specific volume given in the problem lies between the 
two values obtained from the tables: 

v„ < v . < v 

f given g 

making the substance a mixture of saturated liquid and vapor. 
The quality is calculated using the equation 

V = v f + X(v g -v f ) (1) 

solving for x, 


V-V f _ 0.10-0.001680 

v -v. 0.1106-0.001680 

g f 


0.9027 


x = 0.9027 x 100 = 90.27% 
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• PROBLEM 1-21 


A cylinder contains 3 kg of water and water vapor mixture 
in equilibrium at a pressure of 500 kN/m 2 . The volume of the 
cylinder is 1 m 3 . 

Calculate: 

(a) the temperature of the mixture, 

(b) the volume and mass of water and 

(c) the volume and mass of vapor. 


Solution : The mixture is saturated because the water and 

water vapor exist in equilibrium. The saturation temperature 

T . at P = 500 kN/m 2 is 424.95°K 
sat 

(or 151.8°C). 

v 

b) The specific volume of the mixture = — = v 


v = i = 0.3333 m 3 /kg 


where 


v = v« + xv, 
f fg 

v^ = specific volume of the saturated vapor 
= specific volume of the saturated liquid, 


V fg V g V f 


and 


x = quality of the mixture 
0.3333 = 0.0011 + 0.3737x 


0.3322 
x 0.3737 

= 0.889. 


The mass of liquid = 3(l-x) 

= 0.333 kg. 

The volume of liquid = m^v^ 


= 0.333 x 0.0011 
= 0.000366 m 3 
= 0.366 liter 


2 ? 




c) The mass of vapor = mx = 0.889 * 3 

= 2.667 kg 

The volume of vapor = m v 

g g 

= 2.667 (0.3737 + 0.0011) 

= 2.667 x 0.3748 
= 0.9995 m 3 

• PROBLEM 1-22 

A cylinder contains 30 lbm of liquid water and water vapor 
mixture in equilibrium at a pressure of 100 lbf/in 2 . If 
the volume of the cylinder is 10 ft 3 calculate 

(a) the volume and mass of liquid 

(b) the volume and mass of vapor 


Solution : The specific volume is calculated first using the 

formula 


= —~ = 3.333 ft 3 /lbm 

o • U 

The quality can now be calculated, using the following 
equation: 

v = v - (1—x) v „ 
g fg 

where 

v = specific volume of saturated vapor 


v f = specific volume of saturated liquid 


v „ = v -v„ 

fg g f 

Thus, from steam tables, 

3.333 = 4.432 - (l-x)4.414 


(i-x) = = 0.249 

4.414 
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solving for x gives 


x = 0.751 

(a) The mass of liquid is given by the formula 
m 1 = m T (l-x) 


where 


= mass of liquid 
m,p = total mass 


substituting the numerical values 

m i = 3 lbm(0.249) = 0.747 lbm. 
The volume of liquid is 


V liq m i v f 


The value of v f is obtained from the steam tables at the 
given state, as 

v f = 0.01774 ft 3 /lbm 

Therefore 


V.. = 0.747(0.01774) = 0.0133 ft 3 , 

liq 

(b) The mass of the vapor is 
m v = m T x 


where m v = mass of vapor 

m,p = total mass of water 
x = quality 

substituting the numerical values 

m =3 lbm(0.751) = 2.253 lbm. 
v 

The volume of the vapor is 

V = m v 
vap vap g 

where v is obtained from the steam tables at the given 

g 

state as 

v = 4.432 ft 3 /lbm 
g 
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Therefore 


V = 2.253(4.432) = 9.99 ft 3 
vap 

• PROBLEM 1-23 

A cylinder which has a volume of 0.4 m 3 holds 2.0 kg of a 
mixture of liquid water and water vapor* The mixture is in 
equilibrium at a pressure of 6 bar (0.8 MPa). 

Calculate: 

1) The volume and mass of liquid 

2) The volume and mass of vapor 


Solution: First calculate the specific volume 


= 0.20 m 3 /kg 


From the steam tables 


v f = 0.3157 - 0.001101 


= 0.3146 


The quality can be calculated using the equations 

V = V g -(l-X)V fg 

0.20 = 0.3157 - (1-x)0.3146 


1—x = 


0.1157 

0.3146 


= 0.3678 


x = 0.6322 


The mass of the liquid is given by 

m liq = m(1 - x) 

= 2.0(0.3678) 


= 0.7356 kg 


30 



The mass of vapor is given by 


m 


vap 


mx 


= 2.0 (0.6322) 


= 1.2644 kg 


The volume of liquid is 


V-, • = m, . v - 

liq liq f 

= 0.7356 (0.001101) 

= 0.0008 m 3 


The volume of the vapor is 


V = m v 
vap vap g 

= 1.2644 (0.3157) 

= 0.3992 m 3 . 


• PROBLEM 1-24 


A cylinder which contains 3 pounds of saturated liquid water 
at a constant pressure of 30 psia is heated until the 
quality of the mixture is 70 per cent. 

Calculate: 

a) the initial temperature, 

b) the final pressure and temperature, and 

c) the volume change of the mixture. 


Solution : a) In a saturation state there is only one 

saturation temperature for a given pressure. From the 
saturation pressure table (steam tables) for water, the satur¬ 
ation temperature corresponding to 30 psia is 250.34°F. 

b) Since the fluid is not completely vaporized, the 
pressure and temperature remain equal to the initial values 
of 30 psia and 250.34°F. 

c) The volume and enthalpy changes are computed from 
the basic relations AV = m(v 2 - v x ) and AH = m(h 2 - h 1 ) 9 
where 1 and 2 represent the initial and final states. The 
initial specific volume and specific enthalpy are read 
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These 


directly from the steam tables in terms of and h f . 
values are 

Vi = v f = 0.017 ft 3 /lb and hi = h f = 218.93 Btu/lb 

The values of v 2 and h 2 must be calculated on a basis of a 
liquid-vapor mixture of 70 percent quality. Hence 

v 2 = v« + xv« = 0.017 + 0.70(13.75 - 0.017) = 9.63 ft 3 /lb 
1 fg 

h 2 = h f +xh fg =218.9+ 0.70(945.4)=880.7 Btu/lb 
Consequently, 

AV = 3 lb x (9.63 - 0.02) ft 3 /lb = 28.8 ft 3 
AH = 3 lb x (880.7 - 218.9) Btu/lb = 1985 Btu 
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CHAPTER 2 


WORK AND HEAT 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 33 to 
61 for step-by-step solutions to problems. 


Work 

Work, W, is done when a force acts through a distance, and the amount of 
work is the product of the distance and the force acting through this distance. In 
thermodynamics an important type of work occurs when a change in the volume 
of a fluid causes the movement of a piston. A force, F, exerted on a piston by the 
fluid is equal to the product of the fluid pressure, P, and the cross-sectional area, 
A, of the piston. The distance through which the force acts is the displacement of 
the piston, and this is equal to the volume change of the fluid divided by the 
cross-sectional area of the piston, d(V/A). The pressure and the volume of the fluid 
vary according to an equation of state, so the work must be written in a differen¬ 
tial form as: 

dW = Fdx = PA d(V/A) (1) 

For a piston with a constant cross-sectional area A, Eq. (1) becomes: 

dW = PdV (2) 

This equation can be integrated over the volume change from point 1 to point 2 
to obtain the work for the process, i.e., 

PdV (3) 

The pressure must be known as a function of this change in volume to evaluate 

the integral and determine the work. The SI units of work are the Newton-meter 
or joule, and in English units foot-pounds of force are frequently used. 

Work can be related to kinetic and potential energy using concepts from 
particle mechanics. For example, the work done on a body to accelerate it from 
velocity u x to velocity u 2 is the change in kinetic energy. To show this relation, 
the definition of work dW = Fdl is used, where F is the force on the body of mass. 
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m. dW = madl from Newton’s second law (F = ma ). Using a = du/dt, dW = m(du/ 
dt)dl or dW = m(dl/dt)du. However, u = dl/dt, and dW = mudu. Integrating from u, 
to u 2 to compute the work, W, necessary to accelerate the mass gives: 

W = m(u 2 2 - mj 2 )/2 (4) 

Thus, the work required to accelerate mass from W] to u 2 is the change in kinetic 
energy of this body, i.e., (mu 2 2 /2 - mu^/2). 

The work required to raise a mass from an initial elevation z\ to a final higher 
elevation z 2 is the change in potential energy of the body. Using the defini¬ 
tion of work for this case, dW = Fdl = madl = mgdl, and integrating dl from z\ to z 2 
gives: 

W = mg(z 2 - Z\) (5) 

Thus, work is equal to the change in potential energy for this case. 

Changes in kinetic energy and potential energy will appear in the first law of 
thermodynamics along with the work done by the system. The ideas presented 
above are to show that work is a quantitative and unambiguous physical entity. 
Also, work is energy in transit. When work is done it does not appear simulta¬ 
neously as work elsewhere. It is converted into a form of energy. As described 
above, work done on a mass increases its kinetic and potential energy. 

Work is done by a system, and the system can be many useful devices, from 
an elevator to an automobile engine. When work is performed, it is either done 
by the system on the surroundings or vice versa. Also, energy is transferred to the 
system from the surroundings or in the reverse direction. Work is done only 
when there is a change in energy, as described by the first law of thermodynam¬ 
ics. 


There is a sign convention associated with work being performed. If work is 
being performed on, or transferred to, the system by the surroundings, it is 
considered negative, i.e., work consumed by compressors, pumps, and mixers is 
negative. If work is being performed by or transferred from the system to the 
surroundings, it is considered positive, i.e., work produced by turbines and en¬ 
gines is positive. Using this sign convention, the first law of thermodynamics is 
written as: 

A E = Q-W (6) 

where A E is the change in total energy of the system, Q is heat transferred to the 
system, and W is work done by the system on the surroundings. 

There are several forms of work as implied above. One is shaft work, which 
means work done on or by a fluid flowing through a piece of equipment like a 
pump, compressor, or turbine which causes the shaft to rotate or reciprocate. This 
shaft is connected to another machine which uses the motion for another purpose. 
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e.g., a generator to produce electricity. Another form of work is called PV work, 
and this was described earlier in terms of the action of a fluid volume change on 
a piston. Also, work is required when a wire is stretched in the elastic region, 
when a magnetic field is changed on a ferromagnet, and when an electrical 
conductor passes through a magnetic field. 

The concept of a reversible process for a closed system is used to represent 
the upper limit for the performance of an actual process. It is convenient to use 
the work of compression or expansion from a frictionless piston to describe a 
reversible process for a closed system. In a reversible process there is only 
infinitesimal displacement from equilibrium, and work and heat effects are suffi¬ 
cient to restore the system to its original state, i.e., there is no lost work to friction 
or turbulence. The first law of thermodynamics is written in terms of differential 
changes to describe the infinitesimal displacement from equilibrium for a closed 
system: 

dU = dQ- dW (7) 

For a closed system, the change in total energy, dE, is equal to the change in in¬ 
ternal energy, dU. 

In an adiabatic process, no heat is transferred between the system and the 
surroundings, and compressors, pumps, and turbines operate essentially adiabati- 
cally. The upper limit of performance of these systems is described by an adia¬ 
batic, reversible process. 

To evaluate the work, W, for an adiabatic, reversible, closed system, the first 
law of thermodynamics, Eq. (7), has dQ = 0. Also, dW = PdV from Eq. (2), and 
Eq. (7) becomes: 

dU = -PdV (8) 


Next, to obtain equations that relate the pressure, volume, and temperature 
changes of an ideal gas in an adiabatic, reversible, closed system, the equation for 
internal energy is used: dU = C V AT. This can be combined with Eq. (8) and the 
ideal gas law, PV = nRT, to give the following relations for changes in tempera¬ 
ture, pressure, and volume between points 1 and 2: 



( 9 ) 


Another form of this equation is: 

P, V,* = P 2 V / = PV K - constant (10) 

where k = Cp/C v the ratio of heat capacities at constant pressure and volume 
which has approximate values of 1.67 for monatomic gases, 1.4 for diatomic 
gases, and 1.3 for simple polyatomic gases. 


33-C 



The above results can be used to evaluate the work for an adiabatic, revers¬ 
ible, closed system. Two equivalent, frequently used equations are given below. 
One is in terms of initial and final pressures and volumes, and the other is in 
terms of the initial temperature and pressure and final pressure to compute the 
work for this case: 


W=(P,V ] -P 2 V 2 )/(k-l) 


w- 


RTi 
(*- 1 ) 


1 -|£ 


(*-!)/* 


( 11 ) 

( 12 ) 


These equations were obtained using Eqs. (9) or (10) with dW = PdV, Eq. (2). 

In an isothermal process, heat is transferred between the system and its sur¬ 
roundings, and boilers and condensers essentially operate isothermally (at con¬ 
stant temperature). The upper limit of performance of these systems is described 
by an isothermal, reversible process. 

To evaluate the work for an isothermal, reversible, closed system, the first 
law of thermodynamics, Eq. (7), has dU = 0 because dT = 0. Thus, the heat trans¬ 
ferred to the system Q is equal to the work done by the system W. Using Eq. (3) to 
evaluate the work for an ideal gas gives: 

W= J^ 2 PdV=f* RT —■ = RT ln( V 2 / M) (13) 

Using P\IP 2 = V-JV X from the ideal gas law gives another frequently used form of 
Equation. (13) to compute work for this case: 

W = RT ln(P]/P 2 ) (14) 

For work associated with a steady state flow system, the first law of thermo¬ 
dynamics has the following form: 

2 

AH+^- + g Az = Q-W s (15) 

where W* is the shaft work. This equation is used to compute the shaft work for 
reversible and irreversible processes. 

For a reversible process, Eq. (15) is written in terms of differential changes. 
Using the fundamental relation dH = TdS + VdP with dQ = TdS for a reversible 
change, Eq. (15) can be written as: 

2 

-W s = j£ VdP + ^- + g Az (16) 

For an incompressible fluid (constant density p or specific volume V), the in¬ 
tegral can be replaced by AP/p, and the shaft work is given by: 
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(17) 


-W s = AP/p + ^- + gAz 

For an irreversible process, an additional lost work term can be added to Eq. 
(17). This lost work term for pipe flow is 2 f{L/D)u 2 , where / is the Fanning fric¬ 
tion factor and u is the average fluid velocity in the pipe of length L and diameter 
D. The equation for pipeline calculations is: 

2 

-W s = AP/p + ^- + gAz + 2f(L/D)u 2 (18) 

This equation is used to compute the shaft work to pump the fluid from point 1 to 
point 2 where the pressure, velocities, and elevations are known at these points. 

In turbines and expanders, shaft work is obtained from a high velocity gas 
stream impinging on blades attached to a rotating shaft. The first law of thermo¬ 
dynamics for this system, Eq. (15), simplifies to the following equation because 
they are operated adiabatically, and kinetic and potential energy .changes are 
small compared to the enthalpy change: 

W s = -AH = Hi-H 2 (19) 

Here the shaft work is equal to the change in enthalpy of the entering and 
existing streams. If the expansion is isentropic and the entrance conditions are 
known, then the maximum shaft work can be computed as a function of exit 
conditions. Turbines and expanders have efficiencies which are in the range of 70 
to 80 percent of the isentropic approximation. 

Work computed by Eq. (19) is also applicable to compressors, and the isen¬ 
tropic approximation gives the minimum shaft work to compress a fluid from an 
initial state to a final state. Compressor efficiencies also range from 70 to 80 
percent of the isentropic approximation. 

For work done by pumps moving liquids, a convenient design equation is 
given below. This is a simplification of Eq. (18), neglecting kinetic and potential 
energy changes: 

W s = V(P l -P 2 ) (20) 

where V is the liquid specific volume. Pump efficiencies are in the range of 70 to 
80 percent. 

Lost work is energy that is unavailable for work due to irreversibilities in a 
process. It is defined as the difference between the ideal and actual work of the 
process. The amount of lost work is given by the following equation, which is 
obtained from the definition of lost work and the first and second laws of thermo¬ 
dynamics: 

W lost =T 0 AS lotal (21) 
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where W/ oa is the lost work per unit mass of fluid flowing in the system, T 0 is the 
temperature of the heat reservoir, and AS, olal is the total change in entropy for the 
actual process. 

Heat 

Heat is energy in transit from one body to another, and it flows from a higher 
to a lower temperature. The rate of heat transfer is proportional to the local 
temperature gradient, and the proportionality constant is the thermal conductiv¬ 
ity. Like work, it only exists in transit between a system and its surroundings, and 
a body does not store heat but stores internal, kinetic, and potential energy. 
Joule’s experiment demonstrated that work was quantitatively converted to heat, 
and this heat increased the internal energy of water in the experimental apparatus. 
This experiment provided a basis for the first law of thermodynamics. 

The first law of thermodynamics for a closed system (nonflow process) is 
given by: 

AC/ = Q-W (22) 

There are three cases that can be considered for heat being added to a closed 
system. They are a constant volume process, a constant pressure process, and a 
constant temperature process. 

For a nonflow constant volume process, heat added to the system is given by 
the change in internal energy of the system. No work is performed (M 7 = 0), and Eq. 
(22) becomes: 

Q = AC/ = ff C v dT = C vavg (T 2 - 7i) (23) 

ji 2 

where the change in internal energy AC/ is given in terms of C„, the heat capacity 
at constant volume. 

For a nonflow constant pressure (isobaric) process, heat added to the system 
is given by the change in enthalpy of the system from the first law of thermody¬ 
namics, i.e., in Eq. (22) W = PAV, and A H = AC/ + PAV to have AH = Q. 

Q = AH = £ C p dT = C p avg (T 2 - 7i) (24) 

where the change in enthalpy, AH, is given in terms of C p , the heat capacity at 
constant pressure. This equation is used to analyze calorimetry data to measure 
heats of reaction. 

For a nonflow constant temperature (isothermal) process, heat added to the 
system Q is equal to the work done by the system W from the first law of thermo¬ 
dynamics, i.e., AU = 0 in Eq. (22). For an ideal gas, the amount of heat trans¬ 
ferred was given by Eqs. (13) and (14), combined as: 
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Q = RT ln^/V,) = RT ln( P,/P 2 ) (25) 

Sensible heat is heat causing the temperature change in a system given by 
either Eq. (23) or (24), and does not include heat from phase changes, chemical 
reactions, or concentration changes. Latent heat is the heat transferred at con¬ 
stant temperature to a substance undergoing a phase transition, such as being 
vaporized or liquified. 

In summary, work and heat are energy in transit; when work is done on a 
system, it appears as an increase in energy of the system. Likewise, when heat is 
transferred to the system, it appears as a form of energy in the system. Various 
equations were given to compute work and heat transferred for closed and steady 
state flow systems in typical applications. 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Work and Heat” 


WORK INTERACTIONS 


• PROBLEM 2-1 


A ball falling in a vacuum requires 1 second to reach the 
ground. Can adiabatic work interaction be considered during 
the first 0.5 sec of the fall when the ball is chosen as the 
system? 


Solution: Since the weight is falling in a vacuum, it does 
not affect its surroundings in any way. There is no external 
effect, and so the interaction is not adiabatic work. 


• PROBLEM 2-2 


A falling weight is used to operate a generator as shown in 
the figure. The power generated is converted to heat by a 
resistor. Can this be considered an adiabatic work inter¬ 
action? Neglect all losses in the process. 


Solution : The process can be divided into two systems as 

shown in the figure. The external effect to system A is 
system B, where the weight falls and operates a generator. 

Let system A be inversed by replacing it with a motor having 
a weight attached to its shaft. Then system B can be made 
to undergo the same process where its external effect will 
be an equivalent rise in the level of the weight. Since the 
inverse is possible, this example is an adiabatic work inter¬ 
action. 
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WORK DONE ON THE MOVING BOUNDARIES 
OF A SYSTEM 


• PROBLEM 2-3 


The figure shows a chamber containing 0.04 m 3 of a gas. The 
initial pressure which is supplied by weights on the piston 
is 200 kPa. Keeping this pressure constant the chamber is 
heated until the volume of the gas is 0.1 m 3 . Considering 
the gas in the chamber as a system, a) calculate the work 
done by the system. 

While heating is going on, weights are removed from the piston 
in such a way that the relation between pressure and volume 
is given by the expression 

b) PV = constant = P^ = P 2 V 2 

c) PV 1 *- 3 = constant. 

Calculate the work done in both cases if the initial 
conditions are the same and the final volume is 0.1 m 3 . 

d) Let the piston be fixed so that the volume remains 
constant. For the same initial conditions calculate the work 
done if heat is removed from the system and the pressure 
drops to 100 kPa. 


Solution ; a) Since the pressure is constant , 


iW 2 


2 

6W = 


i 


f 2 

PdV 
- i 


= P ( V 2 —V ! ) 
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x w 2 = 200 kPa x (o. 1 - 0.04)m 3 
= 12.0 kJ 

The work done by the system = 12.0 kJ 



b) Determine the final pressure first. 

PiVi 

P 2 = - 

V 2 


= 200 x 


0.04 

0.10 


= 80 kPa 
' 2 


-c 


iW 2 = I PdV 

PiVi 


Substitute P= constant/V = 

■*’ ■ p > v ‘ \ 


V 
2 dV 


into this equation, 

V 2 

= P.V, In — 


= 200 kPax 0.04 m 3 x In q‘^ 
= 7.33 kJ 


The work done in this case = 7.33 kJ. 
c) First solve for the general case of PV n - constant 
PV n = constant = PiVi” = P 2 V 2 n 

D _ constant _ PiVi 11 


= P 2 V 2 n 
V n 
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PdV = constant 


i V* 


i W 2 = f 
1 

r v- n+i i 2 

= constant [rH+J-J x 

constant ( l-n Tf i-n\ 
= _____ ^v 2 -Vi J 

= ( P2V2 n V2 1 " n W P lVi n Vl 1 ~ n ) 
l-n 


= P 2 V 2 -PiVi 
l-n 


In this case 



= 60.77 kPa 


iW 2 = P 2 y 2 - 

1 - 1.3 

60.77 x o.l - 200 x 0.04 
1 - 1.3 

= 6.41 kJ 

The work done for this case = 6.41 kJ. 
d) Since 6W = PdV 

for a quasiequilibrium process, the work is zero, because in 
this case there is no change in volume. 


• PROBLEM 2-4 

Air inside a chamber is heated from an initial volume and 
pressure of 1.0 ft 3 and 1500 psia respectively to a final 
volume of 8.0 ft 3 . Calculate the total work done by the gas 
if the expansion process is quasi-static and given by the 

relation PV 1 * 4 = constant. 


Solution ; Since the process is quasi static the work done by 
the gas is 


36 


Since pV 


constant, 


constant 

V 1 * 4 

= RiZihL 

V 1 * 4 


Substituting into Eq.(l), gives 


Wi 2 = constant 


, 2 

f dV 

I V 1 ^ 


_ const ant /«j - i * 4 y i — i* 4 v 

“ 1 - 1.4 ^ 2 v i ' 


1 - 1.4 v 2 


r 1 ~1* 4 _ yl _1 * 4 ) 


= (1500 x 144)(1.0) 1,1> (0 1-1.4 _ i.o 1 - 1 *") 
1 — 1*4 

= 305,000 ft-lbf. 

The total amount of work done by the gas is 305,000 ft-lbf. 


• PROBLEM 2-5 


A liquid is compressed isothermally inside a chamber. Obtain 
an expression for the total amount of work required if the 
compression process is quasistatic and is given by the 
equation 

V 

In tt- = -A(p - p 0 ) 
v o 

where A, V 0 and p 0 are constants. 


Solution: Since the process is quasi-static, the work done is 
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2 


w = 


y l 

Since In (V/V 0 ) = -A(p - p 0 )> 


p dV 


dV = -AV do. 


Therefore, 

2 


W = -A 


Vp dp. 


1 

To perform the integration, the expression for V has to be a 
function of p. 


In general, the volume of a liquid is not sensitive to a 
change in pressure. Hence, assuming constant V in the 
integration, 

, 2 


W = -AV 


P dp 


flV, 2 2 \ 

= - ~2~(p 2 2 - Pi )• 

Since A and V are positive quantities, W will be negative if 
p 2 is greater than pi. This is consistent with the 
convention that work is done to a system in a compression 
process. The values for A and V will be different for 
different substances. 


• PROBLEM 2-6 


A container with a plunger compresses one lb-mol of an ideal 
gas from 1 atmosphere pressure to 10 atmospheres. Calculate 
the amount of work done if the process is considered to be 
polytropic. Assume the temperature to be 273°K and k for 
the process to be 1.4. All losses are neglected. 


Solution : Determine the initial volume of the gas, from the 

ideal gas equation of state. 


V = -SM 

p 


(i) 


Convert all units to lb-mol, lb„, ft, and °R. In these 
units: 


n = 1 lb-mol 

R = 1545 ft-lb f /lb-mol°R 
T = 273°K = 492°R 
P = 1 atm = 2.12x 10 3 lb f /ft 2 . 
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Therefore 


1 x 1545x 492 (lb-mol)[ft-lb f /(lb-mol°R)](°R) 
2.12 x iO 1 (lb f /ft 2 ) 


or 


V = 359 ft 3 

The constant K for the polytropic process can be calculated 
from the initial conditions 

K = P^ 15 

= (2.12 x loMosg) 1 - 4 

= 7.85 X10 6 


Assuming that the compression occurs without acceleration of 
the piston, the following equation can be used to calculate 
the work of compression 


fV 2 

W = P dV 

J sys sys 


( 2 ) 


The pressure of the system and the volume are related by the 
polytropic conditions. 


Therefore 


P 

sys 


K 


V 


k 

sys 


W = 


V 2 


(V 2 dV 


sys 


dV = K 
sys 


sys 


V 


sys 


for k ^ 1.0 the integral becomes: 


W 



V 2 

Vi 


1 


K 


k 


V 


k-i 

i 


] 


This expression may be simplified as follows: 


W = 


1 - k 


[KVj -1 - KVj X ] = 


;[P 2 vM 1 


- P t vM '] 


or 


W 



1 


i**] 
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All that is needed to allow evaluation of W are the final 
conditions. The final pressure is specified to be 10 atm 
or 2.12 x10 4 lb f /ft 2 . The final volume is obtained from the 

polytropic relation: 


Thus: 


V 2 


( K\ /k _ ( 7.85 x 10 6 \ 1/1 * 4 

[P 2 ) ^2.12xlOV 


68.5 ft 3 


... _ f (2.12 x 10 4 )(68.5) - (.2.12 x 10 3 )(359)~| lb f . 3 
[_ (1-1.4) J ft 2 

° r ft = -1.73 x 10 6 ft-lb f 


where the negative sign indicates that work is required to 
perform the compression. 


• PROBLEM 2-7 


A vessel with a piston contains one pound mole of an ideal 
gas. The gas is expanded at a constant temperature of 100°F 
from 20 atm pressure to 5 atm. Assuming losses to be 
negligible, calculate the work done for the following cases: 

a) The expansion rate is large against a pressure of 1 atm. 

b) The expansion rate is negligible. 

c) The expansion rate is so large that it approaches 
infinity. 


S olution : a) The resisting pressure is 1 atm. 

r V 2 

W = P dV 
>Vi r 

= P r (V 2 - v x ) 


= p rt(=^- 
r \P 2 


_ 1 _ 

Pi 


= [(14.7)(144)](0.73)(460 + 100) 
= 166.7 Btu/lb mole 


_Ll 

2 OJ 7 7 8 


b) Since there is hardly any rate of expansion, i.e. the 
resisting pressure is equal to that of the system, therefore 
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w 


f ! 

M, 


RT 

V 


dV 


= RT In 


V 2 

Vi 


= -RT 


In 


£2 

Pi 


= -(1.987)(460 + 100) In — 

2 0 

= 1546 Btu/lb mole. 

c) Since the resisting pressure is equal to zero 

W = 0. 


• PROBLEM 2-8 


A vessel with a frictionless piston contains 1 ft 3 of a gas 
at 200 psia. The piston is held in position by applying an 
external force. Calculate the amount of work done if: 

a) This external force is released gradually until the 
volume is doubled in such a way that PV is always a 
constant. 

b) If the external force is released suddenly to half its 
initial value. 


Solution ; a) The process carried out is a reversible one, 
and 

fV 2 

W = P dV 

J Vi 

Since 


PV = k(const) P = 


and 


But 


W = k 


V2, 


Vi 


V k ln V, 


k = PV = P x Vj. = (200) (144) (1) = 28,800 (ft.-lb f ) 
V x = 1(ft) 3 and V 2 = 2(ft) 3 


Therefore 


W = 28,800 ln 2 = 19,930(ft-lb f ) 
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The final pressure will be 


p = JL = 28^00 = 14 > 4 oO(lb f )/(ft) 2 or lOO(psia) 

b) The force exerted is constant and is equal to a pressure 
of 100 (psia). After half the initial force has been 
removed, the gas will undergo a sudden expansion. Eventually 
the system will return to an equilibrium condition identical 
with the final state attained in the reversible process. 

Thus AV will be the same as before, and the net work 
accomplished will equal the equivalent external pressure 
times the volume change, or 

W = (100)(144)(2 - 1) = 14,400(ft-lb f ) 


This process is clearly irreversible, and compared with the 
reversible process is said to have an efficiency of 

= 0.723 or 72.3 percent 

19,930 


• PROBLEM 2-9 


A cylinder with a frictionless piston contains 0.05 m 3 of 
gas at 60 kPa. The spring holding the piston is now in 
tension. The cylinder is heated until the volume rises to 
0.2 m 3 and pressure rises to 180 kPa. Assuming no losses 
in the system, and the force on the spring to vary linearly 
with length, compute a) the amount of work done by the gas. 
b) the amount of work done if the system consists of the gas, 
the piston and the spring. Assume P atm = lOOkPa. 




Figure 1. (a)Initially; (b)After heat has been applied; (c)P-V diagram 


42 













Solution : a) The spring is in tension in this case because 
the weight of the piston acts downward when the atmospheric 
pressure is greater than the internal pressure. It is given 
that 

F = kx (linear variation) 

spring 

Also 



From Eq. (1) it is obvious that the pressure also varies 
linearly with displacement. 

Hence in the evaluation of the work done by the system, the 
pressure can be taken as the average of the initial and final 
pressures. 

The work done is 


b) 


W 1 2 


W 12 


r 2 

PdV 

J i 

-- ! --g j ^ [ v = - v >] 

(180 2 t60) [0.2 - 0.03] 

18 kJ 

r v 2 

PdV 

J Vi 

P(V 2 - Va) 

100(0.2 - 0.05) = 15 kJ 


• PROBLEM 2-10 


A container having an area of 1 ft 2 and a volume of 5 ft 3 
holds 2 ft 3 of an ideal gas at a pressure of 10 atm. An 
external force is applied to keep the 1440 lb piston in 
position in the container, which is open to the atmosphere 
of 1 atm, pressure. When the external force is released 
the piston rises frictionlessly up the container. The gas 
in the container is always kept at the same temperature. 

a) What will be the velocity of the piston as it moves. 

b) What is the total vertical displacement of the piston. 


Solution: The effective pressure of the surroundings is 
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surr 


p + weight of piston 
atm area of piston 


P 


= 14.7 


psia 


1440 lb f 
+ 144 in 2 


= 24.7 psia. 


To obtain the total work done by the gas on the piston and 
atmosphere, use the equation for the work done during an 
isothermal expansion, 


But 


W = nRT In ^ 

Vi 


W 


nRT = P^j 


(10 atm x 2 ft 3 ) 



18.4 atm ft 3 
3.88 x10 4 ft-lb f 


From this, a certain amount must be used to move the effective 
surrounding pressure. 


W = [p dV 
s J s sys 

lb f 

= 24.7 \ x 3 ft 3 

in 2 

= 1.07 x10“ ft-lb f 

.*. (3.88 xlO" - 1.07 xlO 4 ) = 2.81xl0 4 ft-lb f 
of energy is used to accelerate the piston. 


The change in kinetic energy of the piston is 2.81x10- ft-lb f 
which means that 


(1) Mil = 2.81 x 10- ft-lb 

UJ g c 


- 1 » 10 * 

V 2 = 1255 ft 2 /sec 2 


ft-lb f 


V = 35.4 ft/sec at the container exit. 
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b) At the highest point or maximum rise of the piston , 
potential energy = kinetic energy imparted to it. .\ At 
the maximum height 


PE = = WZ 

g c 

= 2.81x lo 4 ft - lb f 

weight = 1440 lb^ 

„ _ 2.81 x lo 4 

max 1440 

= 19.5 ft above the top of the 
container. 


• PROBLEM 2-11 


An elastic balloon filled with Hydrogen gas has a diameter 
of 0.3m and an internal pressure of 150 kPa. The gas is then 
heated as shown in the figure to a diameter of 0.4m and a 
pressure of 200 kPa. During the process, the pressure is 
proportional to the balloon's diameter. Calculate (a) the 
work done by the gas during the process, (b) the work done 
by the balloon on the atmoshere. Assume atmospheric pressure 
to be 100 kPa. 




(a) 


(b) 


Figure. Inflation of an elastic balloon: (a)schematic, (b)P-V diagram 


So lution : (a) First the initial and final volumes of the 
balloon must be calculated, using the equation 





V = — tt r 3 = i.Trd 3 
3 6 


( 1 ) 


Hence 


Vi = A * 3.1416 x (0.3) 3 = 0.0141 m 3 
6 

V 2 = 1 X 3.1416 X (0.4) 3 = 0.0335 m 3 
6 

The work done by the gas is represented by the area under the 
curve in Fig. 1(b)- 

2 


And 


Wj. 2 


| PdV 

l 


P = Const x d 


const 



where d is the diameter obtained from Eq. (1) 


(2) 


but - is also a constant and 

7T 

1/ 

P = C x (V) /3 

where C is a general constant for the equation. 

Solving for C obtain 

r = Pi = P 2 

V i/ 

(Vi) (V 2 ) '3 

substituting into (2) 

f V 2 1 , 

W = c V 73 dV 

Jy i 

= f C [(V., Vi - (V x ) 4/3 ] 

= ; [M* - p i v i] 

= 3.438 kJ 

(b) The pressure this time is constant, having the value 

P = 100 kPa 
atm 

From part(a) 

Vi = 0.0141m 3 , V 2 = 0.0335m 3 

and 

2 2 
W 12 = I PdV = P f dV 

= P(V 2 - Vi) 
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= 100 X(0.0335 - 0.0141) = 1.94 kJ 


• PROBLEM 2-12 


The figure shows a container having 4kgs of saturated water 
at 35°C. It also has a frictionless piston with a cross 
sectional area of 0.06 m 2 initially resting on the stops 
enclosing a volume of 0.03 m 3 . To raise this piston against 
atmospheric pressure, a pressure of 300 kPa has to be 
applied. On moving the piston upwards, it will encounter a 
linear spring when the contained volume is 0.075 m 3 . To 
deflect this spring 1 m, the force required is 360 kN. If 
the final pressure is 7 MPa, determine 

a) the final state of water, and 

b) the work done during the process. 


Spring 



Solution : a) In this problem, the final mass inside the 

container will be the same as the initial mass since no 
additional mass is added or extracted from the system. 

However as a result of the heat transfer, the volume changes, 
and hence the specific volume also changes and will be 
different at the final state from that at the initial state. 
In order to calculate the finai specific volume, the final 
volume of the container must be found first. 

The final volume is (3 denotes the final state) 

V 3 = V 2 + AAh (1) 
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where Ah is the height the piston moves after it touches the 
spring. 

Then from the following equations 

F = AAP 


and 


F = kAh where k = spring constant 

a relation for Ah can be obtained in terms of the pressure 
(P) and area (A) as 


AAP 


k 


( 2 ) 


since the spring is linear, the force will be linear which in 
turn implies that the pressure in going from state 2 (just 
before it touches the spring) to the final state 3, will 
change linearly. Thus, 


AP = p 3 - p 2 , 


and Eq. (2) will become 

. h _ A 2 (P 3 - P 2 ) 

Substituting the above relation into Eq. (1) and solving, one 
gets 

V, - V, . »* ( Pi ; ■ Pi ) 

- 0.075 ♦ (0.06)^ 7 '°°°~ 300 ) 

= 0.142 m 3 . 


Solving for the specific volume at the final state 

v 3 = m 1 = ~ ° ~ 4 42 = 0.0355 m 3 /kg. 

From the steam tables at P = 7 MPa, 

v g = 0.02737 m 3 /kg. 


Since 


v 3 = 0.0355 m 3 /kg > v g = 0.02737 m 3 /kg 

the final state lies in the superheated region. The process 
can then be plotted on a pressure-volume diagram as 
illustrated in Figure 2. 
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Fif^ire 2. v i v 2 v 3 v 


b) The work done in going from state 1 to state 3 is 

W i— 3 = W 12 + w 23 (3) 

where r 2 (V 2 

W 12 = I PdV = P dV (4) 

J 1 J Vi 

because the pressure is constant from state 1 to state 2 as 
shown in Fig. 2. 

However, in going from state 2 to state 3 the pressure varies. 
Since this change is linear the pressure can be assumed to be 
the average of the pressures at state 2 and state 3. The 
work done is 



substituting (4) and (5) in Eq. (3), 


( V 2 p 

W x _ 3 = P dV + i-i 


dV 

J Vi 



= P(V 2 - V x ) 

+ p 3.. P; 

2 

1 (V 3 


= 300 (0.075-0.03) + 7 — (0.1420-0.075) 
= 258.05 kJ 


Note that the work could have also been calculated graphically 
from Figure 2, by calculating the shaded area under the curve. 
The procedure would be. 

(1) Calculate the area of the rectangle 12V!V 2 . 

(2) Calculate the area of the rectangle 22'V 2 V 3 . 
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(3) Calculate the area of the triangle 232*. 

(4) The total work is the sum of the above three areas. 

This value will be identical with the one obtained earlier. 


WORK FOR PARTICULAR PROCESSES 

• PROBLEM 2-13 

Solution : For 76.00-cm column of mercury (density = 

13.596 gm/cm 3 ) supported by the atmosphere, 

M/A = (76 cm)(13.6 gm/cm 3 ) = 1033 gm/cm 2 = 1.033 kgm/cm 2 . 

Hence 

P x = Mg/A = (1.033 kgm/cm 2 )(9.81 meter/sec 2 ) 

= 10.13 kgm-meter/sec 2 -cm 2 = 10.13 newton/cm 2 ; 

and one lit-atm will represent 

P AV = (10.13 newton/cm 2 )(1000 cm 3 ) = 10130 newton-cm 
x 

= 101.3 newton-meter = 101.3 joule- 


• PROBLEM 2-14 


Calculate the work done by a perfect gas during an adiabatic 
frictionless process when its temperature changes from 200°F 
to 300°F. The molecular weight of the gas is 34.0 and the 
specific heat at constant pressure is given by the expression 
Cp = 0.212 + 0.000059T. 


Solution; T Rankine ~ T Farenheit + 460 

/. T x = 460 + 200° = 660°R 
T 2 = 460 + 300° = 760°R 
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Since the process is frictionless, heat loss = 0. 


Gas constant R = 

Molecular weight 

R 

W 


1.985 Btu/lb mole°R 
= 34.0 
1.985 


34.0 


= 0.058 


Work done 


W = 

r 

Ti 

(0.058 - 

Cp)dT 

= 

' 760 

, 1.985 
' 34.0 

0.212 - 0.000059T)dT 


660 


= 

' 760 

(-0.1536 

- 0.000059T)dT 


660 




= (-0.1536)(760-660) - ( ° - ‘ 0( y 059 )(760 2 -660 2 ) 

A 

= -15.36 - 4.19 
= -19.55 Btu/lb. 


• PROBLEM 2-15 


During a process the volume of a unit weight system changes 
from 5 cu. ft to 3 cu. ft.(a) Calculate the work done for this 

process if P = + 0.060 V 3 , where P is the pressure and v 

is the specific volume, (b) Also calculate the work done for 
the process if frictional losses are neglected. 


Solution : (a) When losses are taken into account the work 
done for a process which involves a unit weight system is 


W + J = JPdV 

= ( Vb (-5^- + 0.060 V 3 )dV 

Jy =s 
A 

= |j500( In 3 - In 5) + — 3 4 -5 4 x (0.1850) 

= -48.8 Btu/lb 
.*. W = (-48.8 - J) Btu/lb. 
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(b) If frictional losses are neglected, J = 0 
W = PdV = -48.8 Btu/lb. 


• PROBLEM 2-16 

An air compressor compresses air from 15 psia to 75 psia 
according to the relation PV 1,3 = constant along the path 

of compression. 

a) Calculate the work done during the compression process 
if the entrance and exit velocities are assumed to be the 
same. 

b) Also calculate the shaft work of the compressor. Take 
specific volume of air to be 13.1 cu ft/lb. 


Solution: a) The work done w = pdv. 

j Vi 


Given 


C = piv! = p 2 v 2 


p - - cv-*- 1 


1-3 1.3 

PlVi = P 2 v 2 


vi- - gfM- 


/ a. 3 

v 2 = ( —v 1 
VP 2/ 


x 13.1 cu. ft 


1.8 cu. ft, 


From Eq. (2) 


Cv 1,3 dv 


- o.n v 


V 2 

-0.3 Vi 
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From Eq. (1) and (4) 


W = P 2 V 2* 3 y V 2 °" 3 ~ P i V i * 3 X Vl °‘ 3 
-0.3 


= P2V2 ~ PlVi 
-0.3 


= o 73 (15 x 13 - 1 - 75 x 3.3) 

= -144 x 88.5 
0.3 


- -42,480 ft lb per lb. 

b) In this case the work done by the shaft (Ws), i.e. t 
power required to drive the shaft is to be determined. 



f p 2 

vdp 

jp i 


1 1 

p l.3 v = c 1.3 


V 


W 


s 


1 _i_ 

1.3 1.3 

(C) (p) 


1 ,p 2 _ 1 

Jp, 


-C 1-3 | p 1 ‘ 3 dp 


_JL / - J^+i 

-C 1 ' 3 ( p 2 1 » 3 - Pl 


1.3 


+ 1 



= -P2V2 
__1_ 
1.3 


- P1V1 
+ 1 


= -1.3 


P2V2 - P 1V1 \ 
1.3-1 " / 


= -4.34 (p 2 v 2 - p 1 v 1 ) 
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= 12 2 x(-4.34X75 x 3.8 - 15 x 13.1) 

= 55224 ft lb per lb. 

Due to losses, the work done in each case is not the same 


• PROBLEM 2-17 


0.1m 3 of a ferromagnetic substance is kept at a constant 
temperature of 4°K while the magnetic field is increased 
4 tt o 

from 0 to Yq weber/m . Obtain an expression for the work 

required if the substance follows the Curie equation of 
state. Assume C = 4 tt x io 9 weber - °K/amp-m. 



Solution : A Curie substance is any simple magnetic substance 

obeying the equation of state MT = CH (1) 

where M = mass 

T = temperature 

H = strength of the applied magnetic field 
C = Curie constant 

Unit work dW = VHdM (2) 

Combining (1) and (2) 



= (8 x 10 6 )tt webers-amp 
= (8 x lo e ) 7T N-m. 
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• PROBLEM 2-18 


Prove that the work required to stretch a wire of length H 
within the elastic region is given by the equation 
W -0.5AE£(e) 2 . 

A is the cross sectional area of the wire, 

E is the Young's Modulus, and e the unit strain. 


T 

stress a = ^ 

= Ee (1) 

where T = tension in the wire 
From the definition of strain 

dc = « 

a 

where 6 = deformation of wire due to the tension 
6 = dL 

or d£ = — (2) 

l 

dL = Ude (3) 

Solving in Eq. (1) for the tension T gives 

T = AEe (4) 

Hence when the length of the wire changes by an amount dL, 
the work done by the system is 

6W = -TdL 

Substituting Eqs. (3) and (4) into the above equation 
6W = -AEe£de 

For finite changes 
2 

W 12 = | - AEe£dc 
' i 

= - AE£ | ede 
o 

_ -ALft( e ) 2 
2 

= -0.5 AEZ(e ) 2 
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• PROBLEM 2-19 


An 18 inch electrical conductor carries a current of 20 amps. 
A constant force moves this conductor with a velocity of 
20 ft/sec orthogonally across a magnetic field. Find this 
force and the rate of work done if the flux density is 2 
Webers/m 2 . 



Figure. A conductor moving in a magnetic field 


Soluti on: Amperes law relates a force to a movement of 

charge. If a charge q moves with a known velocity v and 
experiences a force in the absence of an electrostatic field, 
the force is then due to a magnetic field B and is related 
by the vector equation 

F = qv x B (1) 

However, this force tends to create a current flow (i) in the 
direction shown in the figure, because the force has the 
tendancy to try and displace the charges which are in the 
conductor. Considering a small element of length dl on the 
conductor,the following can be written. 

dqv = idt ~~ = idl, 

or for finite changes 

qv = jidl (2) 

Substituting Eq. (2) into Eq. (1) gives for the force 

r L 

F = I idl x B = -iBLi (3) 
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The rate of work then can be obtained, using the equation 

W = F-V 

or since the expression for the force is known (Eq. 3) it can 
be substituted into the relation for work. Taking the dot 
product, 


W = -(iBLi)-vi = -iBLv 


(4) 


In order to substitute the values in the equations and to 
obtain a meaningful answer the units have to be consistent. 
Therefore, convert all the units into one system. (The S I 
system is used here.) 

Hence 

L = 18 in x 2.540 -- x —= 0.4572 m 
in 100cm 


= 25 —- x 30.48 
sec. 


H’-TORS ' 7 ’ 62 


Substituting L into Eq. (3), the force is 
F = iBLi 

= (20 amp)(2 Weber/m 2 )(0.4572m) 

= 18.288 Newtons (in x-direction) 

In this problem the thermodynamic system under consideration 
is the conductor and the work is done on the conductor by 
the magnetic field. Thus the work done o>n the conductor by 
the force exerted externally on it is then given by Eq. (4) 
but with a positive sign. 

Hence 


W = +iBLv 

= (20 amp)(2 Weber/m 2 )(0.4572m)(7.62 m/sec) 
= 139.35 Watts. 


• PROBLEM 2-20 


A wire frame equipped with a slide wire S shown in the figure, 
is dipped into a vessel containing soap solution. A soap film 
is then formed by moving the slide wire S away from leg b. 

Let F be the constant force applied to move the slide wire,and 
a be the surface tension of the soap film. 


a) Prove that the work done to overcome the resisting 
surface tension is given by the equation W = o£b. 
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b) Calculate the work done when b = 10 cm, £ - 6 cm, and 
a = 25 dynes/cm. 



lide wire(S) 


Solution : When the wire S moves along the frame the area of 

the film is changed and work is done on or by the film. The 
work is done as a result of the pressure that is being 
applied because of the force F, and the change in area. 

Thus when the area changes by an amount dA, the work done on 
the system is 


However 

where P = pressure, F 
and Eq. (1) becomes 


6W = PdA 



force, and A = area 


( 1 ) 


6W = |dA (2) 

Also using T = F, where T = tension, the equation for 
surface tension a is 


a 


T 

A 


T 


oA 


Eq. (2) becomes 


6W = adA. 

Since the force applied is constant, the surface tension is 
also constant. Thus for finite changes 

W 12 = | Z odA = a(A 2 - Ai) (3) 

where Ai = 0 (wire is initially closed Z = 0) 

and A 2 = £•b 
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Hence Eq. (3) becomes 


Wi2=o*£*b=aA (4) 

b) For the given values of b, &, and a when substituted in 
(4) ; the work is 

W = a-£*b = (25)(6)(10) = 1,500 dyne-cm. 


HEAT 


• PROBLEM 2-21 

A refrigerator is a common device used in every home. 
Examine the following systems regarding the direction of 
heat transfer. 

(a) The refrigerator alone 

(b) The room the refrigerator is located in. 


Solution: (a) In order to keep the products stored inside the 
refrigerator at a lower temperature, heat must be absorbed 
from the products stored (through the evaporator) and 
rejected to the atmosphere. In fact this is the principle 
for a refrigeration cycle. Therefore, as far as heat 
transfer is concerned, heat is transferred from the 
refrigerator (the system) and thus Q = -Q. 


(b) From the statement made in part(a), heat is rejected from 
the refrigerator to the room. The heat transfer is done 
through the condenser which is so arranged that the air in 
the room flows past the condenser by natural convection. As 
a result of that, heat is added to the room and the heat 
transfer is positive (Q = +Q) for the system under 
consideration. This explains why the room where the 
refrigerator is usually located, is always warmer than the 
other rooms. 


• PROBLEM 2-22 


Calculate the heat transferred when 100J of work is done on 
a system consisting of 1 mole of an ideal gas. At constant 
temperature, AE = 0 for the expansion of an ideal gas. 
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Solution : A statement of the first law of thermodynamics is 

expressed as 


AE = q - w 

where AE = change in internal energy of the system 

q = quantity of heat 
w = work done 

In this problem, work is done on the system and so w is 
negative. (Note that we are adopting the convention that 
work done on the system is negative.) Since AE = 0 for an 
isothermal expansion of an ideal gas, 

AE = 0 = q - w 
q = w 

or q = -100J 

As a result, 100J of heat must be transferred from the system 
to maintain isothermal conditions. 


• PROBLEM 2-23 


What can you say about the following statements if one has 
an adiabatic process in which there is no heat transfer 
between the system and the surroundings, either because the 
system is well insulated or because the process occurs very 
rapidly? 

1. q = +w 

2. q = 0 

3. AE = q 

4. AE = w 

5. PAV = 0 


Solution : In an adiabatic system there is no heat flow into 

or out of the system, thus q = 0 

1. This statement gives q to be +w but this can only happen 
when AE = 0 since for instance AE = q - w for isothermal 
expansion of an ideal gas. 

2. Statement (2) is correct since q = 0 for the process. 

3. This statement indicates AE = q, but this can only happen. 
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as in the case when one expands a gas into a vacuum, 
when w = 0. 

4. Since AE = q - w, AE will be equal to w only when 
q = 2w so that 

AE = 2w - w = w 

5. AE = q - w 

= q - PAV 

Thus for PAV to be zero, AE must be equal to q such that 
AE = AE - PAV 
PAV = 0 
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CHAPTER 3 


ENERGY AND THE FIRST LAW 
OF THERMODYNAMICS 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 62 to 
150 for step-by-step solutions to problems. 


Forms of energy include: internal, potential, kinetic, electrical, chemical, 
mechanical, magnetic, and nuclear. The first law of thermodynamics requires 
conservation among all of these forms of energy except for nuclear. The total 
quantity of energy is a constant, and when one form of energy disappears in a 
process another form appears simultaneously. Analysis of energy transformations 
with the first law of thermodynamics uses a system and its surroundings, and a 
statement of the first law is that the sum of the change in energy of the system 
plus the change in energy of its surroundings is zero, i.e., energy is conserved. 
Heat and work are energy transferred across the boundary between the system 
and the surroundings. 

There are two types of systems, closed and open. In a closed system there is no 
mass transferred across the boundary of the system, and the mass of the system is 
constant. All of the energy crossing the boundary is transferred as heat and work. 
Therefore, the total energy change of the surroundings equals the net energy 
transferred as heat and work. Closed systems usually have only changes in inter¬ 
nal energy, and the first law of thermodynamics is: 

A U = Q-W (1) 

Closed systems are also called nonflow systems. 

In Eq. (1) A U is the change in internal energy, and it is the net of the heat, Q, 
and work, W, transferred to or from the system. The heat transferred, Q, is posi¬ 
tive for transfer to the system from the surroundings, and the work performed, W, 
is positive for work done by the system on the surroundings by the usual sign 
conventions. 

There are several types of industrial processes that can be analyzed as closed 
systems with the first law of thermodynamics. These include constant volume, 
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constant pressure, constant temperature, and adiabatic processes. 

For a constant volume process, there is no work (W = 0), and the first law of 
thermodynamics, from Eq. (1), reduces to the heat added to the system being 
equal to the change in internal energy: 

Q = AU = C v dT - C v avg (T 2 - 7j) (2) 

The change in internal energy, At/, can be evaluated using C VfQVg , the average heat 
capacity at constant volume between the initial and final temperatures, T x and 7V 

For a constant pressure process with only pressure-volume work, Eq. (1) can 
be written in terms of the enthalpy by combining the internal energy and PV work 
terms, i.e., W = P&V and A H = A U + PAV to have A H = Q: 

Q = AH = J^ 2 C p dT - C p avg (T 2 - 7J) (3) 

The change in enthalpy. AW, can be evaluated using C pavg> the average heat ca¬ 
pacity at constant pressure, between the initial and final temperatures, T x and T 2 . 

For a constant temperature process, there is no change in internal energy (A U 
= 0), and the heat added to the system is equal to the work done by the system, 
i.e., Q = W from Eq. (1). For a reversible process with an ideal gas, Q and W can be 
evaluated using dQ = dW, dW = PdV and P = RT/V to obtain: 

Q = W = RT ln(V 2 /V,) = RT ln(P,/P 2 ) (4) 

For an adiabatic process there is no heat transferred between the system and 
the surroundings, i.e., Q = 0, and Eq. (1) is: 

lT=At/ = J^ C v dT = C vavg (T 2 - 71) (5) 

In an open system there is a transfer of mass along with heat and work 
across the boundary between the system and surroundings. An important indus¬ 
trial open system is the steady-state flow process, where there is a steady (time- 
independent) flow of fluid through equipment such as pumps, compressors, tur¬ 
bines, and heat exchangers. The term steady state means that conditions through¬ 
out the equipment do not vary with time but can vary with positions, and the 
mass flow rate is a constant. In an open system there can be changes in internal, 
kinetic, and potential energy along with the heat transferred and work performed. 
The first law of thermodynamics for this process is: 

A 2 

AU + ~~ + gbz = Q-W (6) 

The terms on the left side of the equation represent the change in internal, kinetic, 
and potential energy between two points in the system per unit mass flowing 
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through the system, and these two points are usually at the exit and entrance. On 
the right side are the heat transferred, Q, and work performed, W, per unit mass 
flowing through the system. 

The equation for the conservation of mass, i.e., the continuity or mass bal¬ 
ance equation, is required with Eq. (6). This equation states that the mass flow 
rate into the system at point 1 is equal to the mass flow rate from the system at 
point 2, and the mass flow rate is the product of the density p, cross-sectional area 
A, and average fluid velocity u: 

p \A x u\ = P 2 A 2 U 2 = constant (7) 

For example, this equation is used to compute the exit fluid velocity u 2 if the en¬ 
tering velocity U\ and cross-sectional areas A, and A 2 and densities pi and p 2 are 
known. Then the kinetic energy term, Aw 2 /2, in the first law of thermodynamics, 
Eq. (6) can be evaluated. 

The work term W in Eq. (6) contains the shaft work and pressure-volume 
work. The shaft work is the work associated with a shaft crossing the boundaries. 
The shaft could be associated with work to or from a pump, compressor, or 
turbine. The pressure-volume work is associated with the pressure and area at the 
entrance and exit of the fluid, i.e., P 2 V 2 -P\V v By separating the shaft work and 
pressure-volume work in Eq. (6), the pressure-volume work can be combined 
with the change in internal energy, A U, to form the change in the thermodynamic 
property enthalpy, A H. Consequently, Eq. (6) can be written in a more conve¬ 
nient form for analyzing steady state flow processes as: 

2 

AH + ^- + gAz = Q-W s (8) 

This is a design equation which can be used for industrial equipment such as 
turbines, compressors, heat exchangers, nozzles, ejectors, etc. 

For many steady-state flow processes the changes in kinetic and potential 
energy are very small compared to the other terms in Eq. (8), and this equation 
can be simplified to: 

A H = Q-W S (9) 

Although Eq. (9) appears to be similar to Eq. (1) for a closed or nonflow 
system, there are significant differences. For example, in Eq. (1) A U is the change 
in internal energy associated with the mass of the system, while AH is change in 
the enthalpy between two points per unit mass of fluid flowing through the 
system. Also, in Eq. (9) W s is only shaft work, i.e., the PV work has been incor¬ 
porated in the enthalpy. 

Important industrial applications of Eq. (9) include the design and analysis of 
the performance of turbines and compressors which are operated adiabatically (Q = 
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0), and for this equipment A// = -W*. Also, for heat exchange no work is per¬ 
formed (iy = 0), and A H = Q is the design equation. In a throttling process used 
to liquify gases, fluid flows through a restriction such as an orifice or porous 
plug, and no heat is transferred (Q = 0). Also, no work is done (W = 0) in this 
process, and A H - 0. The process occurs at constant enthalpy, i.e., Eq. (9) is A H 
= 0, an isenthalpic process. 

In summary, the first law of thermodynamics has been presented for closed 
or nonflow and open or steady-state flow systems. Special cases encountered in 
industry have been described for isothermal and adiabatic, closed and open sys¬ 
tems; equations have been developed that apply to turbines, compressors, pumps, 
heat exchangers, nozzles, and ejectors. 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Energy and the First Law 
of Thermodynamics” 


THE FIRST LAW FOR CONSTANT MASS SYSTEMS 

• PROBLEM 3-1 


When 100 kJ of work is done on a closed system during a 
process, the total energy of the system increases by 
55.0 kJ. Calculate how much heat is either added or 
removed from the system? 


Solution: In accordance with the principle of energy 

conservation, a net energy transfer to a system results in 
an equal increase of internal energy stored in the system. 
This may be written as 


Q = AE + W (1) 

where Q is the heat transferred to the system during the 
process. 

W is the work transferred from the system during the process 

AE is the change in the internal energy of the system during 
the process, and all these terms are expressed in the same 
units. 

Eq. (1) is the usual statement of the First Law. It says 
that in any change of state the heat supplied to a system is 
equal to the increase of internal energy in the system plus 
the work done by the system. 

Considering work done on a system as positive, from Eq. (1) 

Q + (+100.0) = +55.0 
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Q = +55.0 - 100.0 
= -45.0 kJ 

From the result, due to the negative sign,45.0 kJ of energy 
in the form of heat is removed from the svstem during the 
process. 


• PROBLEM 3-2 


A group of twenty executives attend a board meeting in a 
room which measures 20 ft by 20 ft and has a 10 ft ceiling. 
Assume that each person occupies 2.5 ft 3 and gives out about 
375 Btu of heat per hour. Calculate the air temperature 
rise occurring within 15 min of the start of the conference 
if the room is completely sealed and insulated. Take c for 
air as 0.1715 Btu/lbm°F. 


Solution : Take the air in the room as a thermodynamic 

system and assume that the people are adding heat to the air 
in a constant-volume process. The room volume is 

V _ = 20 x 20 x 10 = 4000 ft 3 
room 

The volume of air is obtained by subtracting the volume 
occupied by the people: 

V . = 4000 - (20)(2.5) = 3950 ft 3 

air 

Assuming that the constant-volume heat-addition process 
starts at standard atmospheric conditions of 14.7 psia and 
70°F, the mass of air is 


pV (14.7)(144)(3950) 
m RT (53.35)(530) 


295 lbm 


For the constant-volume process. 



and 


AU V = mc v AT v (1) 

The change in internal energy of the air is equal to the 
heat added by the people, since 

Q + W = AU (2) 

and there is presumably no work done on the air. Thus 
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AU = (20)(375) = 7500 Btu/hr 

or, for a 15-min period, 

AU = (7500) = 1875 Btu 

60 

The temperature increase is now calculated from Eq. (1) as 

AT _ AU_ = _ 1875 _ = 0 

~ mc v (295)(0.1715) 


• PROBLEM 3-3 


A container which has a volume of 0.1 m 3 is fitted with a 
plunger enclosing 0.5 kg of steam at 0.4 MPa. Calculate the 
amount of heat transferred and the work done when the steam 
is heated to 300°C at constant pressure. 


Solution : For this system changes in kinetic and potential 

energy are not significant. Therefore 


Q = m(u 2 -ui) + W 
2 [2 

W = P dV = P dV = P(V 2 -V!) = m(P 2 v 2 -'PiV 1 ) 


Therefore 


Q = m(u 2 -Ui) + m(P 2 v 2 -PiVi) = m(h 2 -hi) 


v i = ^ = 0.2 = 0.001084 + x!(0.4614) 


0.1989 „ Ar ,^^ 

Xl = 074614 = °' 4311 


hi = h„ + xih, 


= 604.74 + 0.4311 x 2133.8 = 1524.6 
h 2 = 3066.8 

Q = 0.5 (3066.8 - 1524.6) = 771.1 kJ 
W = mP (v 2 —v!) = 0.5 x 400 (0.6548-0.2) 


= 91.0 kJ 


Therefore 


U 2 - Ui = Q - W = 771.1 - 91.0 = 680.1 kJ 
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The heat transfer can be calculated from ui and U 2 by using 
Q = m(u 2 -ui) + W 
Ul = u f + x lUfg 

= 604.31 + 0.4311 x 1949.3 = 1444.6 
u 2 = 2804.8 

and 

Q = 0.5 (2804.8 - 1444.6) + 91.0 = 771.1 kJ 


• PROBLEM 3-4 


A medical ampule containing dextrose (liquid water) at 
1000 psia, 100°F and having a volume of 0.3 in 3 is 
placed in a cylinder having a volume of 1 ft 3 . A vacuum is 
created in the cylinder and the capsule is broken. Dextrose 
now evaporates and fills the cylinder. Calculate the final 
quality of the water-vapor mixture in the cylinder if it 
reaches a final equilibrium temperature of 100°F. b) Also 
calculate the heat transfer with the surroundings. 


Solution : The inside surface of the cylinder is chosen as 

the boundary of the system. This surface is stationary and so 
W = 0. From the first law, 


Q + 

II 

O 

G 

(i) 

Q = 

AU = m(u 2 -u 1 ) 

(2) 


V x = 0.3 in. 3 = 1.735 x 10 4 ft 3 . 


Using the compressed-liquid tables for water 

v, = 0.016132 - 5.2 x 10 -5 = 0.016080 ft 3 /lb 
1 m 

hi = 67.97 + 2.64 = 70.61 Btu/lb 
A m 


Furthermore, 


Ul = hi - PiV! 


70.61 


(1000)(144)(0.01608) 
778 


= 67.64 Btu/lb 

m 

The mass of water Is 


65 





m = 


1.735 x 10’ 
>-2 


= 0.0108 lb 


1 1.608 x 10 

The final specific volume is, thus, 


m 


Vo = 


_ v 2 _ 


m 


OjOTS ' 92 ' 5 ft ' /Ib n, 


The final state is determined by entering the steam 

tables with the known values of T 2 (100°F) and v 2 . At 100°F, 

v = 350.4 ft 3 /lb , so that a mixture of vapor and liquid is 
g nr 

obtained since V 2 < v . Thus, 

g 

v 2 = v f2 + x 2 v fg2 

Using the properties from the saturation-temperature table 
92.5 = 0.01613 + x 2 (350.3) 


and 


x 2 = 0.264 

The final internal energy is now obtained from this same 
table. Since internal energy is not tabulated directly, 
use the relation 


U 2 = h 2 — p 2 v 2 (3) 

The final enthalpy is 

h2 = h f2 + x 2 h fg2 

= 67.97 + (0.264X1037.2) 

= 342 Btu/lb 

m 

Then, from Eq. (3), since the saturation pressure is 0.9492 
psia at 100°F, 

. - q 4 o ( 0.9492X144X92.5) 

u 2 - 342 - 77g 

u 2 = 326 Btu/lb 

m 

The heat transfer is now calculated using Eq. (2) 

Q = (0.0108)(326 - 67.6) 

= 2.79 Btu 

The positive sign on the heat transfer indicates that 
2.79 Btu of heat must be supplied to the large container to 
maintain the vapor at 100°F during the expansion-evaporation 
process. 
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• PROBLEM 3-5 


5 lbm of water at 200°F and 2 psia pressure is heated to a 
temperature of 1200°F. Calculate the amount of heat 
transferred at constant volume by 

a) using the steam tables. 

b) using the perfect gas approximation. 



(a)The control mass (b)The process representation 


Solution ; Define a control mass consisting of the 5 lbm of 
water. As in fig. la, energy inflow as heat will be 
considered positive, and there is also no work involved. 

The only energy possessed by the system is its internal 
energy U, so the energy balance, made over the time for the 
state change to take place, is 

Q AU 

energy increase in 
input energy storage 


Here 


AU = m(u 2 - Ui) 

where ui and u 2 represent the internal energy in the initial 
and final states. 

Idealise that the substance is in a state of thermodynamic 
equilibrium at the start of the process and in another such 
state at the end of the process. The equation of state for 
water, treated as a simple compressible substance can then 
be employed. For the initial state, from the steam tables 

P x = 2 psia u x = 1080 Btu/lbm 

T x = 200°F vx = 198 ft 3 /lbm 

Fig. lb gives the process representation which helps in 
fixing the final state of the process. From the steam tables 
the final state is 

v 2 = 198 ft 3 /lbm P 2 = 5 psia 
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T 2 = 1200°F u 2 = 1440 Btu/lbm 

Substituting into the energy balance 

Q = 5 lbm x (1440 - 1080) Btu/lbm = 1800 Btu 
b) The energy balance is the same (Fig. 1), i.e. 

Q = m(u 2 -u x ) 

H 2 O vapor can be taken as a perfect gas, with c = 0.336 Btu/ 
lbm-°R, then V 

U 2 -U 1 = c (T 2 -T 1 ) = 0.336 x (1660-660) = 336 Btu/lbm 


and 


Q = 5 x 336 = 1680 Btu 

Note that this result is in error by approximately 7 percent 
in comparison to the exact value previously determined as 
1800 Btu. Now, the final pressure is calculated from the 
equation 


Pv = ET 


( 1 ) 


which gives 

£2^X2 

Pi Tx 

Hence, 

P 2 = * 2 = 5.03 psia 

If access to the exact property tabulations for water vapor 
was not given the specific volume could be estimated using 
equation (1). For water E = 85.58 ft-lbf/lbm-°E. Then at 
state 1 


Vl 


ET X 

Pi 


85.58 


(200 + 460) 
X 2 x 144 


196 ft 3 /lbm 


which is within about 1 percent of the tabulated value. 


The applicability of the perfect gas approximation can be 

PV 

checked by computing the value of Z = ^ at states 1 and 2. 
Using the state data obtained in part (a) 


P 1 V 1 _ 2 x 144 x 198 

ETi 85.58 x (200 + 460) 


Z 2 


= E2V2 

rt 2 


5 x 144 x 198 
85.58 x (1200 + 460) 


1.003 


Note that both values are very close to unity. Since both 
states have the same density, the state of higher temperature 
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(2) should more closely resemble the perfect gas, and this is 
indeed the case. The main error in the simplified analysis 
is not the assumption that Pv = ET, but the idealization that 
c v is constant over the wide range of temperatures involved. 


• PROBLEM 3-6 


Refrigerant 12 (Freon 12) at 20 psia and 30°F is 
compressed to 140 psia and 150°F during a compression stroke. 
For a pound of this refrigerant (a) calculate the work done 
during compression, (b) the heat removed during compression. 


Solution : (a) From the table of thermodynamic properties for 

refrigerant 12, the original and final specific volumes are, 
2.0884 and 0.33350 cu ft/lb respectively. For the process 


140 _ /2.0884 \ n 

20 ^0.33350 ) 

or 

7 = 6.262 n and n = 1.0607 


The work of compression equals 

w = P 2 V 2 —P . 1 . V 1 = . j- - 4 A _ (140 x 0.3335-20 * 2.0884) 

1-n 1-1.Uo7 


or 

W = -11,670 ft-lb 


(b) 


u 2 -u x = (h 2 - - P -j- V - 2 -j - (h x 




■(' 


95.709- 


144x140x0.3335 

778 




81.842- 


144x20x2 


778 


0884 \ 

/ 


= 12.941 Btu 


Then 


Q = U 2 -U 1 + | = 12.941 - 1 - ^ 6 g 70 = -2.059 Btu/lb 


The above values of heat and work are approximate, but they 
are the nearest values obtainable without a knowledge of the 
actual compression process. 
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• PROBLEM 3-7 


Heat is transferred to steam at 50 lbf in a cylinder having 
a volume of 2 ft. 3 . The temperature of steam rises from 
300°F to 500°F while the pressure remains constant. 
Calculate (a) the heat transfer, (b) the work done, and 
(c) the change in internal energy for the above process. 
Assume the system to be a closed one. 


Solution : Since the system is a closed one, the changes in 

kinetic and potential energy can be neglected. 


Q = m(u 2 - ui) + W 


W = P dV = P dV = P(V 2 - V 1 ) = m(P 2 v 2 - PiV x ) 


Therefore 


Q = m(u 2 - u 2 ) + m(P 2 v 2 - P^i) = m(h 2 

ra = = 87773 = 0,228 lbra 

hi = 1184.3 h 2 = 1283.9, 

Q = 0.228(1283.9 - 1184.3) = 22.7 Btu 


W = mP(v 2 - vO = 0,228 ^ 7 g° * ■ 14 | 4 ( 11.309 - 8.773) 
= 5.34 Btu 


U 2 - U 2 = jQ 2 - X W 2 = 22.7 - 5.3 = 17.4 Btu 


This can be checked by finding u x and u 2 


u x = hi - Piv x = 1184.3 - 


50 x 144 x 8.773 


= 1103.0 Btu/lbra 


u 2 = h 2 — P 2 v 2 = 1283.9 - 


50 x 144 x 11.309 


= 1179.1 Btu/lbm 


U 2 - Ui = m(u 2 - ui) = 0.228(1179.2 - 1103.0)=17.4 Btu 
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• PROBLEM 3-8 


Heat is transferred to a cylinder having a volume of 5m 3 
containing 0.05 m 3 of saturated liquid water and 4.95 m 3 of 
saturated water vapor at 0.1 MPa, until the cylinder is 
filled with saturated vapor. Calculate the amount of heat 
transferred for the process. 


Solution : The total mass within the vessel is taken as the 

system. From the first law 


Q = U 2 - Ui + 


.(V 2 2 - Vi 2 ) 


+ mg(Z 2 - Zi) + 1 W 2 


Since changes in kinetic and potential energy are not 
involved, this reduces to 

1 Q 2 = U 2 - Ui + 1 W 2 

The work for this process is zero; therefore 
1 Q 2 = U 2 - Ui 

The thermodynamic properties can be found from the steam 
tables. The initial internal energy Ui is the sum of the 
initial internal energy of the liquid and the vapor 


Ui = mi... Ui-.. + mi ui 

1 x liq x liq x vap *vap 


» = lAQ = _Qj*_ = 47 94 kg 

U liq v f 0.001043 4 4 K S 

, = Vya P = 4 - 95 = o q o W(r 

*vap v 1.6940 2,92 kg 


Ui = 47.94 (417.36) + 2.92 (2506.1) = 27326 kJ 

To determine u 2 we need to know two thermodynamic properties, 
since this determines the final state. The properties we 
know are the quality, x = 100 %, and v 2 , the final specific 
volume, which can readily be determined. 

m = m Xl + m x = 47.94 + 2.92 = 50.86 kg 
A liq A vap & 


v « ■ s - roils - °- 09831 


From the steam tables it is found, by interpolation, that at 
a pressure of 2.03 MPa, v^ = 0.09831 m 3 /kg. The final 

pressure of the steam is 2.03 MPa. Then, 
u 2 = 2600.5 kJ/kg 

U 2 = mu 2 = 50.86 (2600.5) = 132261 kJ 
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132261 - 27326 = 104935 kJ 


1 Q 2 = U 2 - U 1 = 


• PROBLEM 3-9 


A rigid vessel which has a volume of 0.5m 3 is filled with 
Freon-12 at 0.5 MPa, 50°C. It is then heated until the 
Freon-12 is fully saturated vapor. Calculate the heat 
transfer for this process. 


Solution : It is known from the statement of the problem that 

the state of the substance at the end of the process 
(state 2) is saturated vapor, and from the Freon-12 tables it 
can be obtained that the state at the beginning of the 
process (state 1 ) is superheated vapor. 

The First Law for this system is 

iQ 2 = U 2 - lh + iW 2 where X W 2 = 0 (1) 

Values for the internal energy are needed to compute the heat 
transfer. However the Freon-12 tables do not give values for 
the internal energy, and thus the relation 

u = h - Pv (2) 

can be used to obtain values of the internal energy, using the 
enthalpy, the specific volume, and the pressure. 

From the Freon-12 tables. 

State 1: 


v x = 0.040911 m 3 /kg; h x = 217.484 kJ/kg 


From Eq. (2) 


Ui = 217.484 - (500)(0.040911) = 197.028 kJ/kg 

State 2 : At this state, the only information available is 
the state of the substance. However this is a rigid 
container meaning that the volume as well as the mass of 
the Freon-12 will remain constant, throughout the process, 
which implies that the specific volume of Freon-12 will be 
the same at both states, because 


and so 


v 2 = vi = v = 0.040911 

g 

Now that enough information is available the other necessary 
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values can be obtained directly from the Freon-12 tables. 
These values are 

h, = h = 191.602 kJ/kg; P = 0.4233 MPa 
g 

Then using Eq. (2) 

u 2 = 191.602 - (423.3X0.040911) = 174.284 kJ/kg 
The mass of the Freon-12 is then given from (3) as 

■> - l ~ oTTsissn ' 12 - 22 k * 

Eq. (1) then, written on a mass basis gives 
1 Q 2 = m(u 2 - in ) 

= 12.22 (174.284 - 197.028) 

= -277.93 kJ 

The minus sign indicates that heat is extracted from the 
system. 


• PROBLEM 3-10 


A piston-cylinder system contains three lbm of water in the 
saturated-liquid state at 100 psia. Heat is added to the 
water in such a way that pressure always remains a constant 
during the process. Calculate (a) the work done by the water 
and (b) the energy required to bring the water to the 
saturated vapor state. 



(a)The control mass (b)The process representation 


Solution : The water or the water plus the piston can be 

selected as the control mass. Since the energy transfer to 
the water is the only thing that is of concern, and the 
piston is merely a means for maintaining the constant 
pressure, only the water is taken as the control mass. The 
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change of state is depicted by the process representation, 
which is shown on a P-v plane in the figure. 

In order to solve the problem idealize that the changes 
in the gravitational potential energy of the water are 
negligible in comparison with the changes in the internal 
energy. Idealize further that the presence of the 
gravitational field does not significantly alter the 
behavior of the water molecules, so that the relationships 
between the thermodynamic properties are the same as if the 
water were truly a simple compressible substance. In short, 
idealize that the water behaves like a simple compressible 
substance and is in equilibrium states at the start and end 
of the process. 

Employing these idealizations, the energy balance, made 
over the period for the process to occur, is 

Q = W + AU 

energy energy increase in 
input output energy storage 

where 

AU = m(u 2 - u 1 ) 

Fixing the initial and final states from the steam tables, at 
the initial state (saturated liquid at 100 psia) 

P 2 = 100 psia T 2 = 327.81°F 

Ui = 298.08 Btu/lbm v x = 0.01774 ft 3 /lbm 

and at the final state (saturated vapor at 100 psia) 

P 2 = 100 psia T 2 = 327.81°F 

u 2 = 1105.2 Btu/lbm v 2 = 4.432 ft 3 /lbm 

Note that the volume occupied by the water increases 
tremendously. 

Now the net energy added to the water could be computed 
but as yet is not possible to tell how much is added as heat 
and how much is taken away as work. The fact that the 
pressure remains constant during the process allows to 
compute the work very simply. The work done by the water is 
(2 (2 (2 
W = I dW = i P dV = M I p dv 

Since the pressure is constant, 

W = mP(V 2 - Vi) 

The work done is therefore 

W = 3 lbm x100 lbf/in 2 X144 in 2 /ft 2 x ( 4 . 432 - 0.017) ft 3 /lbm 
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= 191,000 ft-lbf x 77 g ' ft-lbf = 245 BtU 

Finally the energy added as heat can be calculated: 

Q = 245 Btu + 3 lbm x (1105.2 - 298.08) Btu/lbm = 2665 Btu 

The energy transfer as heat could have been calculated 
directly if it was noticed that it is expressible as 

Q = m[P(v 2 - vx) + (u 2 - ui)] = m(h 2 - hi) 

Note that the energy transfer as heat (per unit of mass) 
to a simple compressible substance during a constant 
pressure process is equal to the increase in its 
enthalpy. 

Values for h 1 and h 2 could have been obtained from the steam 
tables. 

The energy transfer as heat required to evaporate a unit 
of mass of a simple compressible substance at constant 
pressure is therefore simply h g - h f = h fg and is sometimes 

called the enthalpy of evaporation of that substance. Note 
that it depends on pressure and vanishes at the critical 
point. 


• PROBLEM 3-11 


A piston-cylinder system is used to compress 2 lbm of a gas 
from 14 ft 3 to a volume of 9 ft 3 at a constant pressure of 
2000 lbf/ft 2 . It is found that the internal energy decreases 
by 6000 ft-lbf during the process. Calculate the amount of 
heat transferred to or from the gas during the compression. 


r -| 
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Pig. 1. The control mass 


Solution : For the system, the gas alone is considered as the 

control mass. It is clear from the problem statement that 
energy will be put into the system as work, and so choose the 
sign of positive work as indicated in the figure. It may not 
be immediately clear which way the energy transfer as heat 
takes place; define Q to be positive as an energy input, and 
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indicate this on the figure. Also assume that the only system 
energy is its internal energy U. In terms of the system and 
symbols of Figure 1, the energy balance is then 

W + Q = AU 

energy increase in 
input energy storage 

where AU = U 2 - U x and the subscripts 1 and 2 denote the 
initial and final states. The internal energy change is 
known and Q can be computed from the energy balance if W can 
be evaluated. The work done on a gas during compression is 

W = - P dV 

Since the pressure P is constant, integrate and obtain 

W = p ( V x —V 2 ) = 2000 lbf/ft 2 x (14-9) ft 3 = 10,000 ft-lbf 
Solving Eq. (1) for Q, 

Q = AU - W = -6000 - 10,000 = -16,000 ft-lbf 

The minus number means that the actual direction of energy 

transfer as heat was incorrect. The answer is that 

16,000 ft-lbf of energy was transferred as heat from the gas. 


• PROBLEM 3-12 


Determine the final equilibrium state when 2 lbm of 
saturated liquid mercury at 1 psia is mixed with 4 lbm of 
mercury vapor at 1 psia and 1400°F• During the process 
the pressure in the cylinder is kept constant and no energy 
is lost between the cylinder and mercury. 




Fiq. 1. 


Solution ; Since the amount of liquid might change during 
the process, the liquid or only the vapor cannot be taken 
as the control mass. Instead take the entire 6 lbm of 
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mercury. By assumption, no energy transfer as heat occurs, 
but the volume is expected to change, resulting in an energy 
transfer as work. The only energy stored within the control 
mass is the internal energy of the mercury; the energy 
balance, made over the time for the process to take place, 
is therefore (Fig. 1) 

W AU 

energy increase in 
input energy storage 

where 

AU = U 2 - U! 


The work calculation is made easy by the fact that the 
pressure is constant. When the piston moves an amount 
dx, the energy transfer as work from the environment to the 
control mass is 

dW = PAdx = -P dV 


Integrating, 


W 


' 2 

-P dV 
i 


P(V X - V 2 ) 


Combining with the energy balance, obtain 
U 2 + PV 2 = U x + PV X 


( 1 ) 


Table 1. Properties of Saturated Mercury 


Enthalpy, IHu/lbm 


l\ psia 

T o F 

Sat. liy 

Evap. 

Sat. vap. 

0 010 

233 57 

6 r»r»K 

127 732 

134 400 

0 020 

259 SK 

7 532 

127 014 

135 146 

0 030 

270 22 

8 068 

127 540 

135 608 

0 050 

297 97 

8 778 

127 442 

136 220 

0 100 

329 73 

9 814 

127 300 

137.114 

0.200 

3C4.25 

10 930 

127 144 

138 080 

0.300 

385.92 

11.039 

127 047 

138 C8G 

0.400 

401.98 

12.159 

120 975 

139.134 

0.500 

415 00 

12 508 

120 910 

139.484 

0.000 

425 82 

12.929 

120 80S 

139 797 

0 800 

443 50 

13 500 

12G.788 

140 288 

1 00 

457 72 

13 959 

12C 724 

140 6§3 

2 00 

504.93 

15.47C 

126.512 

141.988 

3 00 

‘ 535 25 

1G 439 

120 377 

142 816 

5 00 

575.7 

17.741 

126 193 

143 934 
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Enthalpy, Btu/lbm 


160 
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To evaluate the initial terms assume that the liquid is in 
an equilibrium state and the vapor is in an equilibrium 
state, even though they are not in equilibrium with one 
another. The graphical and tabular equations of state. 

Fig. 2 and the Table for the thermodynamic properties of 
saturated mercury, may then be employed for each phase. 
Since the available equation-of-state information is in 
terms of the enthalpy property, express the right-hand side 
of Eq. (1) as 


Uj + PVi = M, u, + M u + P(M., v n + M v ) 

ll ll Vi Vi ll li Vi V! 


= M, h, + M h 

ll li Vi Vi 


Now, from the tables, the initial liquid enthalpy is 
(saturated liquid at 1 psia, Table 1) 

h., = 13.96 Btu/lbm 

l i 

Ti = 457.7°F 


The initial vapor enthalpy is found from Fig. 2 as 
h = 164 Btu/lbm 

Vi 


Substituting the numbers, 

Ui + PVi = 2 x 13.96 + 4 x 164 = 684 Btu 


The final state is a state of equilibrium, for which 
U 2 +PV 2 =M(u+Pv) 2 = Mh 2 


The enthalpy in the final state is therefore 


^ _ 684 Btu 

h2 ~ 6 lbm 


114 Btu/lbm 


The final pressure and enthalpy may be used to fix the 
final state. Upon inspection of Fig. 2 the final state is a 
mixture of saturated liquid and vapor at 1 psia and the 
"moisture'’ (1 - x) is about 21 percent (0.79 quality). 
Alternatively, the information in Table 1, could have been 
used. 


114 = (1 - x 2 ) x 13.96 + x 2 x 140.7 
x 2 = 0.79 
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• PROBLEM 3-13 


A partition separates the two compartments of an insulated 
vessel as shown in the figure. Compartment A contains 2 kg 
of water at 200°C, 5 MPa and compartment B contains 0.983 kg 
of water at 200°C, 0.1 MPa. The partition is removed and 
the water in both the compartments fill up the entire vessel. 
Determine the final pressure, and the heat transfer involved 
in the mixing process, if the final temperature is 200°C. 



Solution : (a) If there was another independent property 

known for the final state, then the pressure could have been 
obtained from the steam tables since one property 
(temperature) is already known. Furthermore looking at the 
given informat ion, one can see that another independent 
property can be calculated at the final state. That property 
is the specific volume. Let subscripts A, B, and F denote 
the states in chambers A and B,and the final state 
respectively. 

First the state of the water must be found in the two 
chambers 

Chamber A: compressed liquid (P . > P ) 

^ given sat. 

V A = 0.001153 m 3 /kg; = 848.1 kJ/kg 

Chamber B: superheated vaoor (P . < P . ) 

^ * given sat. 

v D = 2.172 m 3 /kg; u n = 2658.1 kJ/kg. 

D D 

The volume of the container is 


where 

V = mv (1) 

Thus 


80 






V F = m A V A + m B V B = ( 2) (°- 001153 ) + ^0-983)(2.172) 
= 2.1374 m 3 

The total mass is 

= m A + m_ = 2 + 0.983 = 2.983 kg 
FAB 


Hence from Eq. (1) 


2 .137 4 

V F m 2.983 


0.7165 


The temperature and specific volume are now known for the final 
state. With these values and the steam tables the final 
state lies in the superheated region. Therefore 


P p = 0.3 MPa 

Up, = 2650.7 kJ/kg. 

(b) Now consider the inside surface of the whole container 
as a system. The first law is then, 

^ =0 

Q i 2 - U2 - Ui + 
or on a per mass basis 


Q12 m p u p ^ m A U A + m B U B^ 

= (2.983)(2650.7)-[(2)(848.1)+(0.983)(2658.1)] 
= 3597.9 kJ 


• PROBLEM 3-14 


A piston cylinder arrangement having an enclosed volume of 
0.1 m 3 holds Freon-12 at 500 kPa and 70°C. The piston is 
held in position by a pin while the pressure is raised to 
600 kPa. Keeping this pressure constant, the pin is 
released and additional heat is transferred until the 
temperature reaches 80°C. Calculate the total heat 
transferred during the process to the system. 
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q y 


p 2 

Pi 



_J_.—► V 

Vj v 3 


(b) 

(b)P-V diagram(superheated region) 


Solutio n: Referring to Figure 1(b), and using the Freon-12 

tables for the given data, we have. 

State 1: T = 70°C and P = 500 kPa 

vi = 0.044184 m 3 /kg, hi = 231.161 kJ/kg 

State 2: P = 600 kPa (constant volume process, Vz = Vi) 

From the saturated Freon-12 tables, 

Vg = 0.0293 m 3 /kg, 

so the substance lies in the superheated region (vz > v ). 

Also g 


T sat = 130 ° c » and obtain 
h 2 = 272.231 kJ/kg 

State 3: T = 80°C and P = 600 kPa 

v 3 = 0.037653 m 3 /kg, h 3 = 237.027 kJ/kg 

From Fig. 1 it is evident that this is a constant mass 
process and one that can be separated into two different 
processes; a constant volume process (state 1 to 2), and a 
constant pressure process (state 2 to 3). 

The mass is first obtained, using 

V 0.10 _ 0 o^oo , 

m — — r\AAA qa 2.2633 kg 

v 0.044184 & 

from the First Law of Thermodynamics, 

Qi 2 = Uz - Ui + (K.E.) + (P.E.) + Wi 2 (1) 

Neglecting potential and kinetic energy and writing on a mass 
basis, becomes 


Q i 2 = m(U2 - ui) + Wi 2 


( 2 ) 
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Divide the entire process into two different processes. 
State 1 to 2: This is a constant volume process, and so 


W i 2 = 0 

Noting that there are no values for u in the tables the 
equation 

u = h - Pv (3) 

is substituted into Equation (2) giving 

Qi 2 = m[(h 2 -hi) - vi(P 2 -Pi)] + Wi 2 (4) 

Substituting the obtained values in Eq. (4) 

Q 12 = 2.2633[(272.231-231.161) - 0.044184(600-500)] 

= +82.9536 kJ 


State 2 to 3: This is a constant pressure process 
and the work done is given by 


'23 ~ 


PdV = P(V 3 - V 2 ) = mP(v 3 - v 2 ) 


= 2.2633(600X0.037653 - 0.044184) 
= -8.8690 kJ 


The minus sign indicates that work was done on the system. 

Combine Equations (3) and (2) to obtain 
Qi 2 = m[(h 3 - h 2 )-P(v 3 - v 2 )] + W* 2 

= 2.2633[(237.027-272.231)-600(0.037653-0.044184)]+(-8.8690) 
= -79.6772 kJ 

The total heat transfer 

Qtqt = ^ 1 2 + Q 2 3 

= (+82.9536 kJ)+(-79.6772 kJ) 

= +3.2764 kJ 

The plus sign indicates that heat was transferred to the 
system. 
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• PROBLEM 3-15 


Two identical, well insulated piston cylinder devices of 
100 cm 2 area are placed as shown in the figure. Both have 
metallic pistons and connecting rods. The first cylinder 
contains gaseous helium at 2 atm and the second contains 
gaseous helium at 1 atm. The temperature in both 
cylinders is 0°C. When the stopper is removed the 
pressures will become identical and all oscillations will 
cease. 

(a) Calculate the final temperatures after the oscillations 
cease, if the gas is assumed to be ideal with a constant 

C . Also neglect the masses of cylinders and pistons, 
v 

(b) Calculate the final temperatures for the same situation, 

I but with well insulated pistons and connecting rods of 

low thermal conductivity. 



S olution ; (a) Choose the gases in compartments A and B as 
systems A and B, respectively. Since these are simple 
systems, denote the energies by U instead of E. Since the 
mass and initial temperature are known for the gas in each 
compartment, the final temperature can be calculated for 
each compartment, if the final energy - or energy change - 
of each compartment is first determined. Thus, from the 
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equations 


PV = NRT (1) 

U = N C dT + NU (2) 

— I v o 


as applied for each system, give 


and 


N a = 


Pa V a . 
Ai—Ai 


" RT Ai 


= 


P V 
Bi-Bi 


B RT Bi 


T = T + 

1 » f 1 A i 


S A f - —Ai 


Af ‘Ai N a C v 


T = T + ~ Bf ,~ B A 

Bf Bi n b C v 


(3) 

(4) 

(5) 


( 6 ) 


where U Af and U Bf are the only unknowns (U Ai and U Bj . can be 

chosen at will because Uo in Eq. (2) is an arbitrary 
constant). 

Since the pistons and shaft have been assumed to be 
good conductors of heat, the final temperatures of 
compartments A and B will be equal: 


T 


Af 


T 


Bf 


To determine the energy change, apply the First Law, to 
system A: 


s Af 


” A i = Q A - W A 


(7) 


The work done by this system is equal to the work done on the 
gas in B and the frictional work done on the walls of A and 
B, or 


W A = ~ W B " 


WA 


- W 


WB 


( 8 ) 


where W B is the work done by the gas in B and W^ A is the work 

done by the wall of A, etc. Now consider the wall of A as 
the system and apply the First Law to this system: 

A -WA = Q WA “ W WA (9) 

If we neglect the change in energy of the wall, the frictional 
work done by the gas on the wall will be transmitted back to 
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the gas in the form of a heat interaction; that is 


Q WA W WA ( 

and furthermore, 

Q A = _Q WA " Q A3 ( 

where Q AD is the heat conducted from A to B through the 
AB 

pistons. Substituting Equations (8), (10), arid (11) into 
Equation (7) 


AU 4 - # B ♦ W m - Q ab (12) 

By analogy to Eqs. (10) and (11) as applied to the walls of 

B, 

W WB = ^WB = ~ % + ^AB (13) 

and by analogy to Eq. (9), 

»B - «B * - % <14) 

Eq. (12) becomes 

AU a = - AU b (15) 


Equation (15) could have been stated at the outset because 
the composite system A + B is equivalent to an isolated 
system; this result, however, may not have been immediately 
obvious. Combining Eq. (15) with Eqs. (5) and (6), and 
making use of the fact that = Tg^; obtain 


Tf “ 


Vai ♦ H B T B1 
"a 4 n b 


(16) 


or, for this special case wherein T Ai = Tg^ = T^ 9 


T 


f 


T. 

l 


0°C 


Now use hindsight to reevaluate the problem. A 
qualitative feeling for the path in that the frictional 
work was involved, but the path could not be described 
quantitatively because the coefficient of friction of 
either piston-cylinder was not known. Nevertheless, the 
final conditions were determined and, therefore, it was 
possible to describe the path to find the solution. Such 
a situation would be expected if the end state was independent 
of the path. This is obviously the case in the present 
example: Since the composite system A + B is an isolated 

simple system, there is only one state to which it can go, 

and that is the one for which U = U A ^ + and 


86 



T = = Tg^. For an ideal gas, U is a unique function of 

T and N and, thus, the final temperature can be determined . 


(b) The composite system of A + B is no longer a simple 
system because it contains an internal adiabatic wall. 
Therefore, the final composite cannot be described by a 
single equilibrium state; instead, the final conditions will 
depend on the path of the process. 

Eqs. (5) through (15) are still valid. Combining 
Eqs. (5) and ( 6 ) with Eq. (15) results in 


N A C (T a . 
A v Af 


- T A1> 


»B C v< T Bf 


- T ) = 
Bi ; 


(17) 


which now gives one equation in two unknowns, T ^ and T^. 

One can try to juggle the other equations to find another 
relationship between T^ f and T^, but until some assumptions 

are made regarding the path, all efforts will be in vain. 

If no information on the coefficient of friction is 
known the engineering judgment to simplify the situation 
while obtaining a close approximation to the actual 
conditions will have to* be used. 

Assume that there is friction only in compartment B. 

This will give a lower bound for T^ and an upper bound for 

Tg f . The case of friction only in compartment A can then be 

treated, which will give an upper bound for T Af . 

If there is no friction in compartment A and if the 
assumption that the process is quasi-static (i.e., no 
pressure gradients within the compartment can be made for) 
the simple system of the gas in A 


d —A = " dW A " -V^A 


(18) 


Since 


or 


dW WA " d *A = dQ AB = 0 

T 

N.C dT. = -N.R(dT. - =^dP.j 
A v A A \ A P. A; 


( 


C + E 
v 

R 


) 




Integrating between initial and final conditions, 


T 

T 


Af 

Ai 



R/(C v +R) 


(19) 


( 20 ) 


(21) 


Eqs. (21) and (17) give two equations in three unknowns. 
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If it is assumed that there is friction only in 
compartment A, then one can find that = 318°K. Since in 

the actual case the friction is distributed between A and B, 
a better approximation might be T f = (318 + 334)/2 = 326°K 
and T Af = 246°K. 


The fact that the adiabatic wall prevents a direct 
solution to the problem in the absence of a complete 
description of the path is sometimes referred to as the 
'‘adiabatic dilemma". In fact, it is no dilemma at all, but 
results from the difference between heat and work inter¬ 
actions . 


INTERNAL ENERGY, ENTHALPY, AND SPECIFIC 
HEAT OF IDEAL GASES 

• PROBLEM 3-16 


A container holds 5 lbm of water as shown in the figure, 
(a) Calculate the change in specific and total internal 
energy if the total work input is 3890 ft-lbf. Assume the 
system is adiabatic. (b) If 0.1 Btu/lbm of heat is lost, 
then what is the change in the internal energy? 
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Solution : Assume heat flow in to be positive and work in as 
negative. Since AK.E. and AP.E. are zero for both cases, the 
energy balance for the system is 


First law: Q = AU + W 

(a) Adiabatic: Q - 0 

AU = W = 3890 ft-lbf = 5 Btu 
Au = 1 Btu/lbm 

(b) Q = -0.5 Btu 
-0.5 = AU - 5 
AU = 4.5 Btu 

Au = 0.9 Btu/lbm 


• PROBLEM 3-17 


The figure shows a system having a paddle wheel which does 
work. The system is adiabatic and at constant pressure. It 
contains 0.3 lbm of air at 20 psia, and after it receives 
14,004 ft-lbf of work the temperature rises from 500°R to 
750°R. Calculate a) the total work, b) the mechanical work, 
c) the changes in internal energy and d) the enthalpy change 
for the system. 
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Solution: a) The work done 


W 


mpdv = mp(v 2 



Vi) 


From the ideal gas 


RT 

equation Vi = 

Fi 

(53.34)(500) 

(20)(144) 

= 9.253 ft 3 /lbm 


and 


v - RT 2 = (53.34X750) 
v 2 _ T7 (20) (144) 

= 13.88 ft 3 /lbm 

(0.3)(20)(144)(13.88 - 9.253) 
778 


= 5.13 Btu 


(c) The change in internal energy Au = mc v (T 2 -Ti) 

= (0.3X0.1714X250) = 12.87 Btu 

(d) The change in enthalpy H = me (T -T ) 

p 

= (0.3X0.24X250) 

= 18.0 Btu 

(b) From the above values, the mechanical work can be 
calculated. 

Given W = 14004 ft-lbf 
= 18 Btu 

.'. EW = 5.13 - 18 
= -12.87 Btu 
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• PROBLEM 3-18 


To vaporise 1 mole of water at 1 atm pressure and 100°C, 
9.71 kcal of heat is required. a) Calculate the change in 
enthalpy and total energy for this vaporisation process, 
b) If one mole of steam condenses at 100°C and 1 atm 
pressure then what is the change in enthalpy and total 
energy for the process? 


Solution : a) 

The volume of 
The volume of 


Given that the pressure is maintained at 1 atm. 

AH = 9.71 kcal/mole 

the liquid vaporized, = 18 ml. 

1 mole of the gas produced, = 25,000 ml. 


Since V 

g 


is much larger than V 

1 9 


PAV = P(V -V,) = PV = RT 
g 1 g 

= (2)(373) 

= 746 cal/mole 

= 0.75 kcal/mole 

AH = AE + PAV 

The change in total energy = AH - PAV 
= 9.71 - 0.75 
= 8.96 kcal/mole. 


b) When we consider condensation there will be an output of 
heat, .*. AH = -9.71 kcal/mole. Condensation will have a 
decrease in volume, so that 

PAV s p(-v ) = -RT = -0.75 kcal/mole 

VJ 


Then 


AE = AH - PAV 


= -9.71 - (-0.75) 

= -8.96 kcal/mole. 
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• PROBLEM 3-19 


Water is continuously spilling over a water tank at a height 
of 100 m from ground level. 

a) Calculate the potential energy of the water at the top 
of the tank with respect to its base. 

b) Calculate the kinetic energy of the water just before it 
strikes the floor. 

c) After the water enters the flow below, what change has 
occurred to its state? 

Calculate for 1 kg of water in all three cases, assuming that 
there is no energy exchange with the surroundings. 


Solution ; Since there is no energy exchange Q and W = 0 


AU + AE r + AE p = 0 


( 1 ) 


E k = kinetic energy 
Ep = potential energy 
U = internal energy. 

Equation (1) can be applied to any point of the fall. 


„ _ mzg _ l(kg 

E P “ g " 


X 100(m) X 9.8066(m)/(s) 2 
l(kg)(m)/(N)(s) 2 


where g has been taken as the standard value. This gives 
E p = 980.66(N *m) or 980.66(J) 


b) During the free fall of the water no mechanism exists for 
conversion of potential or kinetic energy into internal 
energy. Thus AU must be zero, and 

AE r + AE p = E Kz - E R + Ep^ - Ep^ = 0 
For practical purposes take E„ =0 and E~ = 0. Then 

Ki xr 2 

E v = E„ = 980.66(J) 

K. 2 Pi 

c) As the l(kg) of water strikes the bottom and joins with 
other masses of water to form a flow, there is much 
turbulence, which has the effect of converting kinetic 
energy into internal energy. During this process AE p is 
essentially zero. Therefore 


AU + AE k =0 or AU = E r - E k ^ 
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However, the velocity is assumed to be small, and therefore 
is negligible. Thus 

*»• 3 


AU = E„ = 980.66(J ) 
k 2 


• PROBLEM 3-20 


Calculate the change of enthalpy as 1 lbm of oxygen is 
heated from 500 R to 2000 R. Also calculate the average 
specific heat for the process. 



Solution : Using the specific-heat equation and integrating 

the equation dH = MC dt f we obtain 

po 9 


- - r Tz - f T 

•Tx P ° Jrx 


C dT = ( 11.515 dT - — - + 1530 ^ 

PO L mi T 


h 2 - hi = 11.515(T 2 - Tx) - 172 x 2(T 2 3 - T x 2 )+ 1530 In ^ 
h 2 ooo - hsoo = 17,280 - 7690 + 2120 = 11,710 Btu/lb-mole 


h 2000 - h 500 


h2p ” » hs9 ° = ^qV 1 ' 0 = 366 Btu/lbm 


The average specific heat for any process is defined by the 
relation 


'p(av) 


J: 


C dT 
P 


T 2 - Ti 


Therefore the average specific heat is 


= 366 Btu/lbm 

"p(av) (2000 - 500) 


= 0.244 Btu/lbm °R 


• PROBLEM 3-21 


Calculate the heat added when one mole of carbon dioxide is 
heated at constant volume from 540 to 3540 F. 
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Solution ; Since the temperature is much higher than the 
critical temperature, the compressibility factor can be 
taken as 1. The specific heat can be calculated from the 
relationship 

R 

C = C - -2 Btu/lb/°F 
v p J 

and d*Q = NC v dT 

Then 


d 1 Q = N(C p - 1.985) dT 

d’Q = 1 ^16.2 - 6,5 - 3 t X - 1 - 0 - 3 + 1 -- ^y 2 X 1 - °- 6 - 1.985^ dT 
Hence, 

Q - 14.215<4000-1000>-6.53xl0"ln(|§§§)-1.41«10‘( 1 i 5 - jij) 
= 42,645 - 9053 + 1058 = 34,650 Btu 


Alternate Solution: At the mean temperature of 2500 R, 


C y = (16.2 -1.985) 


6.53 x 10 3 
2500 


1.41x10 6 
25002 


= 14.215-2.612 + 0.226 = 11.829 Btu/lbm-°F 


Then 


Q = NC v (T 2 -Ti) = 1 x 11.829 x 3000 = 35,487 Btu 


• PROBLEM 3-22 


A pressure vessel contains an inert gas at a temperature of 
140°F and a pressure of 10 atm. The vessel is then heated 
until the pressure becomes 20 atm. For one pound mole of 
the inert gas, calculate a) q, the heat transfer per unit 
mass. b) AE, the change in total energy, c) AH, the change 
in internal energy. 


Solution : The specific heat of the gas at constant volume, 

Cy, is given approximately as 

C v = 1.09 + 3.72 X 10 _3 T Btu/(lb mole)(°R) 

where T is in degrees Rankine. The equation of state for 
the gas over the range under consideration may be expressed 
by 
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PV = (1 - 0.01 P)RT 


- 


r T! 

-l, c * 


dT = 1.09 AT + (1.86 x 10 3 )(T 2 2 - Ti 2 ) 


PV = (1 - 0.01P)RT 


Vi _ (1 - 0.OlPi)Ti V 2 _ (1 - 0.01P 2 )T 2 

R Pi R P 2 


t - 1 - (0.01)(10)(600)(20) 

2 ( 10)1 - ( 0 . 01 )( 20 ) dOU K 


Therefore 


AE = 3540 Btu 


w v = ° 


q = AE = 3540 Btu 


AH v = AE + A(PV) = AE + (P 2 V 2 - P^) 

AH y = AE - (1 - 0.01P 2 )RT 2 - (1 - 0.01Pi)RT! 


AH = 4610 Btu 
v 


• PROBLEM 3-23 


A container with an air tight piston is at a pressure of 
100 psia and a temperature of 70°F. The piston moves up 
when 100 Btu of heat is transferred and the volume changes 
from 0.5 ft 3 to 2.0 ft 3 . 

Assuming perfect gas behavior, calculate a) the change in 
internal energy, b) the final temperature and c) the heat 
capacity of the process. 


Solution : For a simple system 

AU = Q - W 

Assuming the system behaves ideally: 
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AU = Q - p dV 


where p is a constant. Then 


100 x 144 2 *° 

AU = 100 - —773 " - dV 

'o .5 


1 BTU = 778 ft lbf, and so 


AU = 100 - 18.5(2.0-0.5) = 72.2 Btu 


From the perfect gas laws: 


Hence 


PiVi P2V2 
Ti T 2 


T 2 = ¥> - (7 ° . + yo>(2.0) , 2120 „ R 


t 2 = 1660°F 


Since the process is at constant pressure then C is the heat 
capacity desired. P 

5 p ■ ST - ' 2126°- 530 - °- 0629 Btu/ ° H 
c) dQ = Cpdt = dh 

1 Q 2 = h 2 - hi = 66 Btu per lbm. 

To produce an increase of enthalpy either heat or work 
should be done. 

Since heat transferred = 66 Btu/lbm, the value of work is 
also equal to 66 Btu. 


• PROBLEM 3-24 


A gas at 100°F has a specific heat at constant pressure of 
0.28 Btu/lbm-°F. Independent of pressure, for every 

degree rise in temperature the c increases by 0.0005 Btu. 

P 

Assuming one pound of the gas a) Calculate the change of 
enthalpy if the temperature rises by 200°F. b) Calculate 
Apv in Btu/lbm if C v is less by 0.08 Btu/lbm-°F. 

c) How much heat is to be added and how much work is to be 
performed to produce the same enthalpy change? 
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Solution: dh = C dt 

- p 


where = specific heat at constant pressure 
h = specific enthalpy 


b) 


C = 0.28 + 0.0005 (t - 100) 
P 

12 

c P dt 


h 2 - hi 


■c 

■l 


(0.23 + 0.0005t) dt 


r t 2 (t2 

0.23 dt + 
t. 


rt 2 

°. 

j ti 


0005t dt 


= 0.23(1 2 “ti) + 0.00025(tl-ti) 

= 0.23(300-100)+ 0.00025(90,000-10,000) 
=46+20 
= 66 Btu/lbm, 
h = u + pv 


h 2 - hi = (u 2 + P2V2) - (ui + P1V1) 
= (u 2 - u x ) + (p 2 v 2 - p1v!) 
12 


[ 2 c dt = ( 

4 X p h 


c v dt + Apv 


Apv 


■I 


1 

t 2 


Cp dt - 


11 


c dt 
v 


( t 2 ( t 2 

= (0.23+0.0005t)dt - (0.15+0.0005t)dt 

J t x 


■£ 


0.08 dt 


= 0.08(1 2 - 1 1 ) 

= 0.08(300 - 100) 
= 16 Btu/lbm 
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• PROBLEM 3-25 


Ten cubic feet of air are cooled at a constant pressure of 
80 psia. The initial temperature was 180°F and the final 
temperature after cooling is 100°F. Calculate 

a) the external work done in foot pounds, 

b) the change of internal energy, 

c) the heat abstracted, and 

d) the change in enthalpy. 

Solution : From the ideal gas equation 

P!V! = mRTx 

80 x 144 x 10 = M x 53.35 (180 + 459.7) 

M = 3.38 lb of air 

a) Work X W 2 = P^-Vx) 

and for a constant pressure process, 

PV X = mRTx and PV 2 = mRT 2 
X W 2 = mR(T 2 -Ti) 

= 3.38x53.35 (559.7 - 639.7) 

= -14425.8 ft-lb 

The negative sign indicates that there was compression, 
i.e. work was done on the gas. 

b) AU=U 2 -U 1 = mc v (T 2 -T 1 ) 

U 2 - U 2 = 3.38 x 0.171 (559.7-639.7) 

= -46.3 Btu 

which means that there is a decrease in internal energy. 

c) 1 Q 2 = 

= 3.38 x 0.240 (559.7 - 639.7) 

= -64.9 Btu 

which means that heat has been removed. 

d) H 2 - H x = x Q 2 = -64.9 Btu. i.e., there is a 
decrease in enthalpy. 
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• PROBLEM 3-26 


One pound of a gas in a piston cylinder arrangement undergoes 
compression from 500 psia to 50 psia. The initial volume of 
the gas is 3 cu. ft per lb. The variation of p and v is such 
that pv 1-4 is a constant. Calculate the change in internal 
energy if the work performed is equal to the amount of heat 
transferred to the surroundings. 


Solution : The work done can be obtained from the equation 

rv 2 


w = 


pdv 


"vi 


( 1 ) 


Given 


pv 1 ' 4 = constant; p = Cv n = Cv 1,4 


n n n 

pv = c = pivi = P 2 V 2 


( 2 ) 


From (1) 


W = 


fV 2 

n , 
dv. 

Cv 



-n+1 

cv 

v 2 

-n+1 

Vi 

c i- n . 

v 2 

C 1 ” n 

VI 


1 -n 


From (2) 


n 1 -n n i-n 

T1T _ P 2 V 2 v 2 - PlVi Vi 
w - 


1 -n 


= Pj,y.i,j:_p. 2 ,v 2 , 

n-1 


( 3 ) 


To calculate the value of v 2 


n n 

P 1 V 1 = p 2 v 2 


1 /n 


\ j- • 

•••-(tt) v 
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From (3) 


1 



= 15.54 ft 3 /lbm 


(144 x 500 x 3) - (144 x 50 x 15.54) 
1.4 - 1 


= 260280 ft lbf/lbm 


260280 

777.9 


Btu/lbm 


= 335 B t u/lbm 

Given that Q # the total heat transferred^is equal to the 
work done, 

i.e. Q = -W 


rv 2 

Q - I pdv = u 2 -Ui 
rv 2 

-W - I pdv = u 2 - Ux 
”2 f V2 pdv = u 2 ui 

Vi 


where u is the internal energy. .'. the change in internal 
energy. 


u 2 ~ ui = —2 x 380 = -760 Btu/lbm 


• PROBLEM 3-27 


1 gm-mole of carbon dioxide is heated from 500°C to 1000°C 
at a) constant volume, and b) constant pressure. Assuming 
ideal gas behavior calculate the heat transferred, the 
work done, the change in energy, and the change in enthalpy 
for the two processes. 


Solution ; a) When heating is done at constant volume, the 
work done will be zero and there will only be a change in 
internal energy. 


100 


Q = AE = 


C v dT 


The heat capacity data for C0 2 is given in terms of C . It 
becomes easier to evaluate AH first. ^ 

According to Eq. (l) 

AH = jc v dT + RdT = J(C y + R)dT = CpdT (1) 

for a constant-volume process in an ideal gas system. The 
change in enthalpy may be evaluated either from the 
empirical constants given in the table for Molal heat 
capacities of gases, or from the mean heat capacity data 
between 298°K (25°C) and temperature T°K. 

A mean heat capacity between 500°C and 1000°C may be 
evaluated by substituting the empirical constants for carbon 
dioxide into the equation 

V ■ a * 5 <T! - Tl> + § (T * + TzT ‘ + T * >! 

C pm = 6.214 + (10.396x10 _3 )(1237 + 573)/2 

- (3.545x10" 6 )[(1237) 2 + (1237)(573) + (573) 2 ]/3 

= 6.214 + 9.60 - 3.18 = 12.64 cal/(gram mole) (°K) 

AH = (12.64)(1000 - 500) = 6320 cal/gram mole 

Using the mean heat capacities between 25°C and temperature t 

cal/gram mole 

AH between 25°C and 1000°C = (11.92)(1000-25) = 11,620 

AH between 25°C and 500°C = (10.77)( 500-25) = 5,110 

AH between 1000°C and 500°C = 6,510 

Using the latter value for AH, 

Q = AE = AH - vAp = AH - RAT 

= 6510 - (1.987)(1000 - 500) = 5516 cal/gram mole 

b) Constant Pressure: At constant pressure, 

w = pAv = RAT = (1.987)(1000 - 500) = 994 cal/gram mole 
Q = AE + pAv = AH = 6510 cal/gram mole 
AE = AH - pAv = AH - RAT 

= 6510 - 994 = 5516 cal/gram mole. 
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• PROBLEM 3-28 



A cylinder piston arrangement compresses air at 70°F and 
14.7 psia to 294 psia. The compression follows a 
reversible process defined by the relation PV 1 * 3 = C. 

(a) Calculate the work performed and the heat transferred 
in this case. (b) Also calculate the specific heat. In 
this case the specific heat is considered to be a constant. 
Q - W = AE = AU 


Solution ; (a) The differential change of state for a 

stationary closed system in general is given by, 

dQ - dW = dU 

dQ = dU + dW 


dQ for a stationary closed system undergoing a change of 
state quasi-statically is given by 

dQ = dU + pdv 

dW = pdv 

dQ = c v dT + pdv 


dW = pdv 


n _ n n 

pv = C = p! v ! = p 2 v 2 


= Cv n dv p = Cv n 


L c ' 


-n +1 Vi 


Cv2 n - CVi~ n 


1 - n 


n i-n n i-n 

P2V2V2 ~ PlVlVl 
1 - n 


) 2 v 2 - pivi 
1 - n 


pivi / p2v 2 _ ^ 

1-n P 1 v! 


n -1 - 

RTi (sA n __ -i 
1 -n IpJ 
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53.34 x 530 


/ 294 \ 

U4.7j 


. 3/1.3 


53.34 x 530 x 0.998 
0.3 

= -93,800 ft-lbm 
= -120.4 Btu. 


dQ = c y dT + pdv 


p 

xQz = c y (T 2 - T x ) + 

•'XT 


T 2 = Ti 


= .173(1057 - 530) - 120.4 .\ T 2 = 530 x 20 


= 91.3 - 120.4 


= 530 x 1.998 


lQ 2 =-29.1 Btu. 


= 1057°R 


dQ = c dT 
n 


1Q2 - c n (T 2 - Ti ) 


Q _ 

T 2 - T x 

-29.1 

527 


-0.0552 Btu/lb degree. 


CONSERVATION OF MASS 

• PROBLEM 3-29 



Calculate the mass rate of 
with an inside diameter of 
air at 80°F and 20 psia is 


flow of air through a pipeline 
3.5 in. if the average velocity of 
110 ft/min. 
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Air 

1- 

1 

n 

80“F - 

1 

1 

1 

1 

^ v= 110 ft/min [ ^ 

20 psia 

1 



Solution : Using the ideal gas equation 

Pv = RT 

And from the conservation of mass 
m = P AV 


( 1 ) 


( 2 ) 


where V = velocity of air = 110 ft/min 

A = area of cross section of the pipe 
p = density of air 


From (2) 


m = - AV 
v 


(3) 


where 
From (3) v = 


v = specific volume of air 
AV 
m 


Combining Eq. (3) and (1), gives 


PAV 

m 


—- = RT 


m 


— - AV 
RT 


m = 


20 x 144 

(i||5)( 80 *4 60 ) 


'(¥) 


X 110 


_ 20 x 144 x tt w 0.085 

(53.41)(540) 4 U 


m = 0.733 lbm/min. 
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• PROBLEM 3-30 


Steam enters a heat exchanger at 1.4 MPa and 300°C, where it 
condenses on the outside of some tubes. The condensed steam 
leaves the heat exchanger as liquid at 1.4 MPa and 150°C with 
a flow rate of 5,000 kg/hr. The steam is condensed by water 
passing through the tubes. The water enters the heat 
exchanger at 20°C and experiences a temperature rise of 20°C 
before leaving. Assuming the heat exchanger to be adiabatic, 
determine the flow rate of water required. 



Solution: This is a steady-state-steady-flow process. The 

First Law written for the control volume, is 


Q + Em.h. = Em h +W 
c.v. ii ee c.v. 


Since the heat exchanger is assumed to be adiabatic, 

C) =0, and also because there is no work done on or by 

the system W =0. Eq. (1) reduces to, 

Em.h. = Em h 
11 e e 


Referring to the accompanying figure for the different states, 

and denoting m as the mass flow rate of steam and m as the 
s w 

mass flow rate of the cooling water obtain 
m 1 h 1 + m 3 h 3 = m 2 h 2 + m 4 h 4 


But 


m g = m 1 = m 2 
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and 


Hence 


m = m 3 = m 4 
w 6 


m (h x -h 2 ) = m (h 4 -h 3 ) 

s w 



(2) 


Using the 
State 1: 

State 2: 
State 3: 
State 4: 


steam tables: 

The gas at state 1 is i 
h x = 3,040.4 kJ/kg 
h 2 = h f = 632.20 kJ/kg 
h 3 = h f = 83.96 kJ/kg 
h 4 = h f = 167.57 kJ/kg 
substituting into Equat 


the superheated region. 

(liquid at T = 150°C) 
(liquid at T = 20°C) 
(liquid at T = 40°C) 
on (2), gives 


m 


w 


(3,040.4 - 632.20) 
(167.57 - 83.96) 


5,000 


144,013.8 kg/hr. 


= 2,400.2 kg/min. 


= 40.0 kg/sec. 


THE FIRST LAW FOR OPEN STEADY - STATE, 
STEADY - FLOW SYSTEMS 

• PROBLEM 3-31 


A fluid having a flow rate of 5 lbm/sec passes through a 
pipe where heat is transferred at the rate of 50 Btu/sec. 
How much work can be done by this system if the velocity, 
enthalpy and height at the entrance are 100 ft/sec, 

1000 Btu/lbn^and 100 ft respectively. At the exit the 
values of these quantities are 50 ft/sec, 1020 Btu/lbm,and 
0 ft. What is the area of the inlet of the pipe if the 
specific volume of the fluid is 15 ft 3 /lbm. 


Solution : The equation to be used to calculate the above is 
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where 


Aq - AW = (h 2 - hl ) + V - 2 4 - jg Vl2 + f 

c c 


= heat transfer per unit mass 
= work transfer per unit mass 
= specific enthalpy 
= acceleration due to gravity 

= constant that relates force, mass, length and 
time in Newton's second law of motion 


Hence 


= Joules equivalent. 


(1 020-1 000) -t- 5 ° 2 ~ 10 ° 2 I 32.2/ 0-100 

(1,0J0 1,0U0) + 2(32.2X778) 32.2 [ 778 


= 20 - 0.15 - 0.13 


= -9.7 Btu/lbm 


This answer, when multiplied by the mass-flow rate (pounds 
mass per second), has the dimension of power. 

Power = -48.5 Btu/sec 

Note that work (or power) must be supplied to the system, a 
condition indicated by the negative sign of AW. 


From the equation below 


The area A = 


5(15) _ ^ ry c ^*4.2 

Too - " °‘ 75 ft 


• PROBLEM 3-32 


An air compressor takes in 2 ft 3 /lb of air at 15 psia and 
compresses it to a pressure of 110 psia. The specific 
volume at discharge is 0.5 ft 3 /lb. Calculate the amount of 
heat transferred if the increase in internal energy is 
40 Btu/lb and the work done is 70 Btu/lb. 


Solution: The different forms of energy to be considered in 

this case are the flow energy, internal energy, work and heat 
For unit mass (1 lb) of a substance. 
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15 x 12 2 x 2 
778 


= 5.55 Btu/lb. 


w - P 2V2 

W 2 - j 

(110)X12 2 X 0.5 
778 

= 10.18 Btu/lb. 

AW f = W 2 -Wi = 10.18 - 5.55 = 4.63 Btu/lb. 

In any case of compression, work must be done on the air to 
compress it and work therefore is negative in this case. 

W = -70 Btu/lb. 

The change in internal energy is 

Au = u 2 ~ Ui = 40 Btu/lb 
The total heat transfer Q can be given by 

Q = Au + AW f + W 

= 40 + 4.63 + (-70) 

= -25.37 Btu/lb. 

The negative sign shows that heat is given out during 
the process, and air compressors usually have water jackets 
for the purpose of cooling the air during compression. 


• PROBLEM 3-33 


A pump has a 2 in. diameter outlet pipe which is 5 ft above 
the inlet pipe. Brine at 15°F and 14 psia enters the pump 
through the 3 in inlet pipe and leaves at 45 psia. Assuming 
no losses calculate the power required to maintain a flow 
rate of 200 gallons per minute. The specific gravity of 
brine is 1.20 lb/ft 3 . 
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Solution : This is an example of an extension of the first 

law to open systems across the boundary of which there will 
be mass flow in addition to the possibility of heat and work 
transfer. Assume steady-flow conditions. 


The work input 


W. n = P vdp + + f- (Z 2 -Z 1 ) (1) 

'1 & c fe c 

Since brine is incompressible, i.e. v = const, and using the 
continuity equation to obtain the velocities, the work input 
can be easily calculated using equation( 1 ). 


The mass rate of flow 


M 


200 x 
60 


231 

1728 


x 62.4 x 1.20 


gall fin 3 ! [ft 3 ] [ lb 
sec_ gal_ _in^_ ft 3 _ 


= 33-4 lb/sec. 


Vi 


M 

pAi 


33.4 x 4 x 12 2 
1.20 x (62.4) x tt x 32 

= 9.1 fps 


M = pAiVi 
pA2 pA2 



X 9.1 


= 20.5 ft/sec. 



1 


w in = v(p 2 - Pl ) + + i. (Z 2 - Zl ) 


(45-14)144 + 1 l , . - 4 i| - 9 A - 6 - ) + 114 x 5 


1.2x62.4 2 x 32.2 - 32.2 

= 59.7 + 5.2 + 5 = 69.9 ft-lbf/lbm 

The power required to do this quantity of work is 

P = M W. 

in 

- 33.4 x 69.9 
550 

= 4.245 hp. 
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• PROBLEM 3-34 


Oil having a density of 50 lbm/ft 3 is pumped through a 
pipeline 9000 ft. long. Calculate the work needed for this 
purpose if losses are 3 ft-lbf/lbm per 100 ft. (Refer to the 
figure.) 



Solution: Taking into consideration the different forms of 

energy and losses, 


+ AKE + APE + W + losses = 0 

P 


P 2 -P 1 + v^-v , 2 + ( Z,-Z, ) 
p 2 g c g c 

Substituting the values. 


g + W + losses = 0 


(15-25) 


lbf 

in 2 


x 144 


in" 

ft 2 


50 lbm 
ft 3 


+ 


ft 2 

( 10 2 - 0 2 ) sec 2 


2 x 32.2 


ft lbm 
sec 2 lbf 


( 1 ) 


+ 


(60-0) ft 32.2 ft 

-2— 

sec^ 


32.2 


ft lbm 
sec " 2 lbf 


+ 


W + 9000 ft x 


3 ft-lbf 
100 ft 


or 


- 28.8 + 1.55 + 60 + W + 270 = 0 
.\ W = -302.75 ft-lbf/lbm 

The negative sign shows that the work done is transferred to 
the system. 


110 




• PROBLEM 3-35 


Calculate the total work transfer that takes place for a 
process as shown in the figure. 



Tj= -50“F 

Pj= 650 psia 

H = 300 Btu/lb 
1 m 

S = 1.0 Btu/lb ° R 
l m 

Zj= 100 ft 

Vj= 450 ft/sec 


T 2 = +70° F 

P 2 = 25 psia 

H,= 410 Btu/lb 
4 m 

S 2 = 1.65 Btu/lb m °R 
Z 2 = 100 ft 
V 2 = 150 ft/sec 


Solution: Taking into consideration the different forms of 

energy 

«act - ‘"'act ■ 4H + 4KE + 4PE 

V 2 -V 2 cr 

- H,-H, * ‘ g > ♦ (Zi-Z,) f- 

& c B c 


220 


Btu 


lb 


m 


(W) 


act 


(410-300) yip + 
m 


ft 2 

(150 2 -450 2 ) sec 1 

32.2 ft lb 
r\ m 

2 x —-— 5 ——- 

sec^ lb^ 


(100-100) 32.2 ft 

^ 1 Btu sec 2 

778 ft-lbf 32.2 ft-lb 

_m 

sec 2 lb f 


220 - W . = 110 + (-3.6) + 0 
act 

- W = -113.6 Btu/lb 
act m 
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W . = 113.6 Btu/lb 
act m 


• PROBLEM 3-36 


Snow from a pavement is scooped up to a height of 10 ft by 
an endless bucket-scoop, and is then dropped into a 
container. At the highest point, the snow moves at 3 ft/sec. 

A total of 33 HP is needed to scoop snow at the rate of 
100 lb/sec. Assuming a loss of 10% due to friction, calculate 
the total work done and the percentage of total work needed 
to melt and break up the snow. 



Solution : This system involves changes in potential, and 

kinetic energy plus an enthalpy change of the ’’flowing” 
material. 

The total work, 


W 


(Zi-Z 2 ) 
g c 



(V x 2 -V 2 2 ) 


(hi-h 2 ) 


m 


V 1 is obviously zero since the snow is at rest until picked 
up, h 2 is greater than h 1 since frictional energy g oes into 
the snow to melt it. Then (if the energy needed to melt a 
pound of snow is 144 Btu) 

W = - ^10 ft-lbf/lbm + + 0.1 x 144 x 778^ 100 lbm/sec 

= -(10+ 0.14+ 11,200)100 ft-lbf/sec x-— HP-sec/ft-lbf 


= 20.4 HP 


The input to the scoops is 33 HP so that the 12.6 HP not 
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included goes into breaking the snow out of its banks, or 
12.6/33 = 39.3% of the total work input. 


• PROBLEM 3-37 


For the data given in the figure, calculate the change in 
energy, Ae for 1 kg of steam. 



P 2 =1.5 bars abs. 
Sat. Vapor 
z 2 =° 

v 2 =0.3 m/sec 


Solution : 

From the steam tables 


Ui 

= 3273.0 

j/gm 

Vi 

= 78.69 

cm 3 /gm 

u 2 

= 2519.7 

j/gm 

V 2 

= 1159.3 

j/gm 

Ae 

= A(u + 

£V 2 + gz) = Au + A£V 2 + Agz 

Au 

= u 2 - u 

x = 2519.7 - 3273.0 = -753.3 j/gm 


= -753,300 j/kg 

A JV 2 =£(Vi - V\) = -£(9 - 0.09)1 =-4.455 j/kg 


Units: 
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m 2 / sec 2 * lCN-sec 2 /kg-m) ■> N-m/kg -* j /kg 
Agz = g(z 2 - z x ) = -9.8(3- 0)1 = -29.4 j/kg 
Then Eq. (1) gives 

Ae = -753,300 - 4.455 - 29.4 
= -753,333.85 J/kg 
= -753.34 kJ/kg. 


• PROBLEM 3-38 

Steam enters an adiabatic turbine in a boiler at a pressure 
of 1000 psia and 1000 F, and leaves at 3 psia. The turbine 
inlet is higher than the exit by 10 ft. Calculate (a) the 
turbine work/unit mass of steam and (b) the effect in 
percentage, each term has on the turbine work, if the inlet 
steam velocity is 50 ft/sec and the exit velocity is 
1000 ft/sec. 


Solution ; (a) The turbine work under reversible adiabatic 

conditions is given by the equation, 

w i = (h 2 -b 3 )g (K.E. 2 — K• E. 3 ) + (P.E .2 — P• E. 3 ) 

h 2 = 1505.9 Btu/lbm s 2 = 1.6530 Btu/lbm-R 

S3 = s 2 .S g -(l-X)S fg 

1.6530 = 1,8861 - (1 - x)1.6852; (1 - x) = 0.1383 

h 3 = h - (l-x)h- = 1122.5 - (0.1383)(1013.1) 

g fg 

h 3 = 982.36 Btu/lbm 

50 2 - 1000 2 10 

w = (1505.9 - 982.36)+- + - 

t 2g c J 778 

w^ = 523.54 - 19.95 + 0.0128 = 503.6 Btu/lbm 

total energy available for work = 543.5 Btu/lbm 
(b) /523.54\ 

(Ah) = (-1(100) = 96.3 percent 

\ 543.5 / 

/19.95 \ 

(AK.E.) = - (100) = 3.6 percent 

V 543.5 / 
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/0.0128\ 

(AP.E.) = (- (100) = 0.1 percent 

V 543.5 / 


• PROBLEM 3-39 


As indicated in the figure, steam enters a steam turbine 
at 400 psia and 700 F and at a rate of 440,000 lb/hr; and 
255,000 lb of steam per hr are extracted at 35 psia and 
290 F. (These conditions can be measured because the 
steam is superheated.) The remainder of the steam passes 
through the turbine and exhausts at 1 in. Hg abs with a 
velocity of 500 ft/sec. (Although the exhaust pressure can 
be measured, it is difficult to measure the moisture content 
of steam at very low pressure. The exit velocity can be 
approximated by a knowledge of the flow area, the mass rate 
of flow, and the approximate specific volume.) The 
horsepower delivered by the turbine is 44,000 hp. Determine 
the specific enthalpy of the exhaust steam. 

(Take g = 32.174 JLj = 778.16 


440,000 lb 
(1362.7 Btu) 


44,000 hp 


255,000 lb 
(1183 Btu)~ 


185,000 lb 
(h2+ |£ 2 Btu) 


Solution ; The specific enthalpy for each state is shown in 
parenthesis in the figure. There will be a small amount of 
heat lost from the turbine, generally less than 1 Btu/lb. 
This heat loss is neglected in the energy balance. The 
energy entering the system 

mihi = 440,000x1362.7 = 599,600,000 Btu/hr 


The energy leaving the system is 


W turb + ra 


V ^ 

)h 3 + (nii-ma) h 2 - gp 
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44,000 x 2544 + 255,000 x 1183 + (440,000 - 255,000) fh 2 + 


= 111,900,000+ 301,700,000 + 185,000 h 2 + 925,000 
= 414,500,000+185,000 h 2 

When the energy entering the system is equated to the 
energy leaving, the result is 


Hence, 


599,600,000 


414,500,000 + 185,000 h 2 


h 2 = 1000 Btu/lb 


• PROBLEM 3-40 


10,000 lbm/min of air expands polytropically from 60 psia 
and 2000 F to 15 psia in a turbine. Calculate the work and 
heat in S.I. units if the value of the exponent n is taken 
as 1.75. 


Boundary 



Solution : From the first law energy in will be equal to 

energy out. 

mh 1 =mh 2 +W+Q 
hi - h 2 = c (T x - T 2 ) 

Q = mc n (T 2 - T x ) 

The outlet temperature and the specific heat must be 
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Q = mc n (T 2 -T 1 ) = (10,000)(0.03)(1360 - 2460) 

§ = -8.8 x 10 5 Btu/min or heat loss 

(hi-h 2 ) = c (Ti - T 2 ) = (0.24)(2460-1360) = 264 Btu/lbm 

P 

W = m(hi-h 2 ) - Q = (10,000) (264) - 8.8 xl0 5 
W = 1.76 x10 6 Btu/min = 4.15x10 4 hp 
There are 1.055 kJ/Btu and also 0.746 kW/hp. 

1 

Q=(8.8xl0 5 ) Btu/minxl.055 kJ/Btux— min/sec = 1.547x10 4 kW 

60 

W = (4.15 x 10 4 ) hpx 0.746 kW/hp= 3.096x10 4 kW 

There is only one set of units for power, and the energy 
form must be reduced to its final form. 


• PROBLEM 3-41 


The given data is for a steam power plant as shown in the 
figure. 

Location Pressure Temperature or Quality 

Boiler exit 400 lbf/in 2 600F 

At turbine entry 380 lbf/in 2 560F 

At turbine exit, 

condenser entry 2 lbf/in 2 93% 

Leaving condenser, 

entering pump 1.9 lbf/in 2 115F 

If the pump work is 3 Btu/lbm, calculate the following per 
pound mass. 

(a) Heat transfer between boiler and turbine 

(b) Turbine work 

(c) Heat transfer in condenser 

(d) Heat transfer in boiler. 
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Solution : For the turbine 

g V 2 3 g 

q. , + h, + - + — Z, = w. . + h, + - + — Z. 

2g c g c 2g c g c ' 

For the boiler (no work is involved) 


^boiler + + 


VI 


+ — z 5 = h, + 


n 


+ — Z, 


2g c g c 


2g c g c 


We might also use the alternate but equally acceptable 
notation 


^turb 2 ^ 3 ^boiler 5 ^ 1 

Assume that changes in kinetic and potential energy are 
negligible. 

The following property values are obtained from the 
steam tables, where the subscripts refer to the figure. 


h x = 1306.9 Btu/lbm 
h 2 = 1285.2 Btu/lbm 

h 3 = 1116.2 - 0.07(1022.2) = 1044.7 Btu/lbm 
h 4 = 82.9 Btu/lbm 

(a) For the pipe line between boiler and turbine, 

1Q2 + ^1 = k 2 

iQ 2 = h 2 - hi = 1285.2 - 1306.9 = 21.7 Btu/lbm 

(b) A turbine is essentially an adiabatic machine, and 
therefore 
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h 2 = h 3 + 2 w 3 

2 w 3 = 1285.3 - 1044.7 = 240.6 Btu/lbm 

(c) For the condenser the work is zero. 

3 Q 4 + h 3 = h 4 

3 q 4 = 82.9 - 1044.7 = -961.8 Btu/lbm 

(d) The enthalpy at point 5 may be found by considering the 
steady-flow energy equation across the pump 

4 W 5 + h 4 = h 5 

h 5 = 3.0 + 82.9 = 85.9 Btu/lbm 

(e) For the boiler 
sQi + h 5 = h x 

5 q x = 1306.9 - 85.9 = 1221.0 Btu/lbm 


• PROBLEM 3-42 



A water cooled compressor has Freon-12 entering as saturated 
vapor at -30°C. The refrigerant leaves the compressor at 
800 kPa. The refrigerant flow rate is 0.9 kg/min and the 
cooling water results in a heat transfer rate of 140 kJ/min 
from the refrigerant. The power input to the compressor 
is 3kW. Determine the exit temperature of Freon-12. 



cooling water 


Solution : Referring to the figure for the states, the 

following are obtained. 

State 1: saturated liquid, T = -30°C 

h x = 174.076 kJ/kg 

The First Law written for Freon-12 is 
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Q + iriihi = m 2 h 2 + W 


cv 


Solving for h 2 , 


h 2 


Q + m! h i + W 
cv. 11 cv . 

ih 2 


substituting the given and calculated data, 


h, = 


f 0.9 kg/min^ 

-140 +y 60 min/sec ) (174.076) + 


( 


0.9 kg/min > 
60 min/sec; 


= 218.74 kJ/kg 


h(kJ/kg) 

T°C 

213.290 

50.0 

218.740 

57.49 

220.558 

60.0 


Since two independent properties are known, namely P and h, 
a third (T) can be found from the Freon-12 tables. 

The value T = 57.49°C was obtained by interpolation. 


• PROBLEM 3-43 


Steam enters the nozzle of a steam turbine with a velocity 
of 10 ft/sec at a pressure of 500 psia and a temperature of 
1000°F. At the nozzle discharge the pressure and temperature 
are 300°F and 1 atm. Calculate the discharge velocity. 

Refer to the Figure. 
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P=500 psia P=1 atm 
T=1000°F T=300°F 
v^lO fps 


(a) The control volume (b) The process representation 


Solution ; In nozzles, the frictional effects between the 
fluid and the walls have to be taken into consideration. By 
choosing the boundary of the control volume as shown in 
Figure (a), this effect becomes internal. In this case 
if the flow is steady, the frictional effect can be 
neglected, i.e. it is not necessary to take into account what 
is going on within the control volume. Also assume that the 
control volume is adiabatic, so that no energy transfer as 
heat takes place across the control-volume boundaries. This 
does not mean that no energy transfer as heat takes place 
within the control volume, but any such transfer would not 
be involved in a steady-flow steady-state analysis. 

The conservation-of-mass principle implies that the flow 
rate is the same at sections 1 and 2. In applying this 
principle assume that the flow is one dimensional at 1 and 2, 
which means that the properties are uniform across the 
sections. The energy per unit of mass is taken as 

V 2 

e = u + - 

2 *c 

In evaluating u as a function of the temperature and pressure 
assume that the motion in no way alters the thermodynamic 
equations of state. In microscopic terms, even though the 
fluid is accelerating, the molecules behave locally as if 
there were no bulk motion. Also neglect any differences in 
the potential energy of position of the entering and 
emergent flows. 

The internal process is quite complicated. However, 
only the states of the fluid at 1 and 2 need to be known. 

Several important simplifying idealizations have been 
made, and they are 
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a) Steady flow steady state 

b) Adiabatic control volume 

c) One-dimensional flow at 1 and 2 

d) Equation of state the same as for a simple compressible 
substance 


e) Changes in the potential energy of position negligible 

With these idealizations, application of the conservation- 
of-energy principle to the control volume gives, on a rate 
basis, 



energy-inflow energy-outflow energy- 

rate rate storage 

rate 


Solving for the discharge kinetic energy per unit of mass, 




[(u + Pv) x 


(u + Pv) 2 ] 


The intensive thermodynamic states are fixed by the 
temperature and pressure measurements (steam tables) 


T x = 1000°F 
Pi = 500 psia 
ui = 1360 Btu/lbm 
v x = 1.7 ft 3 /lbm 


T 2 = 300°F 
P 2 = 14.7 psia 
u 2 = 1110 Btu/lbm 
v 2 = 31 ft 3 /lbm 


Hence 

h x = (u x + PiVi) = 1520 Btu/lbm 
h 2 = (u 2 + P 2 v 2 ) = 1193 Btu/lbm 

in 2 

2 x 32 ' 2 ^ 2 / sec2 ) /( ft-lbm/lbf-sec 2 ) 

1.55 ft-lbf/lbm = 2 x 10 3 Btu/lbm 

2 x 10“ 3 + 1520 - 1193 = 327 Btu/lbm = 254,000 ft-lbf/lbm 
V 2 = /2 x 32.2 ft-lbm/lbf-sec 2 x 254,000 ft-lbf/lbm= 4100 ft/sec 


Then 
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• PROBLEM 3-44 


Air at 100°F and 100 atm is passed into a storage tank from 
a large high pressure vessel, at the rate of 0.05 moles/min, 
in order to increase the flow of water from the tank. The 
tank contains 50 ft 3 of air at 1 atm and 50°F and 50 ft 3 of 
liquid. When the pressure in the tank becomes 5 atm, the 
liquid is released at the rate of 5 ft 3 /min. 

Calculate the air temperature when the pressure reaches 
5 atm and when the liquid has been drained completely. 

Neglect all losses and assume air to be an ideal gas with 
C v = 5 Btu/lb-mol°F. 



Solution ; The process can be divided into two periods. 

(1) The period during which the pressure rises from 1 to 
5 atm and the volume of the gas in the tank is constant, 
and (2) the period during which liquid is drained. 

(1) The most convenient system is the gas in the tank at 
any time, which is an open simple system with constant 
volume. The temperature of this system is related to the 
energy and moles by the equation, 

U = Njc v dt + NU o (1) 

and to the pressure, volume, and moles by the equation 

PV = NRT. (2) 

The energy may be related to the moles by using the First 
Law for an open system. These three relationships can be 
solved simultaneously for the temperature as a function of 
pressure. 

Using the integrated form of the equation, 
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£h.dm. 
ill 


(3) 


dU = dQ - dVV + Zh dm - 
o o e e e 


the First Law for an open system in the absence of body force 
fields, becomes 




h dn 


e e 


(4) 


where 


% - 0 

W a = 0 

h = u + P v = constant 
e e 


and 


dn = N 2 - N i 
e 


where it is assumed in the h relation that the volume of 

e 

the vessel is large relative to that of the tank. Thus 


U 2 - Ui = (u + P e v)(N 2 - N!) 


(5) 


Substituting Eq. (1) for the energy terms and Eq. (2) for 
P e v, and simplifying, yields 


N 2 C v T 2 - NiCyTi = (N 2 - N!)(C v + R)T e 

Substituting for N 2 and Ni # and rearranging, 

kT 

m _ © 



( 6 ) 


(7) 


where 


Thus, 


K 


C + R 
v 


C 


v 


= (1.4)(560 _ 

2 1 + (|)[1.4(H+) - 1] 


709°R or 249°F 


Also 

N - Pz ~ 2 - ( 5 )( 50 ) - Q 1S 

JN2 RT 2 ( 0.730 ) ( 709) 

The final temperature of the gas is higher xhan that 
of either the initial temperature or the temperature of the 
incoming gas. In the limit where P 2 » Pi, the temperature 
approaches kT independent of the initial conditions in the 
tank. e 


124 



Step (2): If the system is again chosen as all of the gas 
in the tank at any time, the analysis is similar to that of 
Step (1) except that the volume of this system is changing 
continuously. As a result of this complication, 

= | P dV cannot be evaluated until the pressure-volume 

history is determined. In this case, the differential form 
of the First Law for an open system, Eq. (3), is more 
convenient. 


Thus, 

dU = dQ a - dW a + h e dn e (8) 

where 

dU = N dU + U dN 
dQ a = 0 

dW a = p dV 

dn = dN 
e 

h rt = u + Pv = u + RT 
e e e 

so that 


N dU + (U - u - RT e )dN + P dV = 0 (9) 


and 


dT 

T 


+ 


1 


K T 



0 


( 10 ) 


Since 


dN = 0.05 dt; N = 0.48 + 0.05 t 


and 


dV = 5 dt; V = 50 + 5 t 


Eq. (10) becomes 


dT 

T 


+ 


1 



dt 

9.6 + t 



dt 

10 + t 


0 


Integration of this equation from t = 0 to 10 min yields the 
final temperature; T = 544°R or 84°F. 
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THE FIRST LAW FOR CLOSED UNIFORM - STATE, 
UNIFORM - FLOW SYSTEMS 


• PROBLEM 3-45 


A steam pipe containing saturated steam at 100 psia is 
connected to an empty cylinder. What will be the final 
state of the steam if the cylinder is filled with steam 
at the same pressure as the pipe? 


Solution ; Since the cylinder is empty at time zero, 

m 1 = 0 and \i 1 = 0, while e f = h, the enthalpy of the fluid 

in the reservoir. Then the equation 

O + Zm.h. = Em h + (m 2 u 2 -miUi) + W 12 
- cv ii e e 

reduces to 


m 2 u 2 = m 2 e f 

From the steam tables for 100 psia saturated steam, 

h = 1187.2 Btu/lb T = 328°F 
m 

The final conditions in the tank are 

P 2 = 100 psia u 2 = e„ = 1187.2 Btu/lb 
* I m 

Interpolating in the steam tables for these values, 

T 2 * 540°F (P 2 = 100 psia) 

The temperature rise from compression of the steam in the 
container is 

540° - 328° = 212°F 

Thus, the steam in the container is highly superheated 
although the steam in the reservoir is not. 


• PROBLEM 3-46 


A well insulated cylinder of volume V contains gas initially 
at a temperature T q and pressure p Q . External gas at a 

temperature Ti is passed into the cylinder. This flow rate 

_ 0 4 - 

decreases exponentially with time according to ft = m Q e 
Neglecting kinetic energy of the gas and assuming ideal gas 
behavior, calculate the temperature and pressure of the gas 
in the cylinder as a function of time. Assume the gases 
have constant specific heats. 
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Solution : Since the cylinder is well insulated, Q = 0; 

there is also no external shaft work, i.e. W = 0; hence the 
equation 


becomes 


dE = Eh? 6Q _ 6W 

dt i 1 dt dt dt 


dE 

dt 


o dm 
dt 


, o 

h m e 
o 


-at 


( 1 ) 


On integrating and using the condition E = E q at t = 0 


h°m 


E = E + 
o 


(1 - e~ at ) 


where E q is the initial energy of the cylinder at the 
beginning of the charging process. 

As both the kinetic and potential energies are 
negligible, 


m 

Mu = M u + (1 - e at ) (u x + p!v!) 

o o a 


Further, from conservation of mass obtained by integrating 
the mass flow rate equation 


M = M + 
o 


ra o (l - e at ) 


Eliminating M between these two expressions yields 

• • 

m . m . 

{M q + -g (1 - e -at )}u - M q u o = -f (1 - e -at )(ui + RT,) 


hence 


m 


Mc(T-T)= — (1-e at ){c (Ti - T) + RT X } 
ov o a 1 v 1 11 


i.e. 


T = 


i c T + m o (1 - e -at )c Ti 
o v o — p 

_ a _ 

{ M o + IT (1 - e )}c v 


whence 


m 


MKl XX r || m , O / 4 ^ t v m 1 

p = — = {M o c v T o + X (1 ' e )c p Tl) 


12 ? 



m R 

= p o + Sr (1 - e ' a >yti 


Notice that if the mass inflow is large compared to the 
initial mass in the cylinder the temperature inside the 
cylinder tends to yTi on fully charged, i.e. as t tends to 
infinity. If the tank is evacuated initially, the 
temperature inside the cylinder becomes independent of time 
and is equal to yTi throughout the entire charging process. 


For the case where the charging is effected by a high 
pressure main, the charging process will stop when the 
pressure inside the cylinder reaches that of the main. The 
charging time can be found by setting p = Pi in the pressure 
relation; hence the final temperature can be obtained. 


• PROBLEM 3-47 


A 1 ft 3 cylinder containing an ideal gas at a pressure of 
10 atm is kept in a larger tank at a pressure of 1 atm and 
535°R. Calculate the work done, heat transferred and the 
change in internal energy if 

(a) the gas starts leaking slowly such that the cylinder 
and gas still remains at a constant temperature. 

(b) If the cylinder is insulated and the process is 
adiabatic. 

(c) If the valve is suddenly opened and the tank pressure 
above a hypothetical piston falls to atmospheric 
pressure. The cylinder is insulated and the process 
is adiabatic. 

(d) If the process is polytropic with n=1.3. 


Solution : a) The process describes the system as that 

quantity of gas remaining in the cylinder at the final 
pressure and temperature. During the process this quantity 
of gas may be considered as separated from the remaining 
cylinder contents by a free-floating piston. In this case, 
the pressure decreases very slowly so that the process can 
be considered as an isothermal reversible expansion of an 
ideal gas. 


From the ideal gas law, the quantity of gas remaining 
in the cylinder at the final temperature and pressure is 

m = p 2 v 2 /RT 2 = (l)(l)/(0.73X535) lb moles 
According to Eq. (1), 
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w = RtJ^ * ^ = RTln = RTln 

the work performed is 

w = mRTln(p 1 /p 2 ) (0.73)(535)^ ln(10 ^ 
Since the process is isothermal, 

AE = 0 


( 1 ) 


6.30 Btu 


for any ideal gas; then the heat transferred is equal to 
the work done. 

Q = w = 6.30 Btu 

b) If the leak is sufficiently slow that the process can 
be considered reversible, the final temperature may be 
determined from Eq. (2) 

R_ 

ll = (E±\ C P (2) 

T i V Pl / 

For a monatomic, ideal gas with a temperature independent 
C v of 3 Btu/(lb mole)(°R) and a C p of 5 Btu/(lb mole)(°R), 

T 2 /T 1 = (1/10) 2/S = 0.398 

where an approximate value of 2 Btu/(lb mole)(°R) has been 
used for the gas constant R. Therefore 

T 2 = (0.398X535) = 213°R or -247°F 


The quantity of gas remaining in the cylinder at the end of 
the process is 

m = (l)(l)/(0.73)(213) lb moles 


According to Eq. (3) the work is 


w 


c T n 



(3) 


(0^73)(213) (1 ~ °* 398) = 6 * 21 Btu 
In this case, Q is zero and 

AE = -w 


or 


AE 


( 3 ) (213 - 535) 
(0.73)(213) 


-6.21 Btu 


If the fluid were an ideal gas with a temperature 
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independent C v of 5 Btu/(lb mole)(°R) and a C p of 

7 Btu/(lb mole)(°R), the final temperature and the energy 
changes would have different numerical values. In this 
case, the final temperature would be 

2/7 

T 2 = (535)/(10) = 535/1.93 = 277°R or -183°F 


The quantity of gas remaining in the cylinder at the end of 
the process would be 

m = (l)(l)/(0.73)(277) lb moles 

and the work done would be 


» ■ ( 0 ? 73 )( 277) (1 - 1/:1 - 93) ’ 6 ' 38 Btu 

(c) In this case the process is irreversible, and the final 
temperature is determined by Eq. (4). 

m C /R + Pa/Pi 

Xi. = - (4) 

T i C y /R + Pa/P 2 v ; 


For an ideal gas with a temperature independent C v of 

3 Btu/(lb mole)(°R) and a C of 5 Btu/(lb mole)(°R), 

P 

Xi = (3/2) + (1/10) _ 1.60 _ n 
T i (3/2) + 1/1 2.50 U#b4U 

T 2 = (535)(0.640) = 342°R or -118°F 

The quantity of gas remaining in the cylinder is 

m = (l)(l)/(0.73)(342) lb moles 

In this case, w and -AE are given by Eq. (5). 


w 


- p a[TT-fr] --“-vf 1 -f^j 


(5) 


(3)(535) 

(0.73)042) 


(1 - 0.640) = 2.31 Btu 


For an ideal gas with a temperature independent C y of 

5 Btu/(lb mole)(°R) and a C of 7 Btu/(lb mole)(°R), the 
final temperature would be ^ 

Tj. = (5/2) + (1/10) = U 
Ti (5/2) + 1/1 3.5 U ' ^ 

T 2 = (535)(0.743) = 397°R or -63°F 

The work done would be 
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»- 

(d) In this case the final temperature is given by Eq. (6). 

T2 = /P2\ (n_l)/n 

Tl ^ (6) 

0 . 3 / 1.3 

= (1/10) = 0.587 


T 2 = (535X0.587) = 314°R or -146°F 

The number of moles remaining in the cylinder is 

m = (l)(l)/(0.73)(314) lb moles 


The work is given by Eq. (7). 


PlVl 

n-1 




(n-i)/n 


(7) 


(1.987)(535) 
(0.73K314X1.3 - 1)' 


(1 - 0.587) = 6.42 Btu 


For an ideal gas with a temperature independent C of 
3 Btu/(lb mole)(°R), the change in internal energy is v 


_ (3)(314 - 535) _ 

AE (0.73)(314) ^* 89 BtU 


From the general energy balance 
Q = AE + w 

Q = -2.89 + 6.42 = 3.53 Btu 

For an ideal gas with a temperature independent C of 
5 Btu/(lb mole)(°R), v 


AF = (5)(314 - 535) 
(9.73X314) 


-4.81 Btu 


and 


Q = -4.81 + 6.42 = 1.61 Btu 
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• PROBLEM 3-48 


A well insulated cylinder having a volume of 20 ft 3 contains 
?.0 lb of air at 40 psia. Due to a leak some of the air 
escapes. Determine the amount of air left if the pressure 
inside the tank is 20 psia when the leak is fixed. Assume 
specific enthalpy h = 1.4 u = 0.24 T = 0.0045 pv, where u 
and h are in Btu/lbm, T is in °R, p in psfa and v in 
ft 3 /lb. 



Solution ; Define the open system as being the region within 
the cylinder. The mass of air remaining in the cylinder at 
20 psia will depend on the temperature, and the temperature 
will be influenced by the energy removed from the system by 
means of the outflowing air; the first step is to set up an 
energy balance for the system. Since the properties of the 
air crossing the system boundary vary, the differential form 
of the energy balance must be used. As an infinitesimal 
mass of air, 6m 0 , flows out of the system, the mass of the 

air within the system m changes by an amount dm. Since 
mass 6m 0 leaves the system, 6m 0 = -dm. Since Q = 0 and 

W = 0, 


Decrease in stored 


stored energy of 


flow work of 

energy of air in 

= 

6 m 0 leaving 

+ 

6 m 0 leaving 

cylinder 


cylinder 


cylinder 


-dU = eo6m 0 + p 0 v 0 6m 0 = (e 0 + p 0 v 0 )6m 0 

where a property without a subscript is a property of the 
air in the cylinder. Potential energy changes can be 
neglected. Section 0 is located just upstream of the small 
valve opening so that KE 0 is negligibly small, e 0 = uo and 
the last equation becomes 

-dU = (uo + p 0 Vo)6mo 
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Since the properties of the air leaving are the same as 
those of the air in the tank, uo = u, p 0 = p, and v 0 = v. 
Recalling also that 6mo = -dm, 

-dU = -(u + pv)dm 

d(mu) = (u + pv)dm 

m du + u dm = (u + pv)dm 

m du = pv dm 

Specific internal energy can be expressed in terms of pv as 


0.0045 iBtuI 778(0.0045) |ft-lb 


U = -pv — 

1.4 lb 


= 2.5pv 


ft-lb 


so that du = 2.5 d(pv), and the energy balance becomes 
2 .5m d(pv) = pv dm 


dm = d (pv) 

m * pv 


. m f _ / p f v f 

In — = 2.5 In - 

m i V p i v i 


m. \ P•v. 

l \*i l 


p f v f\ 2 ' s / p f v f m i \ 2 * 5 


ra f p i v i 


But the tank volume is constant, , so 


p f\ 2 ' 5 / m i\ 2 * 5 


m f /P f \ 2 ' 5/3 ' S / 20 


m i \ p i 


= 0.609 


m„ = 0.609m. = 0.609(3) = 1.83 lb 
ii m 


• PROBLEM 3-49 


A cylinder having a volume of 1 ft 3 contains air at 1 atm 
and 70°F. A compressor evacuates the cylinder at one atm 
and operates isothermally at 70°F. Calculate the total 
work done by the compressor which is assumed to operate 
reversibly. Also assume ideal gas behavior. 
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li 

1 Atm 



Compressor(Isothermal) 


Solution: If it is assumed that the amount of air 

processed during one cycle of the compressor is small in 
relation to the total quantity of air expelled, then the 
work of any one cycle can be treated as a differential and 
the properties within the tank can be assumed to vary 
smoothly with the amount of air expelled. Thus, for a 
differential amount processed, the work done by the gas on 
the compressor is given by the equation 



where P is the discharge pressure (1 atm) and P. is the 
a t 

compressor pressure during the cycle under consideration. 
Introducing the ideal gas law and integrating, 

dW = RT In dn (3) 


Since the amount of gas processed, dn, is equal to the 
decrease in gas in the tank, -dN, and since 


dN 



(4) 


Eq. (3) becomes 
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(5) 


dW 




In 



dP 


t 


Integrating between P = 1 atm and P^. = 0, 

W = -V t [P t lnP t - P t ] £ = -V t .(l atm) (6) 

Substituting the values, the work done by the compressor is 
2117 ft-lb. 


• PROBLEM 3-50 


A cylinder piston arrangement as shown in the figure is made 
of a non heat conducting material. The cylinder has a 
volume of 3 ft 3 and is connected to a steam source at 
100 psia and 500°F. The piston is held in position by air 
at 20 psia and a cooling coil is placed in the cylinder to 
maintain a constant air temperature of 100°F. Determine the 
final temperature of the steam if the valve is opened until 
the pressure in the cylinder falls to 100 psia. 



P = 100 psia 
T = 500°F 


Solution ; The thermodynamic system is chosen as the air, 
steam, and piston inside the cylinder. Even though the 
cylinder is insulated, heat is being removed by the action 
of the cooling coil. The amount of heat removed is 
calculated by determining the heat transfer when the given 
quantity of air is compressed isothermally from 20 psia to 
100 psia. The mass of air is 
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m 


a 


pV _ (20)(144)(3) 
RT " T5^73FT7^60) 


0.289 lb 

m 


The work done on the gas is 


W = -p dV 
a 


f V 2 


^Vi 


mRT 


dV 


mRT In —■ 
V i 


Since the temperature remains constant, V 2 /V 1 = Pi/p 2 » so 
that the work is 


W = mRT In 
a p 2 

= -(0.289)(53.35)(560) In 

= 13,850 ft-lb f = 17.8 Btu 


For the air 


Q a + W a = AU a 


But since T = const., AU =0 and 
a 9 a 


Q = -W = -17.8 Btu 
a a 


This heat transfer is the total heat loss from the control 
volume. Write the equation 

m. (h . +K.E.. + p • E. . + ... ) + —3 — + —-3— 

11 11 dx dx 

= | 4 ll + m (h + K.E. + P.E. + ...) 

\dT ) a e v e e e ' 

in integral form as 

m.h.dr + Q = f^j dx = m ? u 9 - m T u, 
j 1 1 ^ jVd T ; a 2 s 2 s *s *s (i) 


since there is no change in internal energy of the air in 
the control volume. Here, 

| mjdT = m 2s 

so that, finally, since mi = 0, 

s 


m2 s (h i “ U2 s ) = “Q 


The final volume of the steam is 


(2) 


V 2 = 3 - V = 3.0 - i = 2.4 ft ; 
^s a 2 5 
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and the mass of steam is 



Equation (2) thus becomes, with h. = 1279.1 Btu/lb and 
Q = -17.8 Btu, 1 m 

— (1279.1 - u 2 ) = 17.8 (3) 

v 2 s s 

Equation (3) must be solved by trial and error with the use 
of the superheat steam tables. The result is 

T 2 = 536°F 
z s 

which is the final temperature of the steam. 


» PROBLEM 3-51 


3 

In a pneumatic lift air is initially contained in a 10 ft 
steel tank at 80°F and 100 psia. Lifting occurs when a 
valve allows this air into a cylinder which initially 
contains air at 1 atm, 60°F. The cylinder has an initial 
volume of 0.5 ft 3 , a cross sectional area of 1 ft 2 and a 
lifting height of 3 ft. A cylinder pressure of 50 psia is 
maintained while the load is lifted up 3 ft. Air continues 
to flow into the cylinder after the load has reached the 
maximum lifting height and finally the pressure in the tank 
and cylinder will be equal and the air will attain a uniform 
temperature of 60°F. 

(a) Calculate the final air temperature. 

(b) Calculate the amount of energy transferred as heat from 
the tank walls to the air. 



(a) Schematic representation 
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(b) The process representation 


Solution : (a) In making the energy balance consider the time 
period from the start to the end, where the air is in 
equilibrium throughout the system, and the load is at its 
highest point. Take the air as the control mass, and 
consider the energy flows indicated in the figure. The 
energy balance is 

Q = W + AU 

energy energy increase in 
input output energy storage 

In order to calculate Q first evaluate AU and W. The work 
computation is facilitated by consideration of the process 
representation. Work will be done by the control mass on the 
piston only when the piston is moving, and during this period 
the cylinder pressure is assumed to remain at 50 psia. During 
this period the force exerted by the gas on the piston is 
144 x 50 = 7200 lbf, and the piston moves a distance of 3 ft. 
Hence 

W = 7200x3 = 21,600 ft-lbf/(778 ft-lbf/Btu) 

= 27.8 Btu 

Idealizing that the air behaves as a perfect gas, enough 
information to establish the initial and final air states 
completely is available. For air: 

c y = 0.171 Btu/lbm-°R R = 53.3 ft-lbf/lbm-°R 

Initial state: 

Tank air 80°F(=540°R), 100 psia 

p = - = — = 100 x 144 = 0.498 lbm/ft 3 
v RT 53.3 x 540 

Hence 

M t = 10 x 0.498 = 4.98 lbm 

Using the equation, u 2 —u 0 = c v (T 1 -T 0 ) (1) 
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with To = 0°F = 460°R, 

u = 0.171x (540 - 460) = 13.7 Btu/lbm 
t 

Hence 

u = Mu = 4.98 x 13.7 = 68.1 Btu 
t 

Cylinder air 60°F (= 520°R), 14.7 psia 

P 14.7x144 

p = — = - = 0.0764 lbm/ft 3 

RT 53.3 x 520 

M = 0.5 x 0.0764 = 0.038 lbm 
c 

u = 0.171X (520 - 460) = 10.3 Btu/lbm 
c 

U = 0.038 x 10.3 = 0.39 Btu 
c 

So, the total mass and energy in the initial configuration 
are 

M = 4.98 + 0.038 =5.02 lbm 
U 2 = 68.1 + 0.39 = 68.5 Btu 
Final state: All air at 60°F (520°R) 

The total final volume is 
V = 10.00 + 0.5 + 3.0 = 13.5 ft 3 
Hence the final density is 

p 2 = | = 0.372 lbm/ft 3 

The final pressure is, 

P 2 = p 2 RT 2 = 0.372 x 53.3 x 520 = 10,400 lbf/ft 3 
= 71.7 psia 

(b) The final specific internal energy is [Eq. (1)] 

u 2 = 0.171 x (520 - 460) = 10.3 Btu/lbm 
So 

U 2 = Mu 2 = 5.02 x 10.3 = 52.0 Btu 
Now calculate the internal energy increase as 
AU = U 2 - U x = 52.0 - 68.5 = -16.5 Btu 
(The minus sign indicates that the internal energy actually 
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decreases.) Substituting for W and AU in the energy balance 


Q = 27.8 + (-16.5) = 11.3 Btu 


• PROBLEM 3-52 


An insulated tank with a volume of 0.5m 3 contains air at 
100 kPa and 25°C. The tank is connected through a valve 
to a large compressed air line. The air in the line is 
maintained at 700 kPa and 120°C. The valve is then opened 
and air is allowed to flow into the tank until the tank 
pressure becomes 500 kPa. At that point the valve is closed. 
Determine the mass of air that enters, and the final 
temperature of the air in the tank. 



T l = 120°C = 393.15 K 


Solution : This is a uniform-state, uniform-flow problem with 

mass entering the system. In order to calculate this mass, 
first calculate the mass that was originally in the system 
(before the valve was opened). Assuming air to behave ideally 
in the equation of state. 


m 


PV 

RT 


and R = 0.287 k«J/kg-°K 


for the mass of air get 


(The subscript: i stands for "in", F stands for "Final”, 
I stands for "Initial", and L stands for "Line". 


P V 

II _ 100 x 0.5 

I R Tj 0.287 x 298.15 


0.5843 kg 


(1) 


The mass that enters the system is given by the equation 
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( 2 ) 


But 


m. = ny-mj 


m = 


P V 
F F 


F RT t 


which has two unknowns (m F , T^,) 


(3) 


The First Law is then written for the system, (a closed one 
in this case), on a mass basis as: 

Q + Zm.h. = [m h + m^u^ - m T u, + w (4) 

^c.v. li ee FF II c.v. 

Now, the following conditions hold. 

(i) There is no work done on or by the system 

W12 = 0 

(ii) Since the tank is insulated 

Qi 2 = 0 

(iii) No mass leaves the system 

m e = 0 

(iv) The ideal gas equations 

du = c dT and dh = c dT 
v 0 Po 

will be used with 


c = 0.7165 and c = 1.0035 kJ/kg-°K 
Vo Po 


(v) The volume is constant throughout the process. With the 
above conditions in mind. Equation (4) takes the 
following form 


m. c T t = 

l Po L 


m F C v 0 T F - "l c ., T f 


( 5 ) 


which upon substitution of Equations (1), (2), and (3) and 
rearranging, 



R 

multiply both sides by ^^ , and substitute the given 

L v 0 

and calculated values to get 
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o 


P T /C \ 

(p _p ) _ —Z _ —I [ —ELo. 

T J m rp I r> X T 


= (500-100) 


100 

298.15 


1.0035 

0.7165 


x 393.15 


= 584.682 - 


275,314.7418 


solving for T p , obtain 

T F = 27 584:M - 418 = 470 - 88K = 197 ' 73 ° C 

Now that the final temperature is obtained; from Equation (3), 
the final mass is 


P V 
F 

m F RT p 


500 x Q,5 
0.287 x 470.88 


= 1.8499 kg 


By Eq. (2) 




= 1.8499 - 0.5843 


= 1.2656 kg 


• PROBLEM 3-53 


A piston cylinder arrangement is connected with a line to a 
large tank containing air at 20°C, 300 kPa - as shown in the 
figure. Initially the cylinder contains 0.1m 3 of air at 
40°C, and the mass of the piston is such that a pressure of 
200 kPa is required to raise it. The valve is then opened 
and air is allowed to flow into the cylinder until its 
volume doubles, at which time the valve closes. Assuming air 
to be an ideal gas, and no heat transfer occurring during the 
process, calculate the final temperature of the air in the 
cylinder. 
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Solution : The mass inside the cylinder initially is obtained 

by use of the ideal gas equation of state, 


mi 


= PiVi 
RT t 


(R . = 0.287 kJ/kgK) 

all 


= 200 X 0.1 _ 

0.297 x 313.15 _ °' 2225 k S 

when the valve opens the volume doubles and becomes 
V 2 = 2 V! = 2x0.1 = 0.2 m 3 

and 


m o 


RTo 


The first law for this case on a per mass basis is 

Q + m.h. = m h + m 2 u 2 - miUi + W 

^c.v. ii ee 22 11 c.v. 

where 


( 1 ) 


and 


Q =0 (given) 

C • V • 

m e h e =0 (no mass is leaving from the cylinder) 


Furthermore the work for this process is the work done in 
moving the piston from state 1 to state 2 


c.v. 


PdV = P(V 2 -V 1 ) = 200(0.2-0.1) = 20 kJ 


Assuming constant specific heats, 

du = c dT and dh = c dT 
Vo Po 

where for air c = 0.7165 kJ/kgK and 


c = 1.0035 kJ/kgK 
Po 

Hence Eq. (1) takes the form 

m.c T t = m 0 c T. - m c T + W 
ipoL 2 Vo 2 lVol 12 

where the subscript L refers to the air in the line. 

Solving for T 2 in the above equation one gets 

m.c T t + mic Ti - W 12 

T, = 1 Po L _2La_ 

m, c 
2 v 0 

where iik = m 2 -mi (mass entering the cylinder) 


( 2 ) 


This equation cannot be solved because it has two unknowns. 
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But from the ideal gas equation of state 


T = 

1TI2R 


( 3 ) 


Equations (2) and (3) involve the same two unknowns. M 2 and 
T 2 (since P 2 = Pi) and thus can be solved simultaneously, for 
the two unknowns. 


Substituting Eq. (3) into Eq. (2), 

P 2 V 2 (m 2 -m 1 )c po T L + m 1 c V() T 1 - W 12 
M 2 R m 2 c 

v 0 


Solving for m 


P 2 V 2 c V o+ R[n l (c po T L - + W 12 ] 

Rc T t 
P o L 


_ (200)(0.2X0.7165) 

(0.287>(1.0035>(293.15) 

0.287T0.2225(1.0035 x293.15 - 0.7165x313.15) + 20] 
+ (0.287>(1.0035>(293.15) 


= 0.4602 kg 

Substituting this value into Eq. (3), the final temperature 
in the cylinder is obtained. 


or 


P 2 V 2 

T 2 = - 

nr)2R 


( 200 )( 0 . 2 ) 

(0.4602X0.287) 


= 302.85 K 


T 2 = 302.85 - 273.15 = 29.7°C 


• PROBLEM 3-54 


SCUBA tanks normally have a volume of 1 ft 3 and contain air 
at 50 psia and 75°F after it is used. Assume that they are 
recharged by connecting them to a pipeline at 100 psia and 
120°F. Air is passed into each tank until the pressure in it 
is 1000 psia. Calculate the amount of air added and the 
total amount of air in the tank at the end of filling if 

(a) the tank is filled slowly and the final temperature of 
air in the tank is the same as the room temperature 
(75°F). 
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(b) If the tanks are filled rapidly, so that the process is 
adiabatic. 

Assume air obeys the ideal gas equation of state and 
C = 4.4 + 1.5 x 10 _3 T cal/g-mol°K. 

V 


Solution : (a) Determine the mass of air remaining in the 
SCUBA (Self Contained Underwater Breathing Apparatus) tank 
at the beginning of the filling: 


»-v V 


where v is obtained from the ideal-gas equation of state and 
the known initial pressure and temperature: 


where R = 1545 ft-lb^/lb-mol°R 


P = 50 psia = 7.20 x 10 3 lb f /ft 2 
T = 75°F = 535°R 


Therefore, 


(1545)(535)(ft-lb f )°R/(lb-mol°R) 


7.20 x 10 ; 


(lb f /ft 2 ) 


= 115 ft 3 /lb-mo1 


3.96 ft 3 /lb 


Thus the amount of air left in each tank is: 


M 3.96 ft 3 /lb 0.254 lb m 
m 


At the end of the filling operation 


= 1000 psia = 1.44x10 5 lb f /ft : 


T , = 75°F = 535°R 
end 


Therefore 


^end = 054521535) ft 3/ lb _ mol 

P , 1.44 x 10 s 

end 


= 5.72 ft 3 /lb-mo1 = 0.197 ft 3 /lb_ 
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and 


M 


end 


i ft 3 

0.197 ft 3 /lb 

m 


5.07 lb 

m 


The amount of air needed to fill each cylinder is then the 
difference between M gnd and M i n it±a.1 : 

AM = 5.07 lb_ - 0.25 lb m = 4.82 lb 
m m m 

(b) For the adiabatic filling the final temperature is 
unknown. Thus determine T gnd . Since P end is still 1000 psia, 

determination of any other end property will give the desired 
temperature. The additional property to be determined is the 
internal energy (or, equivalently, the enthalpy). Begin by 
picking a system for analysis and applying the energy equation 
to the system and process (as shown in the figure). 

Several choices of systems are available for this problem. 
Choice of the tank, the valve, and their contents as the 
system will lead to the most direct solution of the problem. 
Now assume that potential and kinetic energy changes are 
negligible during the filling process. In addition, no mass 
leaves the system during the filling operation, so that the 
energy equation around the system can be written as: 

(h6M). + 6Q - 6W = d(Mu) 

in fc»y o 

The filling operation is adiabatic, so that 6Q = 0. In 
addition, since no shaft passes through the system boundaries, 
and the system boundaries are rigid and immobile, 6W = 0 and 
the energy equation reduced to: 

hSM. n = d(Mu) sys 

Now this result must be integrated over the entire filling 
operation: 


' r 

h6M. = 

in 


d(Mu) 


sys 


hj[ n is enthal Py air entering the system, in 

this case, the enthalpy of the air in the supply pipeline. 
Since the supply pipeline conditions do not change during 
the filling operation, h^ n is constant and may be removed 

from under the integral of the left-hand side. The integral 

of 6M. is the total amount of mass which enters the tank, 
in 

The integral of the right-hand side is the total change in 
(Mu ) during the process. 




I(Mu) end - <Mu) begii, ) 


sys 


or 
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h. M. = [M ,u , - M. . u, . ] 

m in L end end begin begm J sys 

M±n may be eliminated by means of the mass balance: 

M. = M , - M, . 
m end begin 

Substitution into the energy balance then gives: 

h. [M , - M, . ] = [M ,u , - M, . u, .1 

m end begin sys end end begin begin *sys 

or 

^endt h in ” u end^ ” M begin^ h in “ u beginJ 


Equation (1) contains five distinct variables: M 


. , h. , 

begin* in 1 


u, . , and u ,. 

begin* end 


end* 

M, is already known, 

begin 


h. and u. can be evaluated from the known pressure and 
in in 

temperature of these materials. Thus equation (1) contains 
two unknowns, and more equations will have to be developed 
before determining the missing unknowns. Relate the final 
mass of air in the cylinder to the cylinder volume by means 
of the final specific volume: 


M 


end 


v tank 

v end 


( 2 ) 


Equation (2) however adds another variable u 0nd to the 

system of equations and there is still one more unknown than 
the number of equations. The final specific volume, in turn, 
may be related to the final temperature and (known) pressure 
by means of the ideal-gas equation of state: 


RT 


end 


end 


P end (mo1 wt) 


(3) 


Although equation (3) adds a fourth unknown, to 

our system of equations, the closing equation is now 
obtained by using the law which states that the specific 
internal energy of a gas which obeys the ideal-gas equation 
of state is a function only of the gas's temperature: 


u end 


,<T e„d ) 


( 4 ) 


Since equation (4) adds no new unknowns, our system of 
equations is now complete. There are four equations with 
four unknowns. However, before solving these equations, 
develop the functional form indicated in equation (4): 

The constant-volume heat capacity C v is defined by: 
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As indicated, however, the constant-volume restriction is 
unnecessary for a gas which obeys the ideal-gas equation of 
state. Thus for this problem: 



or 


du = C y dT (5) 

Now arbitrarily assign a reference state internal 
energy: u = 0 at T = 75°F. The internal energy at any 

other temperature is then obtained from the integral of 
equation (5) 


u(T) 


I 


T 

T=75°F 


C v dT 


Substituting the expression for C v , 

C v = [4.4 + 8.35 X 10' 4 T(°R) -1 ] 

m 

then gives 

fT 

u(T) = | [4.4 + 8.35 x 10 -4 T(°R) -1 ]dT 


= (4.4[T - 535°R] +4.18 x10 “ [T 2 - (535°R) 2 ]°R * 

D m 

or 

u(T) = [ 4.4T( °R)~ 1 + 4.18 x 10 -4 T 2 (°R)~ 2 - 2470] (6) 

D m 

The enthalpy is obtained from: 
h(T) = u(T) + Pv 
= u(T> + RT 
or 

h(T) = [6.4T(°R) _1 + 4.18 x 10 -4 T 2 (°R) -2 - 2470] (7) 

m 


Therefore: 


u, 

begin 


0 Btu/lb 

m 
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h. = h(585°R) = 1213 Btu/lb 
in m 


and 


M, 

begin 


0.254 lb 

m 


Thus the system of equations to be solved can now be 
expressed as: 


"end f 1213 TIT - “end] ' °- 
L m J 


254 lb [1213 - 0] 

m lb 

m 


or 


"end [ 1213 TET - “end] ' 296 Bt “ 


( 8 ) 


M 


1 ft : 


end v 


end 


(9) 


1545 

v end = 29 x 


ft-lb, 


1.44 x10 5 lb (lb„/ft 2 ) 
m i 


or 


V__. = 3.70 X 10 4 T(rrP* 


end 


lb R 
m 


( 10 ) 


and 

“end ' t4 ' 4 T end ^° R ^ _1 * 4 -l« - 10 "‘ T e„d<‘ 2470 >TT ! <n > 

m 


Equation (11) is non-linear in temperature. A simple direct 
solution of equations (8) through (11) cannot be used. 
Therefore reduce the system of equations to a single non¬ 
linear equation in T end and this equation can be solved by 

appropriate means. 


Eliminate between equations (8) and (9) 


(1213 Btu/lb - u ,)ft 3 
_m_ end _ 

v end 


= 296 Btu 


( 12 ) 


v end is now eliminated between (12) and (10) 


(1213 Btu/lb - u ,) ft 3 
_m_ end _ 

3.70 x 10~ 4 T ,ft 3 /(lb °R) 
end m 


= 296 Btu 


or 
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(1213 Bt u /lb m - u end > = 1.09 x 10-‘T end ^ (13) 

m 


u , is then eliminated between (13) and (11) to give a 
end 

single equation in T end * 


[3684 - 4.4T end (°R) 1 - 4.18 x10 4 T* Qd ( 


5r -2 x ,Btu 
m 


(14) 


= 1.09 x10 


Btu 

end lb °R 
m 


Although this equation is nonlinear in T it is only 

quadratic, and thus the use of the quadratic formula appears 
the most direct means of solution. Equation (14) may be 
rearranged to: 

4.18 x 10 -< V nd ( o R -2 ) + 4.5 T end (°R) _1 - 3684 « 0 


Application of the quadratic formula yields: 

T = -4.5 + /C4.5) 2 + (4)(3684)(4.18 x 10~' ir )' On 
end 2 x 4.18 x 10 - * 


or 


Thus: 
and 


T end = 765 ° R 

v . = 0.283 ft 3 /lb 
end m 


M , = 3.53 lb 
end m 


The mass added during filling is 


M , - . = (3.53 - 0.254) lb = 3.28 lb 

end begin m m 
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CHAPTER 4 


ENTROPY AND THE SECOND LAW OF 
THERMODYNAMICS 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 151 to 
221 for step-by-step solutions to problems. 


The first law of thermodynamics states that energy is conserved, but no 
restrictions are imposed on the direction of energy change. However, work can 
be completely converted into heat, but heat can never be completely converted 
into work even through both heat and work appear as additive terms in the first 
law of thermodynamics. In fact, all efforts to design devices to convert heat 
completely into work or into mechanical or electrical energy have been unsuc¬ 
cessful. All of these devices contain friction, which converts some of the energy 
to heat, and this prevents all of the energy from being converted into work. Heat 
is viewed as a form of energy which is less useful and valuable than an equal 
amount of work or mechanical energy. 

The second law of thermodynamics imposes restrictions on transformations 
of energy in the first law of thermodynamics. These include the restrictions that 
heat cannot be completely converted to work, and that heat flows from a higher 
temperature to a lower temperature but not in the reverse direction. The restric¬ 
tions on the transformations of energy are important in the design of power plants 
and other devices that convert heat to work, and the ideal heat engine analysis is 
key in quantifying the efficiency of these processes. 

Heat engines absorb heat at a high temperature, produce work, and reject 
heat at a lower temperature. Many plants function this way, including steam 
power plants, refrigerators, heat pumps, and internal combustion engines. The 
Carnot engine is an ideal, completely reversible engine used for comparison 
with actual engines or cycles. 

The Carnot engine has constant temperature hot and cold reservoirs and a 
gaseous working fluid. There are four stages for the cycle of the Carnot engine. 
First, the fluid is initially at thermal equilibrium with the cold reservoir at tem¬ 
perature T c . Then it undergoes an adiabatic, reversible compression requiring 
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work, which raises the fluid temperature to the temperature of the hot reservoir, 
T h (step 1). At the hot reservoir an amount of heat Q H is absorbed isothermally and 
reversibly by the working fluid, which performs work (step 2). Then the working 
fluid undergoes an adiabatic, reversible expansion producing additional work, 
which lowers the fluid temperature to the temperature of the cold reservoir, T c 
(step 3). At the cold reservoir an amount of heat, Q c , is discharged isothermally and 
reversibly by the working fluid, which requires work (step 4). A net amount of 
work is produced by the cycle in transferring heat between the two reservoirs. 


For two heat reservoirs at temperatures T H and T c , no engine can have a higher 
thermal efficiency than a Carnot engine because it is an ideal engine operating 
reversibly with no friction. The thermal efficiency of an engine is defined as the 
net work output, W, divided by the heat input, Q H . By applying the first law of 
thermodynamics to the engine, W = Q H - Q c is obtained, and the thermal effi¬ 
ciency is given by the following equation: 


W Qh-Q c l Q c 
Qh Qh Qh 


( 1 ) 


By applying the first law to each step in the cycle for an ideal gas and 
summing the work performed, the following simple equation is obtained for the 
thermal efficiency in terms of the absolute temperatures of the hot and cold 
reservoirs, T H and T c : 


11 = 



( 2 ) 


Thermal efficiencies for real heat engines are of the order of 0.35. In a typical 
power plant the furnace operates at about 600 K, and cooling water is available 
from a reservoir at about 300 K. Consequently, by Eq. (2) the maximum or 
Carnot engine efficiency would be 0.5 for the power plant. 

In the Carnot engine cycle, an equation is obtained from the first law of 
thermodynamics in which the sum of the ratios of the heat transferred from the 
reservoirs divided by the reservoir temperatures is equal to zero, i.e., 

^ + ^-0 (3) 

Trr T 

li C 


For an arbitrary reversible cycle with infinitesimal, isothermal steps, the equation 
corresponding to Eq. (3) is: 

^ + ^ = 0 (4) 

t h t c 

Eq. (4) provides the basis for the definition of the thermodynamic function 
entropy, S. Let dQ rev be defined as the infinitesimal, isothermal reversible transfer 
of heat from a reservoir at temperature T, as given in Eq. (4). Then the ratio of 
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dQrev to T is defined as the differential of the thermodynamic function entropy dS by 
the following equation: 

dS = (5) 


For the arbitrary reversible cycle, integration of Eq. (5) over the whole cycle 
would be zero, i.e.. 


j dQrsv._Q 


( 6 ) 


However, for an actual cycle, the integral over the entire cycle would not be zero 
because of friction, turbulence, and other irreversible effects. 

The change in entropy A S for a system undergoing a reversible process is 
found by integrating Eq. (5): 

AS = f^ (7) 

When a system undergoes an irreversible process from one equilibrium state 
to another, Eq. (7) can be used because entropy is a state function which is 
independent of the path. Moreover, when a process is reversible and adiabatic, 
then dQ rev = 0 and dS = 0. Therefore, the entropy of the system is constant during 
an adiabatic, reversible process, and the process is called isentropic. 

The entropy change for a reversible process with an ideal gas in a closed 
system can be evaluated using the first law of thermodynamics, which is: dU - 
dQrev + PdV. Replacing dQ rev with TdS from Eq. (5), the following equation is 
obtained after further manipulations using the ideal gas law and integrating from 
initial states P x and T x to final states P 2 and T 2 : 

A S = C P In (T 2 /T x ) - R ln(P2/P,) (8) 

where R is the universal gas constant and C p is the mean heat capacity at constant 
pressure. 

The general equation (in terms of temperature and pressure) to be evaluated 
for the entropy change in a homogeneous fluid of constant composition is: 


dS = C p 


dJ^_(dV\ 
T \dT) 


dP 

T 


( 9 ) 


This question can be used to evaluate entropy changes for nonideal fluids. 

The second law analysis is important for flow systems. For example, in 
compressible gas flow in variable area ducts, the equation that represents the 
change in entropy is obtained from the continuity equation, first law of thermo¬ 
dynamics and the fundamental equation TdS = dH - VdP. This is the following 
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equation in terms of the fluid velocity u: 
TdS = u 2 dV/V- VdP 


(10) 


The change in entropy must be positive for the flow according to the second 
law of thermodynamics, and the condition dS = 0 gives the maximum velocity in 
the duct for flow accelerating from a low velocity. Using Eq. (10) with dS = 0, the 
relation for the maximum or acoustic velocity in compressible gas flow is ob¬ 
tained as: 


u 


2 

max ~ 


(*L\ 

VaW, 


(ii) 


This equation can be evaluated for an ideal gas to obtain the following 
equation for the maximum velocity (velocity of sound): 

U m ax = (kRT) l/2 (12) 

where k is the ratio of Cp/C v . Eq. (12) is an important design equation for expan¬ 
sion processes that involve nozzles, turbines, orifices, and valves. It determines 
the maximum mass flow rate through the equipment (w max = pAu max ). 

For turbines or expanders, internal energy is converted to kinetic energy, 
which is converted to shaft work when the high-velocity stream impinges on 
blades to turn a rotating shaft. Using the turbine as the system, the first law 
simplifies to: 

W S = -AH (13) 

and the expansion is adiabatic but not isentropic. 

However, the change in enthalpy for an isentropic expansion, A H rev , can be 
determined based on the inlet conditions to the turbine, and this would be equal 
to the isentropic work, W Strev9 which is the maximum that could be obtained from 
the adiabatic turbine. This leads to the definition of a turbine efficiency, r \ ( , given 
below: 


W s,rev 


(14) 


Efficiencies for properly designed turbines or expanders are in the range of 70 to 
80 percent. [Note: This turbine efficiency is not the same as the thermal efficiency 
defined by Eq. (2).] 

Throttling processes are used for cooling and liquefying gases, and gas flows 
through an orifice or porous plug with no appreciable change in kinetic energy. 
The process occurs at constant enthalpy with an increase in entropy. The entropy 
increase is computed using Eq. (8) for an ideal gas, or Eq. (9) for a real gas. 

Compression processes employ compressors, pumps, fans, and blowers to 
increase the pressure of a flowing fluid. In a compression process, the minimum 
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shaft work is obtained with an isentropic process. In this case, compressor 
efficiency is defined as: 


*lc = 


W s 


A H 


(15) 


where W s and A H are for the actual process. Efficiency for compressors is com¬ 
parable to turbines and is 70 to 80 percent. 

Compressors, turbines, boilers, and condensers can be combined in cycles to 
convert heat to shaft work. Those are described and illustrated in Chapters 8 and 
9 on power and refrigeration cycles. 

In summary, energy must be conserved by the first law of thermodynamics, 
and the second law of thermodynamics places restrictions on the direction of 
energy transfer. The ideal reversible Carnot engine was used to describe these 
restrictions, and it gives the upper limit on thermal efficiency for a cycle. The 
thermodynamic function entropy was defined using the ideal reversible cycle 
concept, and equations were given to evaluate entropy changes for closed and 
open systems. 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Entropy and the Second Law 
of Thermodynamics” 


REVERSIBLE PROCESSES AND CYCLES 


• PROBLEM 4-1 


A Carnot engine operates between the temperatures 1000°F and 
50°F, producing 120 Btu of work. Calculate the heat input 
to the engine. 



w = 120 Btu 


Solution s The first law of thermodynamics yields 

«H - % ‘ * 


Cl) 


where 


Q h = Heat input 

Q l = Heat output 

W = Work done = 120 Btu 
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From the definition of absolute thermodynamic temperature 
scale, 


_ ^Ii 
«L ‘ T L 


Solving equations (1) and (2) for Q„, 

n 


«H - «H £ ’ » 

a h 


q h i-t"7t h 


T r = 1000 + 460 = 1460°R 


T L = 50 + 460 = 510°R 


Substituting these values in equation (3), 


Q H 1-(510/1460) - 184,4 Btu 


• PROBLEM 4-2 


The temperature inside a Carnot refrigerator is maintained 
at 5°C by rejecting heat to the surroundings at an ambient 
temperature of 27°C. The inside temperature is now 
decreased to -13°C, the ambient temperature remaining 
constant at 27°C. Determine the percent increase in work 
input for the same quantity of heat Q L removed. 


Solution : Using the first law of thermodynamics and the 

definition of the absolute thermodynamic scale of 
temperature, 


and 


% 


- Q L = W 



( 1 ) 


( 2 ) 


Solving for Q in equation (2) and substituting in equation 

( 1 ), 
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(3) 


W = Q. / H - 1 


When the refrigerator operates between 5°C and 27°C, 

T r = 273 + 27 = 300°K 


T l = 273 + 5 = 278°K 


Wi = Q t 


L \278 


1 = 0.0791 Q 


When the refrigerator works between -13°C and 27°C, 

T r = 273 + 27 = 300°K 

T l = 273 - 13 = 260°K 


w * = q l m - 1 = °- 1538 Q L 


The percent increase in work input is then given by 
w w /0.1538 Q - 0.0791 Q.\ 

^ * 100 = (- bVO - 91 Q l --) X 100 


= 94.5% 


• PROBLEM 4-3 


A reversible cyclic device does work, while exchanging heat 
with three constant temperature reservoirs as illustrated 
in the figure. The three reservoirs 1, 2, and 3 are at 
temperatures of 1000°K, 300°K,and 500°K respectively. It is 
known that 400 kJ of heat are transferred from reservoir 1 
to the device, and the total work done by the cyclic device 
is 100 kJ. Determine both the magnitude and direction of the 
heat transfer with the other two reservoirs. 


Solution : Applying the first law of thermodynamics to this 

system 

^TOT = W T0T 
or 

Q> * + «* * "Device 


Substituting the known values 
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400 + Q 2 + Qs = 100 (1) 

Since Eq. (1) is an equation with two unknowns, a second 
equation must be obtained. From the second law of 
thermodynamics 


i 


dQ 

T 


rev 


0 


or 


Qi + + Si 

T i T 2 T 3 


0 


Substituting the known values 


400 _Q*_ 

1000 300 



or 


0.4 



. 9 » 

500 


0 


( 2 ) 


Eqs. (1) and (2) have the same two unknowns, and can therefore 
be solved simultaneously. Solving for Q 2 in Eq. (1) and 
substituting into Eq. (2) gives: 


or 


0.4 + 


/-300-Q 3 
\ 300 


+ 


Q 3 _ 

500 ~ 


0 


0.4 


2Q 3 

1500 


0 


Solving for Q 3 , 


Q 3 = -450 kJ 

154 



From Eq. (1) then 


Q 2 - *~300 — Q 3 

= -300 - (-450) 

= +150 kJ 

Therefore 150 kJ of heat is transferred from reservoir 2 to 
the device, and 450 kJ of heat are rejected from the device 
to reservoir 3. As a check Q t q T must equal W T q T , 

400 + 150 - 450 = 100 
which is a true statement. 


• PROBLEM 4-4 


One kg of water is initially located 100m above a very large 
lake. The water, the lake, and the air are at a uniform 
temperature of 20°C. Then the one kg of water falls into 
the lake, mixing and coming to equilibrium with it. Determine 
the entropy change associated with this process. 


Solution : For a combined system of the water, the lake, and 

the air 


U F - u ! = (P.E.)j - (P.E.) f 

However at the final state (at equilibrium) the potential 
energy (P.E.) is zero. Thus 

U F - u i = (P.E.)j = mgh 

where 

m = 1 kg 
g = 9.81 m/sec 2 
h = 100 m 

Also for the change in entropy 

ds = | (du + Pdv) s i du (1) 

Integrating Eq. (1), 

| ds = As = f du 
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rp (Up - Uj) 

= ^ (mgh) 


Substituting the known values 

1 


As = 2I3 (1.0X9.81 x 100) 


= 3.346 J/°K 


ENTROPY CHANGE IN REVERSIBLE AND 
IRREVERSIBLE PROCESSES 


• PROBLEM 4-5 


An adiabatic system, open to the atmosphere which has a 
pressure of 14.7 psia, consists of 1.0 lbm of ice at 32°F 
and 6 lbm of liquid water at 80°F. Assuming a constant 
specific heat C = 1.0 Btu/lbm-°F for water, and the latent 

heat of fusion for ice to be 144 Btu/lbm, determine the 
final temperature of the system and the change in entropy 
for the spontaneous adiabatic process. 


Solution ; Since the process is adiabatic, the change in 
enthalpy is zero, thus, 

AH = 

P = const. 

or 

(mAh). + (mAh) =0 ( 

ice water 

Let the final temperature be T. Then equation (1) can be 
written as 

144 Btu/lbmxl lbm + (T°F - 32°F)xl.o Btu/lbm-°F x 1.0 lbm 
+ (T°F - 80°F) x1,0 Btu/lbm-°F x 6 lbm = 0 


or 


7T - 368 = 0 
T = 52.6°F 

The change in entropy is given by 
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where 


AS . = AS. + AS . 

system ice water 


AS^ ce = AS due to melting ice at constant temperature 

+ AS due to heating melted ice from 32°F to 52.6°F 

_ 144x1.0 /52.6 + 460\ „ , „ 

" 32 + 460 + 1 '° ln { 32 + 46o J * 1 ‘° 

- 0.292 + 0.041 

= +0.333 Btu/°R 

AS = AS due to cooling from 80°F to 52.6°F 

water 


/52 . 6 + 

= 1 *° ln [ 80 + 


= -0.312 Btu/°R 


x 6.0 


Thus, 


AS +0.333 - 0.312 = +0.021 Btu/°R. 

system 

The positive sign indicates that the entropy of the system 
has increased due to the irreversible process. 


• PROBLEM 4-6 


One lbm of saturated water is initially at 100°F. It then 
undergoes an isothermal process until the final pressure of 
the water is 3000 psia. Calculate the entropy change for 
the water by (a) using data from the steam tables and 
(b) using the experimental expansion coefficient 

6 = 205x10” 6 °R~ 1 , assumed constant for the given change in 
pressure. 


Solution : (a) Since all the calculations will be made on the 
basis of large increments, they will be approximate. 

Therefore assume the liquid to be incompressible, with the 
isothermal bulk modulus given by 



and the change in entropy given by 
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T 

V f 

Av f 

Av/At 

°F 

ftVlbm 

ft 3 /lbm 

ft 3 /lbm-°R 

120 

0.01620 

0.0012 

3 x 10" 6 

80 

0.01608 




ds = c p 


dT 

T 


Next approximate the value of 
as follows: 



dP 


( 2 ) 


using the steam tables 


For this range of temperatures, the saturation pressure 
changes very little and therefore the value obtained is 
virtually at constant pressure. Neglecting the initial 
pressure (P x = 0.95 psia) because it is small compared to the 
final pressure, and integrating Eq. (2), 

{ ds - 4 s - -} gf) p dp 



AP 


substituting the numerical values, and converting to the 
proper units 

to - 

= -1.665 xio' 3 Btu/lbm-°R 

In the steam tables, for compressed water, a more accurate 

value of -1.79 * 10~ 3 Btu/lbm-°R is obtained. The calculated 
value is therefore only an approximation, and a correction 
method has to be applied for a more accurate value. 


(b) Since T = constant, Eq. (2) and the relation 



combined, give 


or 


ds = -vBdP 


A s = -vBAP 
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(0.01613)(205x10~*)(3000-0-95)(144) 
__ 


= - 1.77 xio' 3 Btu/lbra-°R. 


• PROBLEM 4-7 


A reversible cyclic heat engine is used to cool an aluminum 
block having a mass of 5 kg,from 40°C to 20°C by reversibly 
transferring heat from it as shown in the figure. The room 
air, which is at 20°C serves as a constant temperature sink 
for the engine. What is the change in entropy for the block 
and for the room air? Also calculate the work done by the 
engine. Assume for aluminum C = 400 J/kg-°K. 



Solution ; The block is cooled reversibly, therefore 


ds 


(f 1 ) 

' 'revers. 


( 1 ) 


where dQ is the heat transferred to the block. However we 
can also write 


dQ = mCpdT 


( 2 ) 


Combining Eqs. (1) and (2) , 


ds 


mC 

P 


dT 

T 


Integrating 

< s 2 - s i^block =mC p ln 
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- 5 ' 400 > ln (ffi) 

= -134 J/°K. 

The process is reversible, and if the system is taken to be 
the block, the engine, and the room air then this system 
is adiabatic and dQ = 0. In turn for an adiabatic system in 
a reversible process, the change in entropy is zero. 

Therefore for the room air 

(S 2 - s 1 ) air = -(s 2 - s x ) block = +134 J/°K 

To calculate the work, consider the efficiency of a completely 
reversible engine. 


<4 J. 0 

n rev 1 “ T 


and 


dW -dW 


rev dQ mC dT 
h P 

Equating (3) and (4) and solving for dW obtain 

dW = mC T 0 ^ - mC dT 


Integrating Eq. (5) as the temperature changes from T 2 
to T 2 = 293°K, the total work is obtained 


W = mC In - mC (T 2 - T x ) 

P Ti p 

= 5(400) In (HIj - 5(400)( 293 - 313 ) 


= -39,260 + 40,000 
= 740 J. 


(3) 


(4) 


(5) 

313°K 


• PROBLEM 4-8 


A 34 kg steel casting at a temperature of 427°r: is quenched 
in 136 kg of oil initially at 21°C. Assuming no heat losses 
and the steel casting and oil to have constant specific 
heats of 0.5024 and 2.5121 kJ/kg-°K respectively, determine 
the change in entropy for a system consisting of the oil and 
casting. 


Solution ; In this process, since there are no heat losses, 
whatever heat is rejected from the hotter medium is going to 
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be added to the colder medium making the total energy of the 
oil and steel, zero. Therefore 


Q 


cast 


Q 


oil 


or 

m c C p (Tl ' V = m ° C p (T F - T 1 ) 

Substituting the numerical values into Eq. (1) 

34(0.5024X427 - T p ) - 136(2.5121)(T p - 21) 


or 


7,293.84 
Solving for T^, 


17.08T p = 341.65T p - 7,174.56 


14,468.40 

358.73 

40.3°C. 


The change in entropy for the system is 

<1S W - (4S >oil ♦ <‘ s >cst. 


where for the oil 


( 1 ) 


( 2 ) 


(AS) = f ^ =m C I ^ 
v 'oil J T p J T 

= mC p ln ft 

or 

(AS) oil = (136X2.5121) In (— 

= 21.72 kJ/°K 

For the steel casting, following the same procedure 

<as >« S t. - m c c p in m) 

= 34(0.5024) In ( 3 y 3 ^ - 3 ) 
= -13.73 kJ/°K. 

Then from Eq. (2) 

(AS) . = 21.72 - 13.73 = 7.99 kJ/°K. 

syst. 
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• PROBLEM 4-9 


Derive an equation for the entropy change of an ideal gas 
undergoing any reversible or irreversible process, by 
using the definition for the change in entropy 


ds 


= ia 


T 


along any reversible path connecting the same end states. 
Assume constant specific heats. 



Solution : Entropy is a property, and for a pure substance 

is determined by any two independent properties, regardless 
of the motion or position of the system. Therefore it does 
not matter whether the substance is in a closed system, or 
is flowing into, out of, or through an open system. Also the 
change in entropy depends only on the end states and not on 
the path connecting them. 

The figure depicts three of the possible reversible paths 
between the two states (1 and 2). The derivation will 
therefore be made for these three reversible paths. 

Path l+a+2: 


ds 



( 1 ) 


Path l-*a represents a constant volume process. Hence for an 
ideal gas 


6q 


i-*a 


= du = C dT 
i-*a v i 


-*a 


( 2 ) 


Path a+2 is a consLant pressure process. Hence for an ideal 
gas 
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<5q = dh = C dT 

a -*-2 a -*-2 p a-* 2 


Substituting Eqs. (2) and (3) into Eq. (1), 


Integrating 




AS = C. In + C in ii 


( 3 ) 


(4) 


(5) 


From the ideal gas equation 

Pv = RT 

at states 1, a, and 2 obtain 

T P n 

a _ a _ P 2 

T 1 Pi Pi 


and 


T 2 _ V2 _ V2 

T v v x 
a a 1 


Substituting these relations into Eq. (5) gives 


AS. , = C In ^ + C In — 
x -* 2 v Pi p Vi 


Path l+b+2: 


- ■ ^ * (?) 


( 6 ) 


(7) 


( 8 ) 


(9) 


( 10 ) 


b-»-2 


Path l-*-b represents an adiabatic process. Hence 

6q i+b = 0 


(ID 


Path b+2 represents a constant pressure process. Thus 


6q ^b = dh ^b = C P dT 


Substituting (11) and (12) into (10) 

■ ° ♦ k f) 

Integrating 


i-*b 


i-*b 


43 ■ s ln ¥ b 


( 12 ) 


(13) 


(14) 
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From Eq. (6) 


T 2 _ v 2 

T, v, 
b b 


Substituting (15) into (14) 


AS = C_ In = C_ In 


P v b p 


V Vl 


Path l+c+2 


* - (¥) w * (f), 


Path l-*c represents an isothermal process. Hence 

6q, = 6w, = PdV 

M 1-*C l-KC 

Path c-*2 represents a constant pressure process. Hence 

d6 = dh = C dT 

C+2 C->2 P C->2 

Substituting Eqs. (18) and (19) into Eq. (17) 


* ■ <TL • h ¥). 


For an ideal gas however, from Eq. (6) 

p = RT 

V 

Substituting Eq. (21) into Eq. (20) and integrating 


From Eq. (6) 




■ * ln 7? * C P ln TT 


_£ = Zi = E± 

Vl p c p 2 


_£ = Iz 

Ti T i 

Substituting these relations into Eq. (22), 


AS = R in £ + C p ln 
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The three equations (Eqs. (9), (16), (23)) will give the 
same result for the change in entropy between the two end 
states for any reversible or irreversible process. 


ENTROPY CHANGE OF IDEAL GASES 

• PROBLEM 4-10 

Three kilograms of air are at an initial state of 100 kPa, 
300°K. The air is then compressed polytropically with 
n = 2.56, to a final pressure of 500 kPa. Assuming constant 
specific heats, calculate the change in entropy using the 
three ideal gas equations. 


Solution : The three different equation which give the change 

in entropy for an ideal gas are 


AS = mC 

V 

In 

(if) 

+ mR 

In 

(if) 

(i) 

AS = raC 

P 

In 

(if) 

- mR 

In 

(Sf) 

(2) 


n ln (?l) 


AS = m C 


where is the polytropic specific heat defined as 

C -nC 


r = —c- 

Si 1-n 


In all three equations the temperatures at both states is 
involved. To find the temperature at state 2 the following 
expression is used. 


- m " 


Substituting the numerical values 

< a * 56-1 >/ 2 ** 6 


T 2 = 300 


( 500 \ 

UooJ 


= 300 (5) 
= 800°K. 
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Using the ideal gas equation of state 


PV = raRT 


the volumes at the two states are then calculated as 

v - mRTi 

Vi - -pr 


3(0.287X300) 

100 

= 2.583 m 3 


and 


V 2 


mRT 2 

p 2 


3(0.287)(800) 

500 


= 1.378 m 3 . 


Also from Eq. (4) 


C 


n 


1.0035-2.56(0.717) 

1-2.56 


= 0.534 kJ/kg-°K. 


Eq. (1) gives 

4S - 3(0.717) In (§§§) * 3(0.287) In (±^§§§) 
= 1.57 kJ/°K. 

Eq. (2) gives 

AS = 3(1.0035) In (f§§) - 3(0.287) In 
= 1.57 kJ/°K. 


Eq. (3) gives 


AS = 3(0.534) In 
= 1.57 kJ/°K 

All three equations give the same result, as should be 
expected. 
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• PROBLEM 4-11 


I Calculate the change in specific entropy of 1 lbm of air when 
it is compressed from 14 psia, 60°F to 84 psia and 460°F. 


Solution s Assume a reversible process between the two 
state points. Thus 


( n-i ) 

12 = /P2.\ 11 

Tx \Pi/ 

( n-i ) 

920 = /84\ n 
520 \14 ) 


fa-i ) 

1.769 = (6) n 


Hence 


— = 0.3185 
n 

n =1.467 


For a polytropic process 

C = C + ft 
n v J(l-n) 

= 0.1715 

= 0.1715 
= 0.0248 


53.35 

(1-1.467)778 
- 0.1467 
Btu/lbm-°R 


Then S 2 - Sj. = mC n In 

11 A1 

- 1 “ °- 0248 ( Sb ) 

= 0.01416 Btu/°R 


The change in entropy is 

AS = 0.01416 Btu/°R 
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• PROBLEM 4-12 


Helium is heated reversibly at constant pressure from 18 psia, 
80F to 200 F in a steady flow system. Calculate the change 
in entropy per pound of helium for this process. 


Solution ; The first law for a steady flow system in 
differential form is 

6q = dh + dKE + dPE + 6w 


For a reversible steady-flow process 

6w = -vdp - dKE - dPE 


From (1) and (2) 

6q = dh + dKE + dPE - vdp - dKE - dPE 


For a constant pressure process dp = 0 

.*. 6q = dh 


For a steady flow system dS = 0 and 6mi = 6m 2 


The expression for dS of an open system is 


- (?). 


+ Si6mi-S2 6m2 


= o = m 

\ T /. 


+ (Si - S 2 )6m 


S 2 - S ] 


6q _ f dh _ 


C dT 


for helium, C p = 1.25 Btu/lb°F 
= 1.25 Btu/lb°R 


= In 


= 1.25 ln(j 


0.251 Btu/lb-°R. 
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• PROBLEM 4-13 


A gas having a constant volume specific heat equal to 
(4.52 + 0.00737T)Btu/lbm-°F is initially at 175°F. Heat is 
then added to the gas in a constant volume process until 
its temperature rises to 200 C F. Calculate the change in 
entropy associated with this process. 


Solution ; In this case, C v , for the gas is in the form 

C = a + bT 
v 


where 


and 


a = 4.52 


b = 0.00737 


The entropy change per unit mass is given as 



Integration yields 

AS = a In J + b(T b - T & ) 

= 4.52 In + 0.00737(200-175) 

= 0.1745 + 0.1843 
= 0.3588 Btu/lbm. 


• PROBLEM 4-14 


An ideal gas at an initial state of 4.1 atm, 38°C is expanded 
irreversibly to a final state of 2 atm, 4.4°C. Assuming the 
specific heats of the gas to be Cp = 0.5150 and 

= 0.3098 kJ/kg-°K calculate the change in entropy. 
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Solution ; The change in entropy for a reversible or 
irreversible process is given by the relation 


ds = i du + ^ dv 
However for an ideal gas 

du = C dT 
v 

and 

P = R C p~ C v 
Tv v 


Substituting Eqs. (2) and (3) into Eq. (1), 


f ds = C f £ + (C -C ) f ^ 

J x v 4 T p v J x v 

Integrating gives 

ASx-2 = C V lD (It) + ‘VV lD (Vt) 


( 1 ) 


( 2 ) 


(3) 


(4) 


The specific volumes at the initial and final states are then 
calculated as follows. From Eq. (3) 


v 


(C -C )T 
p v 


or 


(0.5150-0.3098)x 311 
4.1x101 

= 0.1541 m 3 /kg 


and 


(0.5150-0.3098)x277.4 
2x101 

= 0.2818 m 3 /kg 


Substituting all the numerical values into Eq. (4), 


As i -*2 = 0.3098 In 



(0.5150-0.3098) In 


1 0.2818 
V0.1541 


) 


- -0.0354 + 0.1239 
= 0.0885 kJ/kg-°K 
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• PROBLEM 4-15 


Ten grams of argon gas at an initial pressure and temperature 
of 608 kPa, 300°K respectively undergo a change of state at 
constant internal energy until the final volume is three 
times the initial occupied volume. Assuming ideal gas 
behavior determine the final state (pressure and temperature), 
and the entropy change of the gas due to the change of state. 


Solution ; For a perfect gas, the internal energy is a 
function of the temperature only. 



u = f(T) 


Assuming constant internal energy, follows that 
temperature must also be a constant. Therefore 
of state at constant internal energy. 

the 

for a change 


T 2 = Ti = 300°K. 


Since we 

have assumed ideal gas behavior 



PxVi = mRT x 

(1) 


P 2 V 2 * mRT 2 

(2) 


However T 2 = T lf V 2 = 3V lf and m = constant. Combining 
Eqs. (2) and (1) and solving for P 2 , 

P 2 = ^ = = 202.7kPa 


The change in entropy is given by the equation 

s 2 - Si = C in— 2 - - R In- 2 (3) 

P 1 i F i 

Since T 2 = T lf Eq. (3) reduces to 

s 2 - Si = - Rln (4) 

where for argon gas R = 0.20813 kJ/kg-°K. 


Substituting the numerical values into Eq. (4) 

s 2 - sx = -(0.20813) In (^§§^) 

= +0.2286 kJ/kg-°K 
= +228.6 J/kg-°K 

For 10 g of argon gas 

AS = S 2 - Si = m(s 2 - si) 
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= 10(228.6) 
1000 

= +2.286 J/°K 


• PROBLEM 4-16 

Air at 70°F and 90 psia is enclosed inside an insulated 
cylinder, as shown in the figure, by a piston having a cross 
sectional area of 25 in 2 . Initially the piston is held 
stationary by a stop and has a weight of 125 lbf on it. The 
piston is then released and moves upwards. Calculate the 
change of entropy produced by the process resulting from the 
piston release. 



An Irreversible Adiabatic Process. 


Solution : The piston would be raised as a result of the 

expanding gas due to the difference in pressure on the two 
sides of the piston. The piston would stop rising when the 
forces on the two sides of the piston have equalized. The 
weight of the piston creates a pressure on the enclosed gas. 

This pressure is 

p - “ - W ■ 5 lb,/in! 


This pressure along with atmospheric pressure gives a value 
for the pressure at the end of the process 


P a = P + P atm 


P 2 = 5 + 15 = 20 lbf/in 2 = 2880 lbf/ft 2 


The change in entropy for an ideal gas is given by the 
equation 


= C In — + c In 
P Vi v Pi 
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From the table of the critical constants, for air 

C = 0.240 Btu/lbm-°R 
P 

Cy = 0.171 Btu/lbm-°R 
R = 53.34 ft-lbf/lbm-°R 


However, the specific volumes must be calculated first before 
we can solve for As 1 ^. 2 . At state 1, 


Vi 



where 


Pi 


Ti = 

90 lbf/in 2 


70 + 460 = 


x 144 


in 

ft 1 


530°R 

= 12,960 lbf/ft 2 


Then 


53.34(530) 

12,960 


2.2 ft 3 /lbm 


Since the cylinder is insulated Q 1+2 = 0 and the first law 
gives 


-W 


1 + 2 


Au 


k-1 


v2) 


where 


k = 1.4 (for air) 


Substituting the numerical values,Eq. (2) becomes 

-Wl - 2 = 0T4 C 2880V2 ■ < 12 * 960 )< 2 -2)J 

or 

W 1+2 = 7200v 2 - 71,280 (3) 

However the work can also be evaluated by using the formula 


where 


and 


W 1+2 = F x h 


F = M = 125 lbf 


h = 


, . . . v 2 Vi v 2 -vi 

height = -f - 


( 4 ) 
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A = 25 in 2 x -±-J±L. = 0.1736 ft 2 
144 m 2 

From Eq. (4) then 



W U2 = 720 v 2 - 720(2.2) 

W^ 2 = 720 v 2 - 1584 (5) 

Equating the two values of Wi + 2 in (5) and (3) and solving 
for v 2 gives, 

720 v 2 - 1584 = - 7200 v 2 + 71280 
7920 v 2 = 72864 
v 2 = 9.2 ft 3 /lbm 

From Eq. (1) then 

As^ 2 = 0.240 In (|y|) + 0.171 In (|g) 

= 0.0862 Btu/lbm-°R 


• PROBLEM 4-17 


An ideal gas undergoes an isothermal expansion in which its 
volume doubles. For one mole of this gas calculate the 
change in entropy for the surroundings if the process is 
assumed to be reversible. 


Solution ; For any reversible isothermal process, the 
surrounding temperature and the system temperature must be 
the same 


(AS) 


( q rev) 


surr 


surr 


The surroundings absorb the heat that is given up by the 
system 




( q rev) 


sys 


urr 


(q ) = T (AS) 

4 rev sys v sys 


1?4 




(AS) 


surr 


(AS) 

= _ T s y s 


= - (AS) 


(S 2 - S x ) 


sys 


sys 

+ R In 


(AS) 


surr 


= c v 0 ln (lf) + Rln (fr) 

= R In (2) 

= -1.38 cal/mole-°K 


• PROBLEM 4-18 


A high temperature reservoir at 538°C is brought into thermal 
communication with a lower temperature reservoir at 260°C, 
and as a result 1055 kJ of heat are transferred from the high 
to the low temperature reservoir. Determine the change in 
entropy of the universe, resulting from the heat-exchange 
process between the two reservoirs. 


r 


] 

u 



-1 



Q= 0 


J 


Figure 1. Heat transfer across 
finite temperature difference 
is irreversible and produces 
increase in entropy. 


Solution : The change in entropy of the universe is the 

algebraic sum of the change in entropy of the high and low 
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temperature reservoirs, considered separately. Therefore 


< 4S >univ. ' < is >hlgh * <4S »low 


(1) 


Assuming an isothermal process for both bodies 


AS = § 


where Q, for the high temperature reservoir is -1,055 kJ 
(since heat is rejected from it), and for the low temperature 
reservoir Q = +1,055 kJ (since heat is added to it). 


Therefore 


(AS) 


high 


% 

t h 


-1055 

811 

= -1.30 kJ/°K 


and 


(AS) 


low 


Qr 


1055 

533 


= 1.98 kJ/°K 


From Eq. (1), the change in entropy for the universe is 

(AS) univ. = - 1 * 30 + 1 * 98 
= 0.68 kJ/°K 


The heat transfer in this case is irreversible, since it 
involves heat transfer across a finite temperature difference. 
All real processes are irreversible, and because of the 
inability to eliminate all dissipative effects there will be 
an increase in entropy of the universe whenever an irrevers¬ 
ible process occurs. 
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PRINCIPLE OF THE INCREASE OF ENTROPY 


• PROBLEM 4-19 

A device compresses isothermally 1 lb mole/hr of ideal gas 
at 1000°E and releases 3000 Btu of heat which is 
transferred to another 1 lb mole/hr of ideal gas which 
expands isothermally from 2.72 atm to 1 atm. Is it possible 
to have such a device? Assume the process to be reversible. 
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AS 


For the process C-D 


- 1 ? 

_ -3000 
1000 

= -3 Btu/lb mole-°R 

Q = + 3 

m 

3000 

1 

= +3000 Btu/lb mole 


Here the value of T is not known. The AS equation for an 
isothermal expansion process will be used, to obtain T 


AS 


' dQ 
T 


dWo 

T 


R ln Pi 


2 ln 2.72 

= 2 Btu/lb mole-°R 


For the surroundings 


AS 


l 


dQ 

T 


= 0 


When the universe is considered 

(mAS) . = (mAS) + (mAS) 

univ. sys. surr. 

= (1)(-3) + (1)(2) + 0 

= -1 Btu/hr-°R 

This process violates the second law because AS for the 
universe is negative, which means that the process cannot 
take place and such a device is not possible. 
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• PROBLEM 4-20 


Is it theoretically possible to devise a steady-flow 
compressor which requires no shaft-power input it the 
following conditions are known? Two lbm/sec of C0 2 at 
200 psia, 120°F are compressed to 300 psia, and emerge at 
20°F, simply by transferring heat at the rate of 60 Btu/sec 
from the device to a cold reservoir maintained at -140°F. 
Potential and kinetic energies are not significant. 


(b) The process representation 

(a) The control volume 




Figure 1. Analysis of inventor's claim 


Solution : This compressor is theoretically possible only 

if it does not violate either the first or second laws of 
thermodynamics. Assuming that the flows are one-dimensional 
at the inlet and exit, and also that the C0 2 is in 
equilibrium states at these points from figure 2 obtain, 

at Ti = 120°F , Pi = 200 lbf/in 2 

h-i = 318 Btu/lbm 

Si = 1.315 Btu/lbm-°R 

at T 2 = 20°F , P 2 = 300 lbf/in 2 

h 2 = 288 Btu/lbm 

s 2 = 1.240 Btu/lbm-°R 

From the first law of thermodynamics, on a rate basis 

ih(h 2 -hi)+§ = 0 

or substituting the numerical values 

2(288-318) + 60 = 0 Btu/sec 
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Pig. 2 Thermodynamic properties of carbon 

dioxide (C0 2 ). T in *F, h in Btu/lbm, 
v in ft 3 /lbm, s in Btu/lbm-*F; at 
critical point P= 1066.3 psia, T*87.8*F 






fmmmimsmmm 
^mmMm’imamsssisssk 

_i £ K ** iv ^ YJi $ fyMii&wmm, 

m S 5 \\ Sa!»51 pMwmmri»\ 


KIEII^Efl 


which is true. Therefore the compressor is not an energy 
producing device, and so it does not violate the first law. 


For the control volume, the entropy production rate is given 


P_ = m(s 2 - s 
s 


o .-i 


where 


T = -140°F = 320°R. Thus 
res. 


P s = 2(1.240-1.315) + ^ 


= -0.150 + 0.188 


= +0.038 Btu/°R-sec 


The rate of entropy production is indeed positive. Therefore 
it can be concluded that since the device does not violate 
neither the first nor the second law of thermodynamics, it is 
theoretically possible to build such a compressor. 
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• PROBLEM 4-21 


One Ibm/min of steam initially at 14.7 psia, 284.5°F is 
compressed in a water cooled compressor to a final state 
of 150 psia, 1200°F. The cooling water enters at 284.5°F 
and a mass flowrate of 0.465 lbm/min, and leaves at 500°F. 
For a combined system of the steam and the cooling water, 
calculate the change in entropy of the universe for the 
process. 



Solution : For a control volume consisting of the steam and 

the cooling water as shown in Fig. 1, there is no energy 
entering or leaving the control volume. Therefore for this 
process 


(mAs) = (mAs) + (mAs) , 
u w st 


For the water (C =1 Btu/lbm-°R) 

P 

<4S>„ - f ^ ■ C p l„£ 

* 1 >■ (» 

= +0.254 Btu/lbm-°R 


( 1 ) 


or 

(mAs) w = (0.465)(0.254) = 0.1181 Btu/min-°R (2) 

For the steam, using the superheated steam tables obtain 

Si = 1.8052 Btu/lbm-°R 
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psia 



s 2 = 1.9397 Btu/lbm-°R 


Then 


lAs>st = S2 - Si 


= 1.9397 - 1.8052 
= +0.1345 Btu/lbm-°R 


or 

(mAs) st = (1K0.1345) - +0.1345 Btu/min-°R 

Substituting (2) and (3) into Eq. (1) 

(mAs) = 0.1181 + 0.1345 

= +0.2526 Btu/min-°R 
The process is shown on a T-s diagram. 


(3) 


• PROBLEM 4-22 


An insulated chamber containing oxygen,is divided equally 
into two by a partition, as shown in Fig. 1. Part A of the 
chamber contains 1 lb-mole at 1 atm, 984°R while part B 
contains 1 lb-mole at 1 atm, 492°R. The partition is then 
removed allowing the oxygen in A and B to mix and attain the 
same temperature. Draw the T-S diagram for this process, 
and calculate the change in entropy of the universe. 


182 



L 


L 




A 

B 

1 lb-mole 

1 lb-mole 

1 atm 

1 atm 

984* R 

492° R 


v. 


n / ii) i m / 


insulation 


Fig. 1 


Solution : This system is a closed system and involves 

unbalanced temperature forces. When the partition is removed 
the oxygen in A will cool to a final temperature T 2 and heat 
the oxygen in B to T 2 . For this process Wx^ 2 ” 0 and since 
the chamber is insulated Q 1 _ > . 2 = 0. From the first law then 


( Au) 


syst 


0 


or 

(mAu) syst. = m A Au A-2 + “b Au B-2 (1) 

Assuming ideal gas behavior with constant specific heats, and 
using the relation 

Au = C y AT 


Eq. (1) becomes 


m A C v AT AH 


2 + m B C v AT B- 


= 0 


( 2 ) 


However because both gases are 0 2 


(AS) 


mix 


0 


Also since points A, B, and 2 all lie on the same isobar, 
an isobaric reversible path can be used to evaluate (mAS). 
and (mAS) B . 


Therefore 



= -2.01 Btu/lb-mole-°R 
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and 


1S B ’ I f ‘ 


, dT 
"p T 


' °» ln 


- ’ 1- (Si) 

= +2.84 Btu/lb mole-°R 


or since m. = m D and the C is the same since there is only 

A D V 

oxygen involved, Eq. (2) becomes 

AT A-2 + AT B-2 = 0 

or 




Solving for T 2 


T 2 = 


T + T 
A B 


984 + 492 


= 738°R 

The T-S diagram can then be sketched as shown in Fig. 2. 



The change in entropy of the universe for this process is 

(mAS) u - (mAS) A + (mAS)g + (mAS) mix (3) 


184 





Substituting into Eq. ( 3 ) 

(mAS) = (1K-2.01) + (1)(2.84) + 0 

= +0.83 Btu/°R 

The entropy increase of the universe shows that as a result 
of the unbalanced temperature forces the system lost the 
ability to do work. 


EFFICIENCY 


• PROBLEM 4-23 


A cylinder contains 1500 lbm of air initially at 15 psia, 
500°R. Energy is then added to the air and as a result 
the temperature increases to 540°R. Calculate the entropy 
creation in the universe, (a) if the energy supplied to the 
air is from a heat reservoir at 300°F alone, and (b) if the 
energy supplied to the air is from a work reservoir alone. 
Assume air to behave as an ideal gas with C =0.171 Btu/lbm-°R. 



Solution : This is a constant mass constant volume process, 

and therefore v 2 = v x . From the first law of thermodynamics, 
the net energy input (E^ 2 ) is 


E| in = Q 1 2 - W 12 = U 2 - Ui = m(u 2 - ui) (1) 

For an ideal gas with constant specific heats, 

u 2 - ui = C y (T 2 - Ti) (2) 
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Substituting Eq. (2) into Eq. (1), obtain 

E lin = mC v (T2 * Tl) 

= 1500(0.171X540-500) 

= 10,260 Btu 

(a) If heat is the only source of energy (1^ =0), then 

E | in = Q^ t -10.260 Btu 


Therefore, 


Qg = -10,260 Btu 


From the second law of thermodynamics 

AS = AS . + AS. 


air 


H 


(3) 


For an ideal gas 


•.-■i- c v ln ¥f + Rln 7I 


But v 2 = v lf and so 


Therefore, for air 


S 2 - S! = C v m^ 


AS air = mC v ln Tt 


= 1500(0.171) In 


= 19.74 Btu/°R 


( 540 \ 
\500/ 


For a heat reservoir, the change in entropy is given by 

Qii 

AS„ = 

H T H 


_ -10,260 
760 

- -13.5 Btu/°R 


From Eq. (3) then 


AS u = 19.74 - 13.5 


6.24 Btu/°R 
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(b) If the energy supplied is from a work reservoir alone 
= 0), then from the second law of thermodynamics 


AS = AS . + 

u air 


But AS w = 0 and thus 


AS = AS . 
u air 


= 19.74 Btu/°R 


• PROBLEM 4-24 


The heat engine of a thermal power station can be approx¬ 
imated by a Carnot cycle operating between 650°F and 150°F 
If the maximum rise in the cooling water is restricted to 
50°F, and the power output is lx 10 6 kW, at what rate must 
the cooling water be supplied? 


Solution ; The net power produced by the station is 

W . = 1x10 6 kW 
net 

= 1 x io 9 W 

= 5.69 x io 7 Btu/min 

For this cycle, the thermal efficiency is given as 

T - T 
„ _ H a L 


1110-610 


= 0.45 


Since ft . and n are both known 
net * 


% - 


5.69 xIQ 7 
0.45 


= 1.26x10® Btu/min 


18 ? 


From the overall energy balance 


W net " Si + Q L 


«L = - ( «H ~ W net> 


= -(1.26*10® - 5.69 * 10 7 ) 

= -6.9 * 10 7 Btu/min 

Considering only the cooling water and doing an energy 
balance gives 

Q = - Q T = A (C AT) 
w L w p w 


since all Q L must be transferred to the cooling water. For 
water C p = 1 Btu/lbm and AT = 50°F. Therefore, solving for 
m w in Eq (2) gives 


A = 
w 


6.9 * 10 7 


= 1.38 * 10 6 lbm/min 


A = 1.66x10 gal/min 
w 


• PROBLEM 4-25 


The heat engine shown in the figure is supplied with 
10,000 Btu/hr of heat from a high temperature reservoir at 
3,000°R while the working fluid is at 1000°F. The engine 
rejects 8,000 Btu/hr of heat to a lower temperature 
reservoir at 500°R and the working fluid is at 140°F. 
Calculate the actual efficiency of the engine. What fraction 
is this (a) of the internally reversible efficiency and 
(b) of the external reversible efficiency? 


Solution: The actual cycle efficiency is given by 


= _ ^in ^out 

act- " Q ln _ Q in 


10.000-8000 

10,000 


= 0.20 
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(a) The internal reversible efficiency is 

T 


n int. 
rev 


= 1 - 


ce 

r he 


= 1 - - 


600 


460 


= 0.59 


Therefore the fraction of internally reversible efficiency 
is 


n act 


n 


int. 
rev 


0.20 

0.59 


0.34 


(b) The external reversible efficiency is 


n ext 

rev 


V T 


c 


500 

3000 


= 0.83 

Hence the fraction of external reversible efficiency is 


n 

TT 


act 

ext 

rev 


0.20 

0.83 


0.24 
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• PROBLEM 4-26 


Freon-12 is compressed in an adiabatic steady-state, steady- 
flow process from an initial state of 0.30 MPa, 0°C to a 
final pressure of 1.40 MPa. If 7.2 kJ/sec is the work 
required for this compression process, determine the 
efficiency of the compressor assuming a mass flow rate of 
0.2 kg/s. 



Solution : From the continuity equation, 

mi = m 2 = m 

From the first law written for this system 

w = h — ti 
s 1 2S 

where the subscript 2 S denotes the isentropic process 
From the second law 


( 1 ) 

( 2 ) 


Furthermore the efficiency for a compressor is given by the 
equation 


_ w s _ hj- h 2S 

n comp. " iT (4) 

The only unknowns in Eq. (4) are the enthalpies at states 1 
and 2, since the actual work input to the compressor (W ) is 
given. a 

Hence the state of the substance must be determined both at 
the entrance and exit, and then the values for the enthalpies 
can be obtained from the Freon-12 tables. So proceed as 
follows. 


190 



State 1: P . = 0.3086 > P . =0.3 thus the state is 

- sat given 

superheated vapor and 

hi = 187.583 kJ/kg; s x = 0.6984 kJ/kg-K 

State 2 : s 2g = 0.6984 kJ/kg-K> s g = 0.6773 kJ/kg-K (P=1.4MPa) 
the state is superheated vapor and 

h 2S = 215.11 kJ/kg (by interpolation) 

substituting all the above values into Eq. (4) and noting 
that 


W„ = (W )/m 
a comp 


= -36 kJ/kg 


the efficiency is found to be 


n 


187.583-215.11 

-36 


0.7646 


or 


n = 0.7646 x 100 = 76.46% 


THE SECOND LAW FOR OPEN STEADY - STATE, 
STEADY - FLOW SYSTEMS 


• PROBLEM 4-27 


Air at 30°C, 200 kPa enters a nozzle in steady flow. The 
nozzle discharges into a space which is at a pressure of 
100 kPa. Determine (a) the maximum velocity at the nozzle 
exit, and (b) the exit velocity if the nozzle has an 
efficiency of 95%. 


© © 
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Solution: (a) The maximum velocity can be reached, when the 
process in the nozzle is both reversible and adiabatic, 
because then there is neither heat transfer nor friction to 
slow the air down. 

Assuming air to behave as an ideal gas, from the isentropic 
relations for ideal gases. 


Pi 

P 2 



s=const. 


From the air tables, at the entrance plane 


P = 1.4366 
r 1 


Solving for P^ from Eq 


( 1 ) 


P 


r 2 


P2 

Pi 


X 


P 


r i 


- 122 * 

200 


1.4366 


= 0.7183 


( 1 ) 


Then with P known, the temperature at the exit plane is 
r 2 

(from the air tables) 

T 2 = 248.5°K = -24.6°C 

Assuming the velocity of the air to be negligible at the 
entrance, and writing the first law for the control volume 
one gets 

y/ SO Va 2 

hl + /2 - h2 + — 


or 


V 2 = /2(h!-h 2 ) (2) 

Since enough information is known or has been calculated, from 
air tables the enthalpies at both states can be obtained as 

h 1 = 303.2 kJ/kg; h 2 = 248.55 kJ/kg 

Then from (2) 

V 2 = v4(303.2 - 248.5) x 1 - > . 00 ° ^S” . 2 / 8 * 

= 330.76 m/sec 

(b) Since the process is irreversible, the velocity is going 
to be less than in part(a) of this problem. 

The efficiency of a nozzle is given by the equation 

. ( v a)7 2 

n nozzle (V s jp/2 
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where the subscripts a and s stand for the actual and 
isentropic processes respectively. 

Solving for V in the above equation 

3 . 



= 322.38 m/sec. 


• PROBLEM 4-28 

Water at 15 kPa, 40°C enters a pump and leaves after the 
pressure has been raised to 5 MPa. Assuming the process 
to be reversible and adiabatic determine the temperature of 
the water at the exit of the pump. 


Solution : Consider as the system, the pump with a steady 

flow in and out. From the first law 

V. 2 V 2 

q + h^ + + gZ i = h e + —+ gZ e + w 


Neglecting potential and kinetic energies 


q + h. = h + w 
M l e 


The process is reversible and adiabatic, hence 

q = 0 


Eq. (1) then becomes 


Using the relation 


s = s. 
e i 


h - h. = -w 
e l 


Tds = dh - vdP 


Eq. (2) becomes 


‘i = -f' 


h - h. = - vdP 
e l 
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Assuming constant specific volume and substituting Eq. (3) 
into Eq. (2) and integrating 

w p = “ v 1 C P 2 - Pi) (4) 

where the subscripts 1 and 2, stand for the inlet and exit 
states. From the steam tables, at T x = 40°C 

v i = 0.001008 m 3 /kg 

Substituting into Eq. (4) 

w = -0.001008(5000 - 15) 

P 

= -5.02 kJ/kg 

Also from the steam tables at T = 40°C 

hi = h f = 167.57 kJ/kg 

From Eq. (2) 

h 2 = h x - w p 

= 167.57 + 5.02 
= 172.59 kJ/kg. 

From the compressed liquid table at P 2 = 5MPa and h 2 , by 
interpolation 

T 2 = 40.15°C 

Note that the temperature does not change very much, and in 
many cases constant temperature is assumed. 


• PROBLEM 4-29 

Steam at 500°F and 100 lbf/ir 2 enters a steam turbine with a 
velocity of 200 ft/sec. The outlet steam has a velocity of 
600 ft/sec and a pressure of 20 lbf/in 2 . If the process is 
reversible and adiabatic, calculate the work per pound of 
steam. 


Solution : The steady flow energy equation for this process 

can be written as 


V. 2 



V 2 



+ w 


The example is one of steady-flow, reversible, adiabatic 
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process, s e = s.^ and entropy and pressure for the final state 
are known. 




From the steam tables 


h i = 1279.1 Btu/lbm 


s i = 1.7085 Btu/lbm R 


For the final state 


P = 20 lbf/in 2 
e 

s e = s.^ = 1.7085 Btu/lbm R. 

From these values the quality and enthalpy leaving the 
turbine can be determined, as follows: 

& = 1.7085 

e 

* s g - (1 - x) e S fg 


= 1.7319-(l-x) e 1.3962 


or 


d- x ) e 


0.0234 

1.3962 


= 0.01676 


Then 


h 


e 


h 

g 


a - X> e h fg 
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= 1156.3 - 0.01676 (960.1) 
= 1140.2 Btu/lbm 


Using the steady flow energy equation, the work per pound of 
steam for this process can be calculated, as 


w = 1279.1 


1140.2 


(200) 2 - (600) 2 
2 x 32.17 x 778 


= 132.5 Btu/lbm. 


• PROBLEM 4-30 


Water enters a steady state steady flow adiabatic pump 
having an efficiency of 70% as saturated liquid at 100°F, 
and leaves the pump at 3000 psia. Assuming the process to 
be adiabatic, calculate the actual pump work. 



Solution 

Let 

Then 

Where w 


Assume water to be incompressible 
rip = adiabatic pump efficiency. 


w 


w 


rev 


act 


work transfer/unit mass 

2 


w_ 


rev 




vdP 


s -v^-PO 
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From the steam tables 


Px = saturation pressure at 100°F = 0.9492 psia 
v = v f at 100°F = 0.01613 ft 3 /lbm 

Substituting in Eq. (1) 


w 

rev 


0.01613 x (3000-0.9492) x 144 
778 


Btu/lbm 


= -8.95 Btu/lbm 


Therefore 


8.95 
w act ~ 0.7 


= -12.8 Btu/lbm 

The actual pump work = -12.8 Btu/lbm. 


• PROBLEM 4-31 


At the inlet of a turbine, nitrogen enters at 3000 psia and 
540°R. Assuming the turbine to have an adiabatic efficiency 
of 80% calculate the actual work required for the turbine. 



Work 

out 


Solution: From the definition of the turbine efficiency 


w . = nw 
act rev 


(1) 
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From the first law, for a reversible process, neglecting 
kinetic and potential energies and referring to Fig. 2 


w 


rev 


= hj - h 


2S 


( 2 ) 


From the nitrogen tables at state 1 

h x = 119.735 Btu/lbm 
s x = 1.23089 Btu/lbm-°R 
Since this is a reversible process 

& 2 “ s i = 1.23089 Btu/lbm-°R 

and state 2s is found to be a mixture of liquid and vapor. 
Therefore at state 2 


s = s„ + X s _ 

2S f 2 s fg 

From the nitrogen tables at 14.7 psia 

s f = 0.67850 Btu/lbm-°R 


s g = 1.29290 Btu/lbm-°R 
h^ = -52.243 Btu/lbm 


h = 33.218 Btu/lbm 
g 

From Eq. (3) solving for X 2g , obtain 


- s« 

2 S f 


2S 


J fg 


1.23089 - 0.67850 
1.29290 - 0.67850 


(3) 
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0.8991 


Then at state 2 


h 2 S = h f + X 2 S h fg 

« -52.243 + 0.8991(33.218 + 52.243) 
= 24.595 Btu/lbm 


Substituting into Eq. (2), obtain 


w = 119.735 - 24.595 
rev 


= 95.140 Btu/lbm 


Then from Eq. (1), the actual work is 

w = 0.8(95.140) = 76.112 Btu/lbm 

aC L 


• PROBLEM 4-32 


Calculate the quality and work for a steady flow and nonflow 
process, when three pounds per second of steam expand 
isentropically from 300 lbf'in 2 , 700°F to a final temperature 
of 200°F. 



Solution ; The process is depicted on a T-s diagram as shown 
in the figure. From the superheated steam tables obtain 

s l = 1.6751 Btu/lbm-°R, h x = 1368.3 Btu/lbm 
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v x = 2.227 ft 3 /1bm 
Since this is an isentropic process 

s 2 = s x = 1.6751 Btu/lbm-°R 

and state 2 is in the mixture region. From the steam tables 
then (at T 2 ) 


h 


f 


h 




h 


g 


s f = 0.2938 Btu/lbm-°R 


s. = 1.4824 

fg 

s = 1.7762 
g 

167.99 Btu/lbm; = 0.01663 ft 3 /lbm 


977.9 ,f ; v f = 33.62 

1145.9 " ; v = 33.64 

g 


The quality can then be calculated using the equation 


s 2 = [s g - (l-x)s fg ] 2 


or 


1.6751 = 1.7762 - (1-x)(1.4824) 


solving for x 


x = 0.9318 = 93.18% 

Now that the quality is known h 2 and v 2 can be obtained as 
follows 

h2 = hg _ ( 1 -x) h fg 

= 1145.9 - (0.0682X977.9) 

= 1079.2 Btu/lbm 


and 


V2 = Vg _ (l_x) Vfg 

= 33.64 - (0.0682)(33.62) 
= 31.35 ft 3 /lbm 


For the steady flow Isentropic process, the work is 

w = hi - h 2 (1) 

=- 1368.3 - 1079.2 = 289.1 Btu/lbm 
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or 


W = Aw = (3)(289.1) = 867.3 Btu/sec 

For the nonflow isentropic process, the work is 

w = ui - u 2 (2) 

The internal energies as states 1 and 2 are then evaluated 
by using the relation 

u = h - Pv 


At state 1 


ui = hi - Pivi 


= 1368.3 - 300(144K2.227) 

= 1244.6 Btu/lbm 
At state 2, P 2 = 11.526 lbf/in 2 , 

u 2 = h 2 - P 2 v 2 


= 1079.2 


(11.526)(144)(31.35) 
778 


= 1012.3 Btu/lbm 


Substituting into Eq. (2) 

w = 1244.6 - 1012.3 = 232.3 Btu/lbm 


or 


W = 3(232.3) = 696.9 Btu/sec. 


• PROBLEM 4-33 


The adiabatic compression efficiency of an air compressor 
operating under steady state, steady flow conditions is 
known to be 70%. Assuming air to behave ideally determine 
the temperature of the air leaving the compressor and the 
compression work requirements in kJ/kg, if the conditions at 
the entrance are lOlkPa and 300K, and the pressure of the 
st .earn leaving is 505 kPa. 


Solution : Since this problem involves an irreversible 

process, from the given data it is obvious that the problem 
cannot be solved by just applying the first law. Thus 
another method will have to be employed. 
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T-S diagram for the process. 


Let the subscripts "s" and "a'* represent the isentropic and 
actual process respectively, and refer to the figure for the 
states. Since this is a steady state-steady flow process, 
with one stream entering and one leaving, from continuity 

m x = m 2 


Also since the process is adiabatic, there is no heat 
transfer and thus 


Q = 0 

With the above statements in mind write the first law for the 
system as 


w = (hx - h 2 ) 


But for an ideal gas 


dh = C^ 0 dT 

and Equation (1) takes the form 

w = Cp 0 (Ti - T 2 ) (1) 


From the equation 

Pv k = PiVi k = P 2 v 2 k = constant 

and the ideal gas equation of state, the following equation 
is obtained for an isentropic process. 


T 


2s 


Ti 


. (k-i)/k 

flis\ 

VPi I 


( 2 ) 
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Solving for T obtain 

^ s 


2 S 


- *• G?) 


(k-i)/k 


- 300 ( to ) 


( 1.4-1 ) /1.4 


= 475.15K 


Having the temperature for the isentropic process,the work of 
isentropic compression can be evaluated, but the work for the 
irreversible process cannot be evaluated because the actual 
temperature at state 2 is not known. 


Since the efficiency is given, the relation 


n 





T ) 

2S 


T *a> 


(3) 


is obtained. 


Simplifying Equation (3) obtain 


0.70 


T 

Y 


2 s 
2a 


Solving for T 2a get 


2 a 


/ T - T 'V 

■ T * - l-0 . 7 </ S ) 
- 300 - 


= 550.21 K. 


Equation (1) then gives, for the actual process, 


w 

a 


= C (T 
Po 1 


T 

2 a 


) 


= 1.0035(300-550.21) 


= -2.51.08 kJ/kg. 

The minus sign indicates that work is done on the compressor, 
as expected. 
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• PROBLEM 4-34 


The unit shown in Fig. 1 is used to produce drinking water 
from sea water by a vapor-compression desalination process. 
Seawater (3.5% salt) enters the unit and is preheated by 
countercurrent contact with the drinking water and the waste 
brine. The preheated seawater then enters the evaporator at 
1 atm, where a portion is boiled off by condensing steam. 

The condensing steam leaves the evaporator at 105°C and is 
compressed adiabatically to 1.5 bar, and is then cooled to 
produce the drinking water. If the compressor has an 
efficiency of 60%, calculate the temperature at the outlet 
of the compressor and the work of compression per kilogram 
of drinking water formed. 


Compressor 



waste 

brine Fig. ± 



Solution : Consider the compressor as a separate unit 
receiving steam at 105°C, 1 atm and discharging it at 
1.5 Bar, as shown in Fig. 2. 




Then consider as the system, the compressor and its contents. 
Neglecting potential and kinetic energies the energy balance 
for this system is 

q _ w = Ah = h e - h. (1) 

where the subscripts e and i stand for the exit and inlet 
states respectively. 

However the process is adiabatic (q = 0) and so Eq. (1) 
reduces to 


-w = Ah (2) 

The pressure at the exit (P 2 =1.5 Bar) is known. Therefore 
determination of any other system property at the exit will 
fix the state, and so the temperature of the outlet steam can 
be obtained. 

Since the compressor efficiency is known to be 60%, the ratio 
of the actual work of compression to that needed if the 
compression were reversible is 


w 


w 


rev 

act 


0.60 


or 


w 


w 


rev 


act 0.60 


(3) 


For the reversible process, the entropy balance can be 
written as 


(s. - s )6m + - 7 ^ dA = 0 

i e J T 

A 

For the reversible process 6q = 0, and the entropy balance 
can be reduced to 


From the steam tables at 


s. = s 
i 

state 1 


e 


Si = s 2 = 7.2844 kJ/kg-°K 
hi = 2685 kJ/kg 


At state 2, using the outlet pressure and entropy, from the 
steam tables 

(h 2 ) rev = 2760 kJ/kg 

From Eq. (2), for the reversible process 

(Ah) = (h 2 ) - h, 

v rev v 2 rev 1 
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2760-2685 


= 75 kJ/kg 
or 

w rey = -75 kJ/kg 

From Eq. (3) 

w = = -125 kJ/kg 

act 0.60 

Since the energy balance is independent of any irreversibility 
involved in the process 

(Ah) act = ‘ w act = 125 kJ/k * 

From Eq. (1) 

(h ) . = Ah + h, 

2 act i 

= 125 + 2685 

= 2810 kJ/kg 

Now that the exit enthalpy and pressure are known they fix 
the exit state. Therefore from the steam tables 

T 2 = 168°C 

which is the temperature leaving the compressor. 


• PROBLEM 4-35 


Air at 14.7 psia, 540°R is cooled to a lower temperature, by 
exchanging heat with nitrogen at 15 psia, 300°R, in a steady- 
state steady-flow heat exchanger as shown in the figure. 
Assuming air and nitrogen to behave ideally with constant 

specific heats of C = 0.240 Btu/lbm-°R and C = 0.284 Btu/ 

P P 

lbm-°R respectively, calculate the mass flow rate of the 
nitrogen, and the temperature of the air at the exit. 


Solution ; Neglecting kinetic and potential energies, 
pressure drops, and heat transfer between the heat exchanger 
and surroundings, from the first law 


m ai r (hl ~ h 2 ) = A N (h 4 - h 3 ) (1) 

From the property relation for an ideal gas with constant 
specific heats 
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Ah = C AT (2) 

P 

Substituting Eq. (2) into Eq. (1), gives 

*air C p„ <T > - T => ‘ W T * - T >> < 3 > 

From the second law of thermodynamics 

AS = m a . r (s 2 - Sl ) + m^s,* - s 3 ) (4) 


For a reversible process AS = 0 and so 

*air (S2 “ Sl) + *n ( s " " s 3 > = 0 
For an ideal gas 


82 “ Sl “ C pa ln ff 


and 


s - - S 3 = C pN ln ¥7 
Substituting (6) into (5) obtain 


m . C ln 


air 'pa — Ti + *N ~pN 


C „ ln 


4 _ 


= 0 


(5) 


( 6 ) 


(7) 


Eqs. (3) and (7) are two equations with three unknowns, 
namely m^, T 2 , and T 4 . However, in order to get the lowest 

temperature of T 2 , we should get the highest temperature for 
T 4 which can be only 540°R (the temperature of the entering 
air). Then substituting all the known numerical values into 
Eqs. (4) and (7) obtain 


or 


Also 


50(0.24) ( 540 - T 2 ) = m^O. 248 )( 540-300) 
6480-12T 2 = 59.52 1 

50(0.24) ln(^fo) + 1^(0.248) ln (fg§) = 


0 


(8) 
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12 ln (mo) + °* 1458 *N = 0 


Solving Eqs. (8) and (9) simultaneously, obtain 


*N 


48.387 lbm/s 


T 2 = 300° R 


• PROBLEM 4-36 


An adiabatic turbine operates with a throttle governor as 
shown in the figure. Steam approaches the throttle governor 
with a mass flow rate of 2.0 kg/sec at a pressure of 10 MPa 
and a temperature of 500°C. The steam leaves the turbine with 
a pressure of 1.0 MPa. If the isentropic turbine efficiency 
is 80% and the power output is 700 kW, what is the pressure 
leaving the throttle governor? 



Turbmetzz> W 



(a) Schematic diagram; (b) T-S diagram (not drawn to scale) 


Solution ; Let the subscripts "s" and "a" represent the 
isentropic (reversible process), and the actual (irreversible 
process) respectively and refer to the figure for the 
different states. The process from state 1 to state 2 is a 
throttling process. Therefore from the superheated steam 
tables 


h ? = h, = 3,373.7 kJ/kg 



From the continuity equation 


ixii = m 2 = m 3 = m (1) 

since there is only one flow entering and leaving the system. 
From the definition of the turbine efficiency 


we can solve for the isentropic work, since the actual work 
output is known. Hence 


w 


s 


w 

a 

n 


( 2 ) 


where 


w = (Power) f (mass flow-rate) 
a 

= ~ = 350 kJ/kg 


Then from Eq. (2) 

»s ■ l?i - 437 - 5 kJ/kg 

From the first law of thermodynamics, for a reversible 
process 


Q + A 2 h 2 = m 3 h 3 + W (3) 

s 

Since the process is adiabatic Q = 0, and because of Eq. (1), 
Eq. (3) becomes 


or 


W. 


ft 


h 2 


= 3373.7 - 437.5 
= 2936.2 kJ/kg 


From the steam tables at P 3 = 1.0 MPa and h 3g , we find that 

the steam is superheated. From the superheated steam tables 
then, obtain 


T = 247.21°C 
3S 

s * 6.9118 kJ/kg-°K 

3 S 
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From the second law, however 

s = s = 6.9118 kJ/kg-°K 

2 3S 

Now two properties are known at state 2; the enthalpy and the 
entropy. Therefore a third, pressure in this case, can be 
directly obtained from the steam tables at the known values 
of the two properties. The procedure, however, is going to be 
a trial and error one because of the structure of the steam 
tables, and goes as follows. 

1. Assume a pressure less than the pressure before 
the throttle governor. 

2. Using the value of the entropy at state 2 (s 2 ) and 
the superheated steam tables obtain the temperature 
at state 2 (T 2 ) 

3. Using the value of the enthalpy at state 2 (h 2 ) and 
the superheated steam tables obtain the temperature 
at state 2 (T 2 ) 

4. Compare the temperatures obtained in steps 2. and 3. 

If they are the same, or very close to each other, 
then the pressure assumed is the final pressure. If 
not, repeat the whole procedure, until the 
temperatures based on the enthalpy and entropy 
agree. 

The trials are as follows. 


First trial: Assume P 2 = 4.5 MPa 

T 2 = 461.96°C (based on s 2 ) 
T 2 = 471.67°C (based on h 2 ) 


Second trial: Assume P 2 = 5 MPa 

T 2 = 479.6°C (based on s 2 ) 
T 2 = 474.4°C (based on h 2 > 


Third trial: Assume P 2 = 4.8 MPa 

T 2 = 472.61°C (based on S 2 ) 
T 2 = 473.34°C (based on h 2 ) 


Therefore, from these trials it can be concluded that 

P 2 = 4.8 MPa 
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• PROBLEM 4-37 


A piston cylinder arrangement contains saturated Freon-12 
at -10°C. The vapor is then compressed to a final pressure 
of 1.6 MPa. If the process is assumed to be reversible and 
adiabatic calculate the work per kilogram of Freon-12 for 
this process. 


Solution : From the first law of thermodynamics, 

q = u - u + w =0 
^ 1 + 2 2 1 1 2 


However, this process is adiabatic (q = 0) and so 

1-+-2 

W l + 2 = U 1 - U 2 (1) 

Since this is a reversible and adiabatic process, 

S i ~ S 2 • 

From the Freon-12 tables at state 1 

Si = s 2 = 0.7014 kJ/kg-°K 

Since the tables do not give values for the specific internal 
energy, using the relationship 

Ui = hi - PxVj 


obtain 


hx = 183.058 kJ/kg 
P x = 219.1 kPa 


Vi = 0.076646 m 3 /kg 


ui = 183.058 - (219.1)(0.076646) 

= 166.265 kJ/kg 

At state 2, from the superheat tables for Freon-12 
T 2 = 72.2°C; h 2 = 218.564 kJ/kg 
v 2 = 0.011382 m 3 /kg 


u 2 = 218.564 - (1600X0.011382) 
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= 200.352 kJ/kg 


From Eq. (1) 


w = u — u 
1 + 2 1 2 

= 166.265 - 200.352 
= -34.087 kJ/kg 

The minus sign indicates that work was done on the system. 


• PROBLEM 4-38 


The tank shown in the figure is insulated and has a volume 
of 0.5m 3 . Initially the valve is closed and the tank 
contains air at 900kPa, 20°C. The valve is then opened 
allowing some of the air to escape until the pressure inside 
the tank drops to 150kPa. Assuming the air remaining inside 
the tank to have undergone a reversible adiabatic expansion, 
determine the final temperature inside the tank, and the 
amount of air withdrawn. 



Solution : Assume that air behaves according to the ideal gas 

equation of state 

PV = mRT (1) 

where for air R = 0.287 kJ/kg-°K. 

Since the air remaining inside has undergone a reversible 
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adiabatic process, then 


s 2 = Si 


From the isentropic relation, for an ideal gas 


Tz 

Ti 



(k-i)/k 


where k = 1.4, solving for T 2 

(k-i)/k 



= 175.61°K 


The amount of air withdrawn is 

m = nil — m 2 
e 1 * 


From Eq. (1), at state 1 


mi 


PiV 

RTi 


= 900(0.5) 

0.287(293) 

= 5.35 kg 


At state 2 


m 2 


P 2 V 

rt 2 


150(0.5) 

0.287(175.61) 

= 1.49 kg 


From Eq. (2), then 

m = 5.35 - 1.49 = 3.86 kg 
e 


Therefore 3.86 kg of air were withdrawn from the 1 1 
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• PROBLEM 4-39 


Tank A has a volume of 0.2 m 3 and contains air initially at 
2.0 MPa, 400K. Cylinder B has a volume of 0.1 m 3 and 
contains air initially at 0.15 MPa, 300K. The pressure of 
0.15 MPa is required to balance the weight of the piston 
and atmospheric pressure on B. The connecting valve is then 
opened and air is allowed to flow from A to B, until the 
pressure in A falls to 0.15 MPa. Assuming air to behave as 
an ideal gas, and the air remaining in A to have gone 
through a reversible adiabatic expansion, compute (a) the 
mass of air finally in A and B, and (b) the final 
temperature of the air in B. Refer to the figure for the 
schematic representation. 



valve 


Solution ; (a) In order to calculate the final mass in either 
the container or the cylinder, the initial mass has to be 
known. 

From the ideal gas equation of state 

m = || where R . = 0.287 kJ/kg-K (1) 

rt i ai r 

Before the valve opens (state 1): 

Tank A: 


_ P 1 V 1 _ (2000X0.2) 
Ai RTi (0.287)(400) 


3.4843 kg 


Cylinder B: 


_ PiVi _ (150)(0.1) 
m Bi RTi (0.287)(300) 


0.1742 kg. 
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After the valve opens (state 2) 
Tank A: 


In order to calculate the mass in tank A at the final state 
(state 2), the temperature inside tank A must be calculated, 
so that Eq. (1) can be used. Since it has been assumed that 
the air remaining in tank A has gone through a reversible 
adiabatic process 


From the isentropic relation 


T2 = /P2_\ 
Ti \Pi/ 


(k-i)/k 


k = 1.4 (air) (2) 


solving for T, 


A in Eq. (2) yields 

(k-i)/k 


- t > (it) 


/JL50\ 

V2000/ 


( 1.4-1 )/l.4 


= 400 
= 190.83 K. 


From Eq. (1) 


m 


= = (150)(0.2) = 

A 2 RT 2 (0.287)(190.83) 


Cylinder B 

The final mass in cylinder B will be the mass that was 
originally there before the valve was opened plus the mass 
that was allowed to escape from tank A when the valve 
opened. Thus 


“Bz = m Bi + m Ae 

where 

m Ae = m Ai " m A 2 

= 3.4843-0.5478 
= 2.9365 kg 


From Eq. (3) 

m B2 = m Bl + m Ae = 0.1742 + 2.9365 = 3.1107 kg 
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(b) The first law written for this system (tank A and 
cylinder B) is 


Q12 = u 2 - u, + w 


1 2 


( 4 ) 


where Q 12 = 0 (adiabatic process). Also the work done, in 
moving the piston in cylinder B from the initial to the final 
volume, is 


W 


” ■ I. 


PdV - P(V Bi - v Bi ) 


substituting the above expression for work and expressing on 
a per mass basis, Eq. (4) takes the form 

0 = (m A 2 U A 2 + m B 2 U B 2 ) - (m Al U Al + m B 1 U B 1 ) + mP(V 2 - v i> 


or 


"a “a - “i A u. + m_. - m D u„ + mP(v„ - v„ ) = 0 

A 2 A 2 Ai A1 B 2 B 2 Bi Bi B2 Bi 


m. u A - m A 


Using the relation 

u = h - Pv 

the above equation becomes 

m. u. - m A u. + m D h D - m-. h„ =0 
A2 A2 Ai Ai B2 B2 Bi Bi 


(5) 


Since air was assumed to behave ideally, the relations 
(assuming constant specific heats) 

dh = C dT and du = C dT 
po vo 

can be substituted into Eq. (5) to give 

m. C T. - m. C T. + m_ C T_ - m D C T = 0 

A2V0A2 AivoAi B2P0B2 Bi po Bi 


The only unknown in the above equation is the temperature in 
cylinder B, after the valve was closed. Thus, using the 
values for the different masses as was obtained in part (a) 
of this problem, and taking the specific heats as 


C vq = 0.7165 kJ/kg-K, C pQ = 1.0035 kJ/kg-K 


solving for T D gives 

D 2 


T _ m A 1 ^vo T A 1 m A 2 < "vo T A 2 + m B 1 C po T B i 

B2 m B2 C po 
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_ ( 3.4843)(0.7165)(400)-(0.5478)(0.7165)(190.83) 
(3.1107)(1.0035) 


(0.1742)(1.0035)(300) 
(3.1107)(1.0035) 

= 312.71 K 


Thus there was a temperature rise of approximately twelve 
degrees. 


Note that the answer could have been obtained using Eq. (5), 
with values for the enthalpies and internal energies 
obtained from the air tables. The procedure would be to 
solve for the unknown enthalpy, and then go back to the air 
tables to find the corresponding temperature at the 
calculated enthalpy. This procedure however would involve 
more numerical calculations, even though it would give a 
more accurate value. 


THE SECOND LAW FOR CLOSED UNIFORM - STATE, 
UNIFORM - FLOW SYSTEMS 


• PROBLEM 4-40 


Two rigid and perfectly insulated tanks, are connected by a 
small pipe and valve. Tank A has a volume of 0.5 m 3 and 
initially contains water at l.OMPa, 400°C. Tank B has a 
volume of 0.6 m 3 and initially contains water at O.IMPa, 
250°C. The valve is then opened and water flows from 
tank A to tank B until the pressure inside tank A is 
0.6 MPa, and then the valve is closed. What is the final 
pressure in tank B? 


Solution ; First determine the state of the substance in 
both tanks, before the valve is opened. Let this be 
state 1. 


From the steam tables for each tank: 


State 1 
Tank A: 


Initial state is superheated vapor 


T sat.- 179.91'C < T give „ - 400°C 
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Heavy 

Insulation 


Therefore, from the superheated steam tables 

= 0.3066 m 3 /kg 

h A = 3263.9 kJ/kg 

u A = 2957.3 kJ/kg 

s A i = 7.4651 kJ/kg-°K 


Tank B: 


Initial state is superheated vapor 


T , = 99.63°C < T . = 250°C 

sat given 


Therefore, 

v n = 2.406 m 3 /kg 
h D = 2,974.3 kJ/kg 

d i 

u Bi = 2,733.7 kJ/kg 
s D = 8.0333 kJ/kg-°K 

D 1 

Because the containers are insulated 

Q = 0 


Furthermore assume that everything remaining in tank 
through a reversible adiabatic process. 
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Hence 


s. = s A = 7.4651 kJ/kg-°K 
A2 A i 

After the valve has been opened and closed again (when the 
pressure in tank A reaches 0.6 MPa), the two tanks have 
reached a new state. 


S tate 2 

Tank A: Two independent properties are known at this state 
and so the state of the substance can be determined as 
follows: 


Using the steam tables at P = 0.6 MPa 

( s f) A = 1.9312 kJ/kg-°K 

(Sg } a2 = 6 - 76 kJ / k g“° K 

Since s A > (s ) A the substance is superheated 

A 2 g A 2 


From the superheated steam tables then 


T a = 326.64°C 
A 2 

v. = 0.4556 m 3 /kg 
A 2 ° 


u. = 2843.72 kJ/kg 
A 2 

h. = 3117.06 kJ/kg 

A 2 


Tank B: Since not enough information is available, state 2 
cannot be determined for the substance inside tank B. 


However the mass in both tanks can be calculated at both 
states as follows. 


m 


Ai 


0.5 

0.3066 


= 1.6308 kg 


A1 


m 


A 


0.5 


A 2 


v 0.4556 
A2 


= 1.0975 kg 




B 


0.6 


v 2.406 
Bi 


= 0.2494 kg 
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At state 2 the mass of water in tank B equals the initial 
mass in the tank plus the mass of water entered while the 
valve was kept open. Therefore 


“Ba = ""Bi + m Ae 

= m Bl + (m Al * m A 2 ) 

= 0.2494 + (1.6308 - 1.0975) 

= 0.7827 kg 

From the first law 

* 1+2 = u 2 - u x + w^ 2 (1) 

For this process, however, Q 1 ^ 2 = 0 and W x ^ 2 = 0. Therefore 

U 2 - Ui = 0 

or on a per mass basis 

(m A U A + m B u B > 2 " (m A U A + m B U B\ = 0 (2) 


The only unknown in Eq. (2) is the specific internal energy 
of the water inside tank B at state 2. 

Solving for u R obtain 


m Ai U Ai + "B^Bi ~ m A 2 U A2 
UB2 " ^2 

= (1.6308)(2957.3) + (0.2494)(2733.7) 

0.7827 

(1.0975)(2843.72) 
0.7827 


= 3,045.31 kJ/kg 

At state 2, inside tank B, the specific volume can be 
calculated as follows: 

’B, ■ - oMf? ■ °- 7666 ">’ ,k e 

D 2 

Now two independant properties, namely the specific internal 
energy and specific internal volume are known. Therefore a 
third property can be obtained for the substance at that state, 
using the property relation 

u = h - Pv (2) 

and the steam tables. The solution is a trial and error one, 
and goes as follows: 
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First trial : Assume P = 0.4MPa 
From the superheated steam tables 

h = 3262.8 kJ/kg 

From Eq. (2) 

u = 2956.16 kJ/kg 
u D = 3045.31 > u = 2956.16 

D 2 


Second trial ; Assume P = 0.5MPa 
From the superheated steam tables 

h = 3614.1 kJ/kg 

From Eq. (2) 


u = 3230.80 kJ/kg 


U B2 = 3045 * 31 < u = 3230.80 


From these trials it is clear that the final pressure must lie 
between the two assumed values. The reason is that one of the 
trials gives a value lower than the actual value for the 
specific internal energy, and the other gives a higher value. 


Therefore it can be concluded that 

0.4MPa < P D < O.SMPa 
02 

Or by interpolation 

P s 0.43 MPa 
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CHAPTER 5 


IRREVERSIBILITY AND AVAILABILITY 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 222 to 
263 for step-by-step solutions to problems. 


In the thermodynamic analysis of processes, irreversibility and availability 
are two important concepts associated with the amount of useful work that can be 
produced. Availability is a property that gives the useful work potential of a 
specific amount of energy, and it is the part of the total energy that can be used to 
do the maximum possible work in a reversible process. The other part of the total 
energy cannot be used for work, e.g., energy at the temperature and pressure of 
the surroundings (unavailable energy). Irreversibility is the difference between 
reversible work and useful work, and it includes energy that has been converted 
to heat as a result of friction and turbulence. 

Availability is important for analyzing systems that have fluids available at 
high temperatures which potentially can be used to produce work. To have avail¬ 
able energy the process must have fluid temperatures and pressures above the 
surroundings. Moreover, only part of the total energy can be used to do work, the 
available energy; the remainder is transferred to the surroundings as heat, un¬ 
available energy. 

The total energy, Q H , entering a process is the sum of heat, work, and energy 
associated with incoming fluids, and the available energy in the process is ana¬ 
lyzed using the ideal heat (Carnot) engine cycle. For a known amount of total 
energy, Q H , entering the cycle at temperature Th, the amount of work, W rev , done 
by this process can be computed if the temperature of the reservoir to discharge 
heat is known. If this reservoir temperature is specified as the ambient or sur¬ 
roundings temperature, T L , then the amount of energy converted to work, W rev , 
and the amount of energy rejected, Q 0 can be computed as follows: 

Qc = Qh^~ ( 1 ) 

J H 

w rev = Qh-Qc = Qh( 1 - TJTh) (2) 

For the Carnot heat engine cycle with these conditions, Q H is the total energy, W rev 
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is the available energy, and Q c is the unavailable energy. 

Real processes are analyzed for irreversibilities to determine the inefficien¬ 
cies in each step. The steps are compared with the corresponding ideal ones, 
which have no irreversibilities, to obtain a measure of the efficiency of the actual 
process. In the ideal process all changes, heat transfer and work done, are revers¬ 
ible. This will give the maximum amount of work, W rev . 

To perform the analysis for irreversibilities, the first and second laws of 
thermodynamics are used, and the following procedures are for closed system 
and steady-state flow processes. Beginning with the closed systems the first law 
of thermodynamics is: 

A U=Q-W (3) 

The second law of thermodynamics for a closed system states that the total 
entropy change must be positive for an irreversible system and surroundings and 
zero for a reversible system and surroundings. The total entropy change, Ais 
the sum of the entropy change for the system and the surroundings, and it is 
called the entropy generation, S gen , also: 

total = Sgen ~ AS + AS surr a 0 (4) 

For this analysis, the surroundings are treated as a thermal energy reservoir at 
temperature T a . Then the definition of entropy change for an isothermal heat 
transfer process is used, i.e., A S surr = QJT a . However, Q 0 - - Q for the system; and 
Eqs. (3) and (4) can be combined to determine the actual work for the closed 
system: 

W = -AU + T a AS - TS gen (5) 

The useful work, W u , is defined as the difference between the actual work, 
W, of Eq. (5) and the surrounding work, P 0 AV (volume change AV against con¬ 
stant surroundings pressure P c ): 

W u = -A U +TOAS- TJS ge „ - PJiV (6) 

For a reversible process, the useful reversible work, W rev> is when S gen = 0 or: 

W rev =-AU+ TgAS - P a AV (7) 

This equation gives the maximum useful work for a closed system going from 
state 1 to state 2 while exchanging heat with the surroundings at T 0 and P a . 

It is convenient to define the availability <j> as a function using Eq. (7) where 
state 2 is designated as 0, that of the surroundings, and state 1 is treated as a 
variable: 

♦ = {U-U 0 ) - T 0 (S-S 0 ) + P 0 (V- V a ) (8) 

Availability is a state function, and the reversible work, W rev> can be evaluated 
using Eq. (7) in terms of <J>, i.e., 
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w rev = <t»l - <t>2 


( 9 ) 


Using this equation the reversible work can be interpreted as the decrease in 
availability of a closed system (or increase for compression). 

For a closed system, the irreversibility / is defined as the difference between 
reversible work, W rev> and the useful work, W u . From Eqs. (6) and (7), this is: 

I=W rev -W u = TJS gen (10) 

Irreversibility is a measure of losses such as those to friction and heat discharged 
at a temperature above the surroundings. 

The analysis of availability and irreversibility for a steady-state flow system 
follows the same reasoning as that for a closed system. The first law of thermo¬ 
dynamics for a steady-state flow process with potential and kinetic energy changes 
considered small compared to the change in enthalpy is: 

A H = Q-W S (11) 

Eq. (11) is written per unit mass flowing through the system, and Wj is shaft work. 

The second law of thermodynamics for a steady-state flow process is given 
by the following equation: 

AS total =S gen = S e -S i + &**-* 0 (12) 

*surr 

where S e - 5,- is the entropy per unit mass associated with mass flow rate w through 
the system, and Qsurr/T surr is the entropy change associated with heat transfer across 
the boundaries of the process, e.g., through heat exchangers. 

Eq. (12) can be written in terms of Q, the heat transfer rate with respect to the 
system: 

(13) 

where Q surr = - Q (negative of the heat transfer rate with respect to the surround¬ 
ings), and T surr = T„ the reservoir temperature for the surroundings. 

Eq. (13) can be used to replace Q in the first law of thermodynamics, Eq. (11), 
to give an equation for shaft work, W s : 

W S = -AH+ T a (S e - Si) - TJS gen (14) 

This is the comparable equation to Eq. (5) for a closed system. 

The reversible work for a steady-state flow process is Eq. (14) with S gen = 0, i.e., 

W Sl rev = - AH + T<£S e - Si) (15) 

The stream availability, ij>, is a function obtained by using Eq. (15) where 
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state e, the exit state, is taken as 0, that of the surroundings, and state i, the en¬ 
trance state, is treated as a variable. This is comparable to the definition of <|> in Eq. 
(8) for a closed system: 

= (.ff-ffo) - US-S 0 ) + ~ + gz (16) 


In the above equation, the kinetic and potential energy terms have been added for 
completeness. For these terms u 0 = 0 and zq = 0. 

The stream availability is a state function, and the reversible shaft work, 
W s rev> from Eq. (15) can be evaluated using op, i.e., 

WW=i|>i—*l>2 (17) 

Using this equation, the reversible shaft work can be interpreted as a decrease in 
availability for flow systems. 


Eq. (17) gives the maximum shaft work for a steady-state flow process, and it 
provides the basis for computing the thermodynamic efficiency q: 


q = 


w 

Vr s,rev 


(18) 


The actual shaft work, for the process is required to evaluate the efficiency 
given in Eq. (18), and it is computed using Eq. (14) for the actual process. 

The irreversibility I for a steady state flow process is measured by the differ¬ 
ence between the reversible work, W s rev> and the actual work, W s : 

I=W S ' rev -W s (19) 

Using Eqs. (14) and (15), the irreversibility or lost work is given by: 

/=WW=^en (20) 

As in a closed system, the irreversibility or lost work is a measure of losses such 
as those from friction and heat discharged at a temperature above the surround¬ 
ings. 

In summary, the availability functions for closed and steady-state flow sys¬ 
tems have been developed from the first and second laws of thermodynamics. 
Reversible work can be interpreted as a decrease in availability of a system. 
Irreversibility or lost work is the product of the entropy generated by the system 
and the temperature of the surroundings considered as a thermal energy reservoir. 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Irreversibility and Availability” 


REVERSIBLE WORK 

• PROBLEM 5-1 


Air at 150 lbf/in 2 , 150°F and a velocity of 300 ft/sec is 
expanded in a gas turbine and leaves at 50 lbf/in 2 , 40°F 
and 200 ft/sec. Assuming no heat losses and air to be an 
ideal gas with constant specific heats, calculate the 
reversible work per pound of air done, and the actual work 
done by the turbine. 


Solution : A typical turbine consists of (1) a nozzle which 
accelerates the air flow converting internal energy and flow 
work to kinetic energy, and (2) a rotor which slows down the 
fluid, extracting energy from the air as work. 


The reversible work done for a steady state process can be 
calculated from the equation 


Vi 2 - V 2 


W = (h. - h ) - T (S. - S ) + -s— 

rev l e o l e 2g 


+ (Z x -Z ) 


e 6, 


= (h, - h) - T (S, - s ) + 
i e o i e 


V - V e 

2g„ 


= C (T. - T ) - T (c In ^ - Rln 

po' 1 e o\vo T g P Q J 


2 TT 2 


P, N V^-V 


2g, 


= 0.240(610 - 500) - 537(0.240 In 


610 

500 
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53.3 , 150 ] (300) 2 - (200) 2 
778 1D 50 J 64.34 x 778 


= 26.4 + 14.8 + 1.0 


= 42.2 Btu/lbm 


The actual work of the turbine is obtained from the steady- 
flow energy equation 


- V- 


W = (h. - h e ) + 


= 0.240(610 - 500) + 


(300) 2 - (200) 2 
64.34 x 778 


= 26.4 + 1 


= 27.4 Btu/lbm 


• PROBLEM 5-2 


Calculate the minimum power required to cool 100 lb moles/ 
min of air from 550°R to 500°R when the surrounding 
temperature is 550°R. 


Solution ; Apply the equation 

W = T AS - AH (1) 

o 

to 1 pound mole of air. Assume the heat capacity as 
7 Btu/(lb mole)(°R) 

AS = -7 In (550/500) 

= - 0.666 Btu/(lb mole)(°R) 

AH = 7(500 - 550) = -350 Btu/(lb mole) 

The minimum work required is 

W . = (550)(-0.666) + 350 

mm 

= -16 Btu/(lb mole). 

For 100 lb moles of air per minute 

W . = (-16)(100) = -1600 Btu/min. 

mm 

= -37.7 hp. 
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• PROBLEM 5-3 


Air at an initial state of 100 psia and 800°R is expanded in 
a cylinder to a final pressure of 10 psia, along a polytropic 
path with n = 1.3. Assuming the process to be adiabatic, and 
air to behave as an ideal gas, calculate the friction of the 
process per lbm of air. 


Solution : The friction of the process is the difference 

between the actual work done during the process and maximum 
possible work or the reversible work. Therefore 


F 


w 

rev 


act 


( 1 ) 


Noting that Q = 0, the actual or irreversible work equals 


w 


act 


Ui - u, = 


c (T 2 

V z 


- T x ) 


( 2 ) 


The temperature T 2 at the end of the expansion is found using 
the relation 

t * ■ T ‘(Ftr r 

0*2 3 0 

- 800 (vs) 

= 470°R 

Then by Eq. (2), with c v = 0.172 Btu/lbm-°R 

w act = °- 172 ( 80 °- 470 > 

= 56.6 Btu/lbm 

The reversible work for this system is given as 

_ P 2 V 2 ~ Pivi _ R(T 2 - T!) 
rev 1-n 1-n 

1.986(800-470) 

29(0.3) 

= 75.4 Btu/lbm. 


Then from Eq. (1) 

F = 75.4 - 56.6 = 18.8 Btu/lbm 
which is the frictional force 
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• PROBLEM 5-4 


An air compressor is used to compress air from atmospheric 
conditions (14 psia, 60°F) to 70 psia, 120°F in a steady- 
state, steady-flow process. Calculate the minimum work 
required per pound of air to drive the comoressor. 



Solution : For a compression process, W max < 0 because work 

must be supplied to the system. Therefore 

-w = minimum w. 
max m 

Neglecting kinetic and potential energies, it can be written 

for the reversible work (w ) 

max 

W max = (hl " T ° Sl) " (h2 - T o s 2> 


where 


^(h! - h 2 ) ToCSi - S 2 ) 


T 0 = 60 + 460 = 520°R 


Assuming constant specific heats, and treating air as an 
ideal gas Eq. (1) takes the form 


w = C (T 2 - Ti) - T 0 ds 
max p u l 

2 


However, from the relation 
Tds = dh - vdP 
Eq. (2) can be written as* 


w mQY = C (T 2 - Ti) 
max p 


- -[ ( 


or after integration, and the fact that 


w mav = C (Tz - T i) - T o[ C ln(£i)-Rln (^) 1 (3) 

max p p \l 2 / \P 2/ 
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for air 


C = 0.24 Btu/lbm-°R 
P 

R = 0.0686 Btu/lbm-°R 

Substituting the numerical values into Eq. (3), obtain 

w max = 0 - 24 ( 6 °- 12 °)- 520 0.24 In (f|§) ~ 0.0686 In 

= -14.4-520 [-0.0262 + 0.1104] 

= -58.2 Btu/lbm 

Since \v = -58.2 Btu/lbm or w. > 58.2 Btu/lbm, it follows 
max in — 

that the minimum work input is 58.2 Btu/lbm. 


• PROBLEM 5-5 

Steam initially at 500°F, 100 psia enters a steady-state, 
steady-flow system with negligible velocity. It leaves the 
system with a velocity of 500 ft/sec, at a mass flow rate 
of 8000 lbm/hr. If the conditions at the exit are 15 psia, 
240°F and heat is exchanged only with the surroundings at 
60°F, calculate the maximum power output. 



Solution : The maximum power output that the system is able 

to perform is 


P 

max 


mw 


max 


mw 


rev 


( 1 ) 


For a steady-state, steady-flow system exchanging heat only 
with the atmosphere, the reversible work is 


Vi Vo 2 

w rev = (hi-To6i + -gjp + gZi) - (h 2 -T 0 s 2 + + gZ 2 ) (2) 

In this case, changes in potential energy can be neglected 
as well as the initial kinetic energy (since Vi =0). Then 
Eq. (2) becomes 

w rev = (hj - ToSj) - (h 2 + ^ - T 0 s 2 ) 
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or 


(3) 


w rev = (hi-h 2 )-T 0 ( Sl -s 2 ) - ■ 
From the steam tables then at states 1 and 


2g 

2 


h x = 1279.1 Btu/lbm 
h 2 = 1164.1 Btu/lbm 
Si = 1.7085 Btu/lbm-°R 
s 2 = 1.7742 Btu/lbm-°R 


Substituting these values into Eq. (3), 

w = (1279.1 - 1164.1) - 520(1.7085 - 1.7742) 
rev 

(500) 2 
50000 

= 144.2 Btu/lbm 


Then from Eq. (1) 


= 8000(144.2) 
max 2545 


453 hP 


It should be noted that an actual machine operating at these 
specified end conditions will produce less power on account 
of irreversibilities. Also it does not make any difference 
what kind of mechanism is used for producing this much power, 
because this power output cannot be exceeded. 


IRREVERSIBILITY 


• PROBLEM 5-6 


Determine the irreversibility per kg of Freon-12 flow, 
associated with an expansion valve (see figure). Freon-12 
enters at 1.2 MPa, 30°C and is expanded to 100 kPa. 
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Solution : Consider a control volume around the exoansion 

valve. This is a throttling process, and for such a process 
both the work and heat transfer are zero. The irrevers¬ 
ibility for such a process (steady-state-steady-fiow) can be 
found using the equation 

I = m 2 T 0 s 2 - m 1 T 0 s 1 , T 0 = 298.15K 


or 


I 

m 1 


T 0 (s 2 - Si) 


( 1 ) 


The only unknown in the above equation is the entropy at the 
two states, and can be obtained using the given information 
along with the Freon-12 tables. 

State 1: From the tables it is easily seen that this state 

lies in the compressed region (P . < P . ) and 

.. _ * ° sat given 


thus 


Si = s f = 0.2397 kJ/kg X 

State 2: The given information is insufficient to obtain 
the value for the entropy from the tables. How¬ 
ever, for a throttling process the enthalpy at the 
the entrance and exit will be the same. Using 
this, the state at 2 can be obtained. From the 
Freon-12 tables 

h 2 = 


2 = hi = h f = 64.539 kJ/kg. 


By inspection one gets that state two lies in the mixture 
region, and so the quality must be calculated, using the 
equation 


where 


hu - h. 


x = 


“fg 

= 8.854 kJ/kg 


fg 


= 165.222 kJ/kg 


Hence 


x = 


64.539-8.854 


165.222 

Then the entropy can be obtained from 


= 0.3370 


where 


s 2 = s f + xs fg 


s f = 0.0371 kJ/kg K 
3j g = 0.6795 kJ/kg K 
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Hence s 2 = 0.0371 + (0.3370)(0.6795) 

= 0.2661 kJ/kgK 

Substituting the value for entropy into Eq. (1),gives the 
irreversibility per kg of Freon-12 

I = T 0 (s 2 -Si) = 298.15(0.2661 - 0.2397) 
m 

= 7.8712 kJ/kg 


• PROBLEM 5-7 


Air at 14 psia and 80°F is allowed into a compressor having 
an efficiency of 70 per cent and a pressure ratio of 3. 
Calculate the irreversibility per pound of air. 



Solution : The irreversibility for the process is 

1 ■ T * as )syst. 

Since the inlet temperature of air is not given, assume the 
inlet air temperature to equal the temperature of the 
surrounding atmosphere. To calculate As, the end states of 
the process have to be determined. Since the process is 
adiabatic, the final state can be calculated from the 
initial state and the work done. The work done can be 
obtained from the compressor efficiency and the isentropic 
(ideal) work. The ideal work can be obtained by using the 
first law. The change in temperature here is very small, 
hence the following values can be used. 

C = 0.24Btu/lb-f and k = 1.4 
P 
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e temperature at stage 2 is then 


T u - 


= (460 + 80)(3) 


1.4-1 

1.4 


= ( 540 ) ( 3 ) 0-2 8 6 
= 739 R 

Input work^ = h 2 - hi 

= Cp(T 2 - TO 

= 0.24(739-540) 
= 47.76 Btu/lbm 

Input workj a = ^ n P u * WQr k)j 

where n = efficiency 

47.76 

0.7 

=68.2 Btu/lbm 
h 


2a 


rp _ 2 a 

1 1 I 


h. 

i 


input work r 


68.2 

0.24 

= 284 R 


T = T, + 284 
2 a A 

= 540 + 284 

= 824 R 


As 


s *a- s i 




.2a 

'l 


vdp 


T 


= C In 


2 a 

Ti 
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= 0.24 In 


824 


53.3 


540 778 

= 0.0262 Btu/lbm-°R 


In 3 


.*. i = T 0 As 

= 540 x (0.0262) 

= 14.15 Btu/lbm 

This shows that when 68.2 B/lb of energy is added to the air 
as work, 14.15 B/lb is wasted or cannot be reconverted to 
work. For the reversible process 47.76 B/lb of work is 
required and the entire amount can be reconverted into work 
by reversing the process. 


• PROBLEM 5-8 


A 0.1 m diameter, 0.1 m high solid copper cylinder is 
initially at 180°C. It is then placed in a room and is 
allowed to cool to a final temperature of 30°C. Assuming 
copper to have a density of 8954 kJ/kg-°K, calculate the 
heat transfer and the irreversibility of the process if the 
temperature of the surroundings (T 0 ) is 25°C. 


Solution : Consider as the system, the copper cylinder alone. 

After a period of time the cylinder will cool, as a result 
of heat transfer from the cylinder to the surroundings.From 
the first law of thermodynamics it can be written 

Q = AU - W . 


Noting that there is no work involved in this process, the 
first law reduces to 


Q = AU 


( 1 ) 


Assuming constant specific heats, and noting that the 
internal energy is not a function of volume, we can write 

du = C y dT 


and for a specified mass m 

dU = mC v dT 


( 2 ) 


Integrating between states 1 and 2 

AU = U 2 - Ui = mC v (T 2 - T x ) (3) 
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where 


and 


c y = 0.4 kJ/kg-°K 

T 2 = 30 + 273 = 303°K 
Ti = 180 + 273 = 453°K 

m = pV 


For a cylinder 

v _ 7Td 2 h 
V 4 

ir(0.1) 2 (0.1) 

4 

= 7.85 x 10 -l *in 3 


Then 


m = 8954 (7.85 x 10”“) = 7.029 kg 
substituting the numerical values into Eq. (3), obtain 


AU = 7.029 x0.4 (303 - 453) 
= -421.74 kJ 


and from Eq. (1) 

Q = AU = -421.74 kJ 

The minus sign indicates that heat was lost by the cylinder 
as expected. 

The irreversibility for any process is given as 

1 = Em e T o s e ” Zm i T o s i + m 2 T o S 2 - m i T o s 1 " Q c . v . (4) 

However for this system 

m T s = 0 ; m.T A s. = 0 
e o e * l o i 

since neither mass leaves norenters the system. 

Therefore Eq. (4) reduces to 

I = mT 0 (s 2 - s!) - Q 

L . V * 

or 

I - «T.4S) syst- - « c-v- (4a) 
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The specific enthalpies however, s 2 and s 1 , cannot be 
calculated directly or obtained from any table. We can 
however write 


AS =m 



+ 



But v 2 = v x and Eq. (5) becomes 


4S -«C.ln(£) 

= 7.029 x 0.4 In 
= -1.1307 kJ/°K 

From Eq. (4a) 

I = 298 (-1.1307) - (-421.74) 
= 84.79 kJ 


( 5 ) 


• PROBLEM 5-9 


Consider a turbine in a large power plant. Steam enters at 
a pressure of 5 MPa and a temperature of 500°C. Some of the 
steam is extracted from the turbine at 1 MPa and 300°C and 
rejected into a high pressure heater. At another stage of 
the turbine some more steam at 100 kPa and 99.63°C is 
extracted and rejected into a low pressure heater. The 
remaining steam leaves the turbine at 5kPa with an enthalpy 
of 2200 kJ/kg. Assuming m 2 /mi = 0.13 and m 3 /mi = 0.1 
compute the irreversibility of the turbine. 
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Solution ; 

equation 


The irreversibility in this case is given by the 


where 


I = £m T 0 s - £m.T ft s. -Q 

£3 0 fi -j 0 -« ^ 


e 0 e 
T 0 = 298.15°K 


l c. v. 


Q„ ,, =0 (Assume an adiabatic turbine) 

L • V • 


or I = 1114 X 084 + m 3 T 0 s 3 + m 2 T 0 s 2 - miT 0 Si 

Dividing by the mass (mi) entering the turbine, the above 
equation takes the following form 



/ m 4 

\mi 


s 4 


. m 2 

+ ~r-s 3 

mi 


, ni 2 
+ ~s 2 

mi 



( 1 ) 


From continuity 


m 4 = mi-m 2 -m 3. 

Dividing by m 1 and substituting the given information 

m 4 _ ^ _ m_ 2 _ _ m _2 
mi mi mi 


= 1-0.13-0.10 


= 0.77 


The specific entropies at the different states must next 
be calculated. 

State 1: Si = 6.9759 kJ/kg K (superheated vapor) 

State 2: S 2 = 7.1229 kJ/kg K (superheated vapor) 

State 3: S 3 = s g = 7.3594 kJ/kg K (saturated vapor) 


State 4: The enthalpy given for this pressure (5 kpa) lies 
in the mixture region, and so the entropy must lie in that 
region as well. The information given for this state is 
insufficient to obtain the value for the entropy at this 
state. But the quality x can be calculated using the 
enthalpy and the steam tables. 


x 


h-h 


f 


h 


fg 


where 


h f = 137.82 kJ/kg 
h fg = 2,423.7 kJ/kg. 
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Thus 


x 


2200 - 137.82 
2423.7 


= 0.8508 

Knowing the quality, the entropy can be calculated. 

s 4 = s f + xs fg 

where s f = 0.4764 kJ/kg K 


Thus 


S f = 7.9187 kJ/kg K 


s 4 = 0.4764 + (0.8508X7.9187) 

= 7.2136 kJ/kg K 

Substituting the above values in Eq. (1), the irreversibility 
per kg of steam entering the turbine is 

— = 298.15 |"(0.77)(7.2136) + ( 0 .10) ( 7.3595 ) + 
m x L 

(0.13)(7.1229) - 6.9759] 

= 298.15 (0.2405) 

= 71.70 kJ/kg 


• PROBLEM 5-10 


Heat from the surroundings which remain at a fixed 
temperature of 1200°R, is added to 0.03 lbm of helium 
initially at 550°R, 10 atm., at constant pressure. The 
helium then expands reversibly and adiabatically to a 
final pressure of 1 atm and a temperature of 550°R. 
Assuming constant specific heats and the helium to behave 
as an ideal gas, calculate the irreversibility for the 
process. 
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Solution ; The figure suggests that the process can be 
broken into two steps. Process 1-2 is a constant pressure 
process, and process 2-3 is a constant entropy process. 
Therefore for the irreversibility of the overall process 

I1 + 3 = 11^2 + I2 + 3 (1) 


for process 1+2 


I i->2 — — Qi-*2 (2) 

and for process 2+3, which is a reversible process as stated 
by the problem 


12 + 3 “ 0 

substituting Eqs.(2) and (3) into (1) 

11 + 3 = AS -^2 - (r^ - ) 

The change in entropy for process 1+2 is 

AS^ 2 = mC p ln(ji)-mRln(^) 

But P 2 = Pi and thus 

AS ^ 2 = mc p ln (|i) 


(3) 


(4) 


(5) 


Since constant heat capacities have been assumed the 
relation 


Y-i 


= (v* rr 

VP 3 1 


12 

T 3 VI" 3 


where for helium 

Y = 1.667 

is used to find the temperature at state 2. 


T 2 = 550 


(¥) 


1. 6 6 7-1 
1.6 6 7 


= 1382°R 

From the table of critical constants, for helium 

C = 1.240 Btu/lbm-°R 

D 


C y = 0.7442 Btu/lbm-°R 
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Then from Eq. (5) 


AS!_> 2 = 0.03 x 1.240 In 
= 0.03428 Btu/°R 


The only unknown in Eq. (4) is the heat transfer Q ]+2 . 
From the first law of thermodynamics 
Ql-2 = AUl + 2 + Wi + 2 

= mC v (T 2 - T x ) + P(V 2 - V x ) 

for the initial volume 


mRTi 

Pi 

0.03(386X550) 

10(14.7X144) 

= 0.3010 ft 3 


For V 2 

v > - v >(^) 

- 0- 3010 (w) 

= 0.7564 ft 3 


Substituting the numerical values into Eq. (6) 

Qi + z = 0.03 x 0.7442(1382-550) 

10(14.7)(144)(0.7564-0.3010) 
+ 778.2 


= 18.38 + 12.38 


= 30.96 Btu 


Eq. (2) then gives 

I 1+3 = 1200(0.03428) - 30.96 
= 10.176 Btu 
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• PROBLEM 5-11 


Two identical blocks of aluminum are initially at 1300°K and 
400°K respectively. The two blocks are then brought into 
thermal communication and they attain the same temperature. 
Assuming that the specific heat of aluminum is 0.9 kJ/kg-°K, 
calculate the irreversibility of the process if the mass of 
each of the blocks is 5 kgs. 


Solution : Let A represent the 1300°K block, and B the 400°K 

block. For the two blocks to attain the same final 
temperature, when the two blocks are brought into thermal 
communication heat is going to be rejected from the hotter to 
the colder block. Furthermore since there is no work 
involved in the process,the heat rejected by the higher 
temperature block is going to be received by the lower 
temperature block. Hence 


% 


- q l 


( 1 ) 


Note that in reality some of the heat is going to be lost to 
the environment, but for our purposes it is assumed to be 
negligible compared to that between the two blocks. 

The irreversibility for such a process is equal to the 
product of the net entropy change of the process and the 
temperature of the surroundings. Therefore it is directly 
related to the second law of thermodynamics and we can write 


I 


T a AS ) 


net 


( 2 ) 


where 


AS) , = AS. + AS d 
net A B 

From the second law of thermodynamics, for the entropy change 
of a substance, following the ideal gas equation of state, is 

“-"[ c p in (n) - *i n (ff)] <3> 


However 


P 2 = Pi 


and so Eq. (2) reduces to 

IS -mc p l„ (li) 


( 4 ) 


For each of the two blocks 


AS A 


mC 

P 
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and 


iS B ■ l " C p ln (i^) 


Substituting into Eq. (2) 

I = 


-M ib (£) ♦ i "(£) 


( 5 ) 


where Tq is the temperature of the environment, assumed to be 
298°K. 


The equilibrium temperature must then be evaluated 

(T = T = T ) 

D 2 A 2 2 


Since we have assumed constant specific heats it can be 
written for this process 

Q = mC D (T 2 - T 1 ) 


( 6 ) 


Substituting Eq. (6) into Eq. (1) yields 

mC (T a - T ) = mC (T - T. ) 

p A x 2 P 2 bx 

or solving for T 2 



1300 + 400 
2 

= 850°K 


Finally substituting all the numerical values into Eq* (5), 
obtain 

I - 5 * 0.9 x 298 ♦ ln(!§§) 

= 1341(0.3289) 

= 441.1 kJ 
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• PROBLEM 5-12 


Saturated vapor steam at 100 kPa is mixed with a stream of 
water at 15°C, in a steady-flow mixing process. The result 
is a hot water supply of 3.5 kg/sec at 90°C. Assuming the 
process to be adiabatic calculate the irreversibility rate 
of the mixing process. 


steam @ 



© 

Liquid Water 
T = 15°C 


Solution: Let the subscripts e, i, and o stand for the exit 

inlet, and surrounding states, respectively. For the steady 
state, steady-flow process the irreversibility is given as 

i = To Taii s - ah.s. 1 - q (i) 

[ e e i ij *c.v. 

However this process is adiabatic and therefore 


Then Eq. (1) reduces to 

i = Tof^m s - Eift.s.l (2) 

L e e 1 ij 

Referring to the figure 

i = To(rf>3S 3 - miSi - A 2 S 2 ) (3) 

To solve Eq. (3) the mass flow rates must first be obtained. 
Noting that there is no work done on or by the system, from 
the first law 

if) 3 h 3 = mihi + m 2 h 2 (4) 

From the conservation of mass equation 

m 3 = *! + m 2 (5) 
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From the steam tables, the enthalpies at the three stages 
are found to be 

hi = h = 2675.5 kJ/kg (at P = 100 kPa) 
g 

h 2 = h f = 62.99 kJ/kg (at T = 15°C) 

h 3 = h f = 376.92 kJ/kg (at T = 90°C) 

Substituting these values into Eq. (4), obtain 

(376.92)m 3 = (2675.5)*! + (62.99)m 2 (6) 

From Eq. (5), noting that m 3 = 3.5 kg/sec 


m 2 = 3.5 - mi 

Substituting this expression into Eq. (6), 

(376.92)(3.5) = (2675.5)mi + (62.99)0.5 - riii) 
solving for mi, yields 

(2612.51)111! = 1098.76 
or 


mi = 0.421 kg/sec 

From Eq. (7), then 

m 2 = 3.079 kg/sec 


(7) 


From the steam tables, at the different stages 

s = s = 7.3594 kJ/kg-°K (at P = lOOkPa) 
g 

s 2 = s f = 0.2245 kJ/kg-°K (at T = 15°C) 

s 3 = s f = 1.1925 kJ/kg-°K (at T = 90°C) 

Assuming the surroundings to be at 25°C or 

T 0 = 25°C = 298°K 

from Eq. (3) 

I = 298 £(3.5X1.1925) - (0.421X7.3594) - (3.079X0.2245) 
= 298(0.384) 

= 114.5 kW 
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• PROBLEM 5-13 


An evacuated and insulated container with a volume of 0.5m 3 
is attached through a valve to a line carrying steam at 
1.2 MPa, 350°C. The valve is then opened in order to fill 
the container with steam, and when the pressure inside the 
container reaches 1.2 MPa the valve closes. Calculate the 
mass entering the container and the irreversibility 
associated with this process. 



line 

T = 350°C 
P = 1.2MPa 


Solution : Irreversibility is called the difference between 

the reversible work W , and that done by the control 

rev’ J 

volume, or actual work associated with irreversible processes 
Hence 

I = W - W 

rev c.v. 

For the process involved, however, there is no work done on 
or by the control volume; hence 

I = W (1) 

rev 

Noting that the cylinder is insulated Q =• 0 and neglecting 
potential and kinetic energies, we can write for W 


W = Em 
rev 


m i[ h i- ToS i] - Em e[ h e - ToS e] 

- |m 2 (u 2 - T 0 s 2 ) -m^U! - ToSi)! 


242 



However the following conditions hold. Initially the 
container is evacuated and so 

m! = 0 

Also no mass is leaving the container, and thus 

m =0 
e 

Then it follows that the mass finally inside the container 
must be equal to that entering. Hence 

m. = m 2 = m 
1 z 

Therefore Eq. (1) reduces to 

w rev = m [ (h i " Uz) " T ° (s i “ Sz) J (3) 

From the first law, written for this process 
nKtK - m e k e = m 2U2 - nUUi 

or because of the previous conditions 

h i = u 2 

substituting for U 2 into Eq. (3), obtain 

W =mTo(s 2 -s.) 
rev l 


Then from Eq. (1) 

I = mTo(s 2 - s i ) (4) 

From the steam tables for the steam in the line at 
P = 1.2MPa, T = 350°C 

u 2 = h i =3153.6 kJ/kg 
s i = 7.2121 kJ/kg-°K 

At state 2 we know 

P = 1.2MPa, u 2 = 3153.6 kJ/kg 

From the steam tables then (by interpolation) 

v 2 = 0.3016 m 3 /kg 
s 2 = 7.7236 kJ/kg-°K 

Then for the mass finally inside the container 

”> ■ ” - ' 073516 ' 1 ‘ 658 k « 
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For the irreversibility, from Eq. (4) 


I = 1.658x298(7.7236-7.2121) 
= 258.72 kJ 


AVAILABILITY 

• PROBLEM 5-14 

A container contains compressed air at 620 kPa, 27°C. 

If atmospheric conditions are 103 kPa and 27°C calculate 
the work potential per kg of air. 


Solution ; The availability for a system neglecting kinetic 
and potential energies is 

A - E - - 'VvW - "surr. 

- (U, . P.V, - T.SO-dJ. ♦ P.V„ - T,S.) 

- <Ui - u^) + p,;v, - v a ) - t,(s 1 - s^) 

However Ui = and hence 

A.E. = Po(Vi - V co )-To(Si - S*,) (1) 


Assuming air to behave ideally 



and 

Pi 

AS = R In =“ (for this case) 

P o 

Substituting into Eq. (1) and rearranging 
A.E. = P 0 RT 0 (^--^ )+ ToRln(^) 

= RT 0 (^ - i) + RTo In ) (2) 

for air 

R * 0.287 k<J/kg-°K 
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Therefore from Eq. (2) 

A.E. = 0.287(300)(||| - l) 

+ 0.287(300) In 
= 82.75 kJ/kg 


• PROBLEM 5-15 


Determine the available energy that can be associated with a 
10 m 3 perfect vacuum and its surroundings at a pressure of 
0.100 MPa and at a temperature of 300K. 


Solution : The Equation of availability for any system is 

given as 


<f> = (u + P 0 v - T o s) - (u 0 + PoV 0 - T 0 s 0 ) (1) 

= (U—U o ) + p 0 ( v-v o) - To (S-S 0 ) 


For a perfect vacuum 

m = 0, (u-uo) = 0, (s-sc) = 0, v 0 = 0 

so the only terms left for the computation of the available 
energy are the initial pressure (or pressure of the 
surroundings), and the volume that this vacuum takes in space. 

With these in mind get 


<f> = PoV 

= (0.10) x (10) x io 6 N-m 
= 1,000 kJ 


• PROBLEM 5-16 


In a particular flow system 1 lbm of saturated water at 
400°F is heated at constant pressure until it is saturated 
vapor. If the reservoir temperature is 40°F, calculate the 
availability of the heat transferred to the water. Assume 
the process to be reversible and the heat of vaporisation at 
400°F to be 826.0 Btu/lbm. 
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Solution ; In a constant pressure process, the work is zero, 
and the reversible heat 

Q = h„ = the heat of vaporisation, 
rev fg 

This process is reversible, and so 


The entropy change is 


4S - 


The availability of heat is obtained by 


A.E. = Tds - T 0 As 


A - £ - ~ h fg T^ h fg 


= (1 - h f g 

Using the given values of T^, T 0 ,and h f ^, [Note: 40F= 500R], 

4 - E - ■ (1 - §§§> 826 

= 396 Btu 


The amount of heat now available for conversion to work in 
reference to the reservoir at 40°F is 396 Btu. 


• PROBLEM 5-17 


An automobile battery is able to deliver 5.2 MJ of electrical 
energy to start a car. Suppose compressed air at 7MPa, 25°C 
were to be used for doing the same work. What will be 

the volume of the tank required in order for the compressed 
air to have an availability of 5.2 MJ? 
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Solution : The availability of air at 7 MPa, 25°C is given 

by 


<f> = (u—u o) - T 0 (s-s o) + P 0 (v-v 0 ) 


where 


0.287 x 298.15 
7000 

= 0.01222 m 3 /kg 


RT C 

o p 
r n 


0.287 x 298.15 
100 

= 0.8557 m 3 /kg. 

.'. (J) = 0 - 298.15^0 - 0.287 In 

+ 100 (0.01222 - 0.8557) 

= 279.2 kJ/kg 

For an availability of 5.2 MJ, the mass of air required is 

5.2MJ _ 5200kJ 

m <j> 279.2kJ/kg 

= 18.625 kg 

The volume of the tank then is, 

V = mv 

= 18.625 (0.01222) 

= 0.2276 m 3 . 


• PROBLEM 5-18 


Calculate the specific availability function <J> for steam at a 
pressure of 100 lb/in 2 and a temperature of 1000°F in an 
environment of pressure 14.7 lb/in 2 and a temperature of 60°F. 
Also calculate the specific availability of steam in a process 
having the same initial state as given above and whose final 
state is at a pressure of 40 lb/in 2 and a temoerature of 
500°F. 
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Solution : For P = 100 lb/in 2 and 

T = 1000°F, 

from the steam tables; 

v = 8.656 ft 3 /lbm 
h = 1530.8 Btu/lbm 
s = 1.9193 Btu/lbm-°R 
Using the equation: 

u = h - Pv 


obtain 


u 


1530,8 TEm - 100 x 144 x 8.656 x 7^8 (ft lb/Btu) 
1370.6 


and (J) = u + Pov - Tos 


= 1370.6 


Btu 

lbm 


+ 14.7 x 144 



8.656 


ft 3 1 

lbm x 778 ft lb/Btu 


- 520°Rx1.9193 


Btu 

lbm 6 R 


= 396.2 


Btu 

lbm 


.*. The specific availability function 0 


396.2 


Btu 

lbm* 


For the final state; i.e. at P = 40 lb/in 2 

T = 500°F, 


from the steam tables, 


ft 3 
lbm 

Btu 
lbm 

Btu 
lbm°R 

from which U 2 = 1179.9 Btu/lbm. 
Using the same procedure 


u 2 = 14.168 
h 2 = 1284.8 

s 2 = 1.8140 


02 


275.2 


Btu 

lbm 
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The specific availability of any process is 


A<f> 


<f>l “ <t>2 


(396.2 


275.2) 


Btu 

lbm 


121.0 


Btu 

lbm 


which means that for one pound mass of steam the maximum 
useful work for any process between these end states is 
121.0 Btu. 


• PROBLEM 5-19 


A turbine takes in air at 825K, 690 kPa and expands it to 
138 kPa and 585K. Assuming air to be an ideal gas, 
calculate 

a) the available energy of the air taken in , 

b) the loss of available energy in the turbine,and 

c) T 0 , the isentropic exit temperature, or, the lowest 
available temperature. 


Solution : a) The available energy of the air taken in can 

be obtained from the equation 

(A.E.) 1 _ q = hi - h 0 


hi-ho — c^CTi ~~ ^ 0 ^ 


To _ (Po\ 


I k-i ) 

k 


Therefore 


T . - 825 (H) 


= 520.9 K 


(A.E.) 10 = 1.0046(825 - 520.9) 


= 305.5 kJ/kg 
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b) The loss of available energy in the turbine can be 
obtained from the equation 


and 


( A. E. ) 


loss 


Tq(Sq - S 2 ) 


(s 2 - So) 


S 2 - So 


(A.E. 


loss 


-T 0 (s 2 - s 0 ) 

°p ln (?j) 

1 - 0046 1 " (slo) 

0.1160 kJ/kg-K 
-(520.9)(0.1160) 


= -60.4 kJ/kg 


c) From equation (1) the lowest available temperature is 
520.9K. 


• PROBLEM 5-20 


A chamber is divided into two equal compartments each holding 
100 lbm of water at a pressure of 25 psia, and at 
temperatures of 140°F and 240°F respectively. Heat is then 
transferred between the two compartments until their 
temperature equalizes. If the lowest available sink 
temperature (refrigerator) is 40°F, and water is assumed to 
have a constant specific heat of 1.0 Btu/lb-°F, calculate 
the decrease in available energy associated with the process. 


L . L 


n - h 

r - 

A 

H 2 0 

140° F 

B 

H 2 0 

240°F 


Solution: When heat transfer is involved between two systems, 

when a temperature equalization process occurs, the heat 
rejected by the hot reservoir is equal to the heat received 
by the cold reservoir. 
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Therefore 


me AT, . . = me AT, 
p high p low 


However the masses are equal, and since water is present in 
both compartments, the specific heats are the same and so 


Tn - To = T; 


where T 2 is the equalization temperature, and is the same for 
compartments A and B. 


The change in unavailable energy for the high temperature 
medium (compartment B) is, 


U.E. 


B 


■ T L 1S B 


= me T 
P L 


f Tz 

ip, T 


( 2 ) 


or 


U.E. 


B mC p T L lD 


= 100(1)(500) In (f!§) 


= -3705 Btu 


The change in unavailable energy for the low temperature 
medium (compartment A) is, 


U.E 


A 


me T t In 
P L 



solving for T 2 , 


= 100(1)(500) In (§§§) 
= 4000 Btu. 


240 + 140 
2 

= 190°F = 650°R 
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The available energy is defined as 


where 


A.E. = Q - U.E. 


Q = heat transfer for the system 
U.E. = unavailable energy 


( 1 ) 


The heat transferred is 


Q. = Q 

^in ■ 


out = m V T B" T2> 

= (100)<1)(700- 650) 
= 5000 Btu 


From Eq. (1) for compartment A 


A.E 


A 


5000 


4000 = +1000 Btu 


and for compartment B 


A.E 


B 


-5000 


(-3705) 


-1295 Btu 


The energy and entropy values are summarized in the following 
table. 


Medium 

Q 

U.E 

A.E 

AS 

Hot. 

-5000 

-3705 

-1295 

-7.41 

+8.00 

Cold. 

+5000 

+4000 

+ 1000 


Mixture.. 

0 

+295 

-295 

+0.59 




No heat is added or rejected from the mixture as a whole, but 
the heat transfer between the two compartments increased the 
unavailable energy of the mixture at the expense of the 
available energy oi the constituents. 
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• PROBLEM 5-21 


In a Babcock and Wilcox boiler, water evaporates at a 
constant temperature of 400°F. Hot gases from a fire 
having a specific heat of 0.24 Btu/lbm°F and a temperature 
of 2000°F transfer heat to the boiler. The final temperature 
of the gases is 1000°F. On the basis of a pound of water 
evaporated, calculate the increase in entropy of the combined 
system. Take the latent heat of water to be 826.0 Btu/lbm. 

b) If the temperature of the surroundings is 80°F calculate 
the increase in unavailable energy due to this irreversible 
heat transfer. 


Solution ; a) The entropy change of the combined system of gas 
and water, is the entropy change of the parts of the system 
which can be found by assuming in each case a reversible 
process between the actual end states of the individual 
systems. 


Since the temperature of water is constant, the entropy change 
is 


As = T = f§0 = °‘ 965 Btu/ ° R 


For the gas, per pound of water evaporated Q = -826 Btu. 


.\ As 

g 


rev 


dQ 

T mc p 


1 


dT 

T 


= me (In T 2 - In Ti) 


- 'Jr - d n ~ In Ti) 
g 

= 0.826 (In 1460 - In 1260) 
= -0.431 Btu/R 


The total change is As 


As + As 

W £ 


0.965 - 0.431 


0.534 Btu/R. 
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b) 

The two assumed reversible processes are shown in the T-S 
diagram. In this figure the gas is cooled from D to C by 
transferring heat to the evaporating water, which changes 
from a to b. Next consider the heat from the gas to be 
transferred reversibly to a reversible heat engine. The heat 
engine will receive the heat along the path C~D. This is 
because the reversible heat transfer requires zero 
temperature difference as each increment of heat is transfer¬ 
red. In the figure, the heat engine will reject at T 0 a 
heat quantity T 0 As CD or -TAs g . The increase in unavailable 

energy due to this transfer of heat from gas to water is 

ToAs w - (-T 0 ASg) = ToAs 


where As is for the combined system as shown in part a). 


T 0 As = 540 (0.534) 
= 289 Btu 


Q - T 0 ASg = 826 - 540 (0.431) = 594 Btu 


Therefore due to the irreversible transfer of heat there is 
a loss of 


289 

594 


x 100 


= 49% of the available energy. 
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• PROBLEM 5-22 


Superheated steam enters an adiabatic turbine at 400 lbf/in 2 , 
600°F and leaves at a pressure of 50 lbf/in 2 and a quality of 
99.5%. If the temperature of the surroundings (To) is 60°F, 
calculate the turbine efficiency, effectiveness, and loss of 
available energy. 


Solution: The efficiency of the turbine is defined as 


n = 


act 


w ideal 


( 1 ) 


where 


w , = w 

act 12 a 


w ideal 

From the steam tables, at 


= w 


1 2 i 


the entrance of the turbine 


P x = 400 lbf/in 2 T x = 600°F 

h x = 1306.9 Btu/lbm s x = 1.5894 Btu/lbm-°R 

At the exit, from the Mollier chart 

P 2 = 50 lbf/in 2 x = 0.995 

h 2 = 1169.5 Btu/lbm s 2 = 1.6522 Btu/lbm-°R 

For the isentropic expansion (ideal case) from the Mollier 
diagram 


P 2i = 50 lbf/in 2 x = 0.995 


h 2± = 1122 Btu/lbm 


s 2 ^ = s i = 1.5894 Btu/lbm-°R 


With these values and Q = 0 


w. 


12a 


= h i 


= 1306.9 - 1169.5 = 137.4 Btu/lbm 


and 


= 1306.9-1122 
= 184.9 Btu/lbm. 
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Then from Eq. (1) 


n 


137.4 

184.9 


0.745 = 74.5% 


The effectiveness of a turbine is defined as the ratio of the 
actual work over the specific availability function 

1 w l 


e 


12a 

* 


( 2 ) 


The availability function is 


where 


Then 


* = 


g 


1 


g = h - T 0 s = Gibbs function 


gi - hi - T oSl 

= 1306.9 - (520)(1.5894) 
= 480.4 Btu/lbm 

2 a - ^2a - ^o S 2a 

= 1169.5 - (520X1.6522) 
= 310.4 Btu/lbm 


From Eq. (3) 

6 = 310.4 - 480.4 = -170 Btu/lbm 


(3) 


From Eq. (2) 


6 


137.4 

-170 


0.81 = 81% 


The loss of available energy is defined as 

A(A.E. ) = w iza + <J> 

= 137.4 - 170 
= -32.6 Btu/lbm. 
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• PROBLEM 5-23 


A piston-cylinder device has an initial contained volume 
of 0.1 ft 3 and contains steam at an initial state of 
160 psia, 500°F. The steam is then expanded to 20 psia, 
and as a result of this process 0.50 Btu of heat is 
transferred to the system. Assuming atmospheric conditions 
to be 14.7 psia, 80°F calculate 

(a) the actual useful work done by the system, and 

(b) the change in availability during the process. 


Solution : (a) Actual useful work is called the difference 
between the total work that the system is capable of doing 
and the work done in moving the piston against the 
atmosphere or the PdV work. Hence 


W 

use 


W. . 

tot 


W . 
atm 


( 1 ) 



( 2 ) 

(3) 


Substituting Eq. (2) and (3) into Eq. (1), obtain 
w U se = m(U2 " u i> “ Q + p o( v 2 - v i> 

From the steam tables at 500°F and 160 psia 

u 1 = 1171.2 Btu/lbm 
v x = 3.44 ft 3 /lbm 
s x = 1.6518 Btu/lbm-°R 

The mass of the system is then 

m = ^ = Tr^-nf = 0.0291 lbm 

V ^ «J • ~r “i 


(4) 
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The final state can then be determined in the following 
matter 


v, - v,(fl) 

- °- 0291 (%nr) 

= 22.36 ft 3 /lbm 

Then from the superheated steam tables at 20 psia and a 
specific volume of 22.36 ft 3 /lbm 

T 2 = 300°F 

u 2 = 1108.7 Btu/lbm 

s 2 = 1.7805 Btu/lbm-°R 

Substituting the numerical values into Eq. (4) 

W = 0.0291(1108.7 - 1171.2) - (-0.5) 
use 

14.7(0.65-0.1)(144) 

778 

= -1.82 + 0.50 + 1.50 = -0.82 Btu 

(b) The change in availability, associated with this process, 
is found using the equation 

<j> = (U 2 ~ Ui) + Po(V 2 - Vi) - To(S 2 ~ Si) 

or on a per mass basis 

♦ = m(u 2 - uO + P 0 (V 2 - V x ) - mT 0 (s 2 - s 1 ) 

= -1.82 + 1.50 - 0.0291(540)(1.7805 - 1.6518) 

= -2.34 Btu. 

The availability is also known as the maximum useful work. 
For this process the actual useful work is approximately 
35% of the maximum useful work. 


• PROBLEM 5-24 

A cylinder contains 10 lbm of water at 240°F. Ten more lbm 
of water at 140°F are mixed with the previous ten inside 
the cylinder at a constant pressure of 30 lbf/in 2 . Assuming 
a reference temperature of 40°F and a constant pressure 
specific heat of 1.0 Btu/lbm-°F, determine the change in 
available and unavailable energies when the temperatures are 
equalized. 
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hot water 



FIG. Change in entropy when hot water is 
mixed with cold water. 


Solution : The final temperature T p must be determined first. 

Noting that whatever heat was lost by the higher temperature 
water, was added to the lower temperature water 

^in ~ ^out 

or since both masses are the same 


T - T = T — T 
A A F F B 


or solving for T p 


For the hot water 


T + T 

T = 2A _ J? 

a F 2 


240 + 140 
2 

= 190°F = 650°R 


Q = mc p (T 2 - Ti) 

= 10(1)(650 - 700) 
= -500 Btu 

4S = ,»c p In (±) 
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WDinfflg) 


= -0.74 Btu/°R 

For the change in unavailable energy 

A(U.E.) = AST 0 

= -0.74(500) = -370 Btu 
The minus sign indicates a decrease. 

For the change in available energy 

A(A.E.) = Q - A(U.E.) 

= -500 - (-370) 

= -130 Btu 

Next consider the cold water 

Q = mc p (T 2 - Tg) 

= 10(1)(650 - 600) 

= +500 Btu 

4S “ me p In (|^) 

■ 10 < 1 > 1 "(fi) 

= 0.795 Btu/°R 

For the unavailable energy 

A(U.E.) = AST 0 

= 0.795(500) 

= 398 Btu 

For the available energy 

A(A.E.) = Q - A(U.E. ) 

= 500 - 398 
= +102 Btu 

The total change in the available energy is 

A(A.E.) Tot = A(A.E.) cold + A(A.E.) hQt 
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102 - 130 


= -28 Btu (decrease) 


The total change in the unavailable energy is 

4<U - E ->Tot = 4tU - E - ) oold * 4<U - E ->hot 
= 398 - 370 
= 28 Btu (increase) 

The change in entropy of the two quantities is shown in the 
figure, and the net change in entropy is found to be 
0.055 Btu/°R. 


• PROBLEM 5-25 


Hot gases with a mean specific heat of 0.26 Btu/lbm-°F leave 
a gas turbine at 1200°F and are used to heat water in a 
constant pressure heater. Water enters the heater at 200°F 
and its temperature rises as a result of heat transfer with 
the gases. At the exit of the heater the temperature and 
mass flowrate of the gases are measured to be 300°F and 
200,000 lbm/hr respectively, and the mass flowrate of water 
is measured to be 250,000 lbm/hr. Assuming the lowest 
available sink temperature to be 100°F and water to have a 
mean specific heat of 1.02 Btu/lbm-°F determine the available 
and unavailable energies for the process. 



Figure 1. Irreresible Heat Transfer 
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Solution : In this process, the heat lost by the hot gases 

which serve as the heat reservoir, are added to the water 
which is the system. Therefore 


Q 


gas 


= Q 


water 


or 


Vp <T ‘ - T ’>gas ■ ”vy T > - T >>» 


( 1 ) 


Since the temperature at the exit of heater is not known 
(for water), solving for T 2 > w gives 


! )w 


_ Vp< T i - 


T,>, 


m c 
w p 


+ T 


l )w 


_ 200,000(0.26X1200-300) . 

250,000(1.02) ^ uu 

= 183.6 + 200 

= 383.6°F = 843.6°R 


Fig. 1 shows the available and unavailable energies 
associated with the process. For the gas the unavailable 
energy is 

6 = Q = T.mc In (—M 

y u ^u Lx \T 2 7 

= (560X200,000X0.26) In 

= 22,850,000 Btu/hr 


The available energy is defined as the difference between 
the heat transferred to the system and the unavailable 
energy 

= Q a = Q * *u 

Where Q = m g c x ( T i " 

= 200,000 x 0.26(1200 - 300) 

= 46,800,000 Btu/hr 


Then from Eq. (2), for the gas 


(J> = 46,800,000 - 22,850,000 

a 


= 23,950,000 Btu/hr 
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For the water (system) 


u 


T T m c In 
L w x 



= 560(250,000X1.02) In 


= 34,700,000 Btu/hr. 

From Eq. (2), for the water 

<f> = 46,800,000 - 34,700,000 

a 


= 12,100,000 Btu/hr 


For this process 


A<b = <b - d) 
Y a y g Y w 


= 23,950,000 - 12,100,000 
= 11,850,000 Btu/hr 


Therefore in 
decreased by 

increased by 
energy is 11 


the heat transfer-process, the available energy 
the amount A<f> and the unavailable energy 

cl 

the same amount. Hence the loss of available 
850,000 Btu/hr. 
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CHAPTER 6 


THERMODYNAMIC RELATIONS 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 264 to 
327 for step-by-step solutions to problems. 


The state of a pure homogeneous fluid is fixed whenever two intensive 
thermodynamic properties are specified. For more complicated systems the phase 
rule determines the number of degrees of freedom, F, for a system with P phases 
and N chemical species: 

F = 2-P + N (1) 

A phase is a homogeneous region of matter; examples are gas, liquid, solid, 
liquid solution, gas bubbles disbursed in a liquid. Various phases can coexist, but 
they must be in equilibrium for the phase rule to apply. The phase rule variables 
are intensive properties which are independent of the extent of the system and 
of the individual phases. Intensive state functions are properties of matter, e.g., 
temperature, pressure, specific volume, internal energy, enthalpy, and entropy. 

The minimum number for the degrees of freedom is zero, and in Eq. (1) 
when F = 0 the system is said to be invariant. The maximum number of phases 
(P = 2 - F + N) that can coexist at equilibrium is three—the triple point—which 
occurs when F = 0 and N = 1. 

Intensive properties are variables in the first and second law of thermody¬ 
namics. In differential form the first law of thermodynamics for a reversible 
process is: 

dU = dQ rev - dW rev (2) 

where, U, Q, and W are per unit mass or molar values of internal energy, heat, 
and work. 

For a reversible process, the definition of entropy is: 

dS = dQrgJT (3) 

and reversible work is: 

dW rev =PdV (4) 
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(5) 


Combining Eqs. (2), (3), and (4) gives: 
dU = TdS - PdV 

This equation, representing the first law of thermodynamics for a reversible 
process, contains only variables that are intensive properties of the system. This 
equation will be the basis used to develop the Maxwell equations, which are 
important relations that underline the mathematical structure of thermodynamics. 

In addition to the five primary thermodynamic functions: P, T, V, U, and S, 
three additional functions are defined in terms of these five. They are: 


enthalpy 

H = U + PV 

(6) 

Helmholtz free energy 

K 

i 

& 

n 

(7) 

Gibbs free energy 

G = H -TS 

(8) 


The differential of H, A, and G can be written as the sum of two terms like 
dU given by Eq. (5). To illustrate this, the differential of enthalpy, H, from Eq. (6) 
is: 


dH = dU + PdV + VdP (9) 

By adding Eqs. (3) and (9), the following is obtained: 

dH = TdS + VdP (10) 

Equations for dA and dG can be obtained similarly as: 

dA = - PdV - SdT (11) 

dG = VdP - SdT (12) 

Recalling the phase rule where the state of a homogeneous fluid is specified 
by two of the eight intensive thermodynamic variables, we can write the chain 
rule for a general function of two independent variables F(x,y) as: 

(13) 


where F, x, and y can be any of the eight thermodynamic functions. For example, 
comparing Eq. (13) with Eq. (5) with F=U,x = S, and y = V, we have: 



For a continuous function, the order of partial differentiation can be inter- 
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changed, and the following holds for continuous functions with continuous first 
and second partial derivatives: 



Applying this result 

to Eq. 1 

(14) gives: 


-1 

d 2 U) 

1 -(—\ 


\9y9x), 1 

K dVdSj 

's {dv) s 

and 





f* 2JF 1 -1 

( d 2 U ' 

1 .jjq 


\dxdy) x \ 

v dSdVj 

) v \9S) 


(17) 


(18) 


The terms on the right side of Eqs. (17) and (18) are equal by Eq. (16), and one 
of the four Maxwell equations is obtained: 



The other three can be obtained by the same procedure, and they are: 


(f) -(f) 

( 20 ) 

(3 r -(S), 

( 21 ) 

(fi-m 

( 22 ) 


These four equations, along with the previous ones, serve as the mathemati¬ 
cal basis for evaluating thermodynamic functions from experimental measure¬ 
ments of pressure, temperature, and volume behavior of a fluid. 


The most useful relations are for internal energy, enthalpy, and entropy as a 
function of temperature and pressure or specific volume. For example, consider 
internal energy in a function of temperature and specific volume: 



(23) 


The heat capacity at constant volume is defined as: 



(24) 
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Next, Eq. (5) is used to evaluate the coefficient of dV in Eq. (23) by dividing by 
dV to give: 



(25) 


The Maxwell equation, Eq. (21) is used in Eq. (25) to give: 



(26) 


Substituting Eqs. (24) and (26) into Eq. (23) gives dU as a function of T and P, i.e.. 


dU = C v dT + 



(27) 


The change in internal energy from T x and V, to T 2 and V 2 can then be com¬ 
puted from the phase behavior of the fluid by integrating Eq. (27) as: 


U 2 = U,+ 



-P]dV 


(28) 


In Eq. (28), U x is given a specified value at a standard reference state, such as 
zero at T x and V x . This allows tables and graphs to be prepared with U as a func¬ 
tion of temperature, pressure, and specific volume for process analysis and design. 
For example, in the ASME Steam Tables, U x is taken as zero for saturated liquid 
water a 0° C and 0.611 kPa, the triple point. 


The corresponding equations for enthalpy and entropy in terms of tempera¬ 
ture and pressure are: 


dH = CpdT + 




(29) 


(30) 


These equations are used to compute the enthalpy and entropy from P-V-T 
data as described above for internal energy. Also, it should be noted that having 
specified two properties, the other six can be computed by equations such as Eqs. 
(6), (7), and (8). However, it is convenient to express the relation among P, V, and 
T with an equation of state which has been determined from experimental mea¬ 
surements, as will be discussed subsequently. 

The Clausius-Clapeyron equation is an important and exact thermodynamic 
relation obtained from the Maxwell equations that gives the change in enthalpy 
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from a phase change from P, V, and T data only. A phase change occurs at con¬ 
stant temperature and pressure, and Eq. (21) can be written as: 



where the left side of the equation is the slope of the saturation curve on a P-T 
diagram, and the right side is the ratio of the difference in saturated vapor and 
saturated liquid for entropy and for specific volume. 

The change in entropy for a phase change is the enthalpy of vaporization, 
&H vap , divided by the temperature, i.e., 

S g ~S l = ^Y £ - (32) 

Combining Eqs. (31) and (32) with AV vap = V g - Vj gives: 



Thus, the enthalpy of vaporization, A H vap , can be computed with Eq. (33) using 
the slope of the vapor pressure-temperature curve and the change in specific 
volume, AV vap> as a function of temperature. 

The Clausius-Clapeyron equation is applicable to any phase change process, 
and Eq. (33) can be written in general as: 



Another important application of the basic thermodynamic equations is the 
analysis of the throttling process using the Joule-Thompson coefficient. A throt¬ 
tling process is used in refrigeration cycles to have a large drop in temperature by 
expanding a fluid through a porous plug or valve. This is a constant enthalpy 
process (both Q and W are zero in the first law of thermodynamics for a steady- 
state flow system), and the temperature should decrease with a decrease in pres¬ 
sure at constant enthalpy. Consequently, the following relation should be posi¬ 
tive: 



This partial derivative is called the Joule-Thompson coefficient, p; and for a 
fluid expanding in a throttling process, if: 

p > 0 temperature decreases 

p = 0 temperature remains constant (36) 
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(x < 0 temperature increases 

In the case of hydrogen above -68° C, p. < 0, and the gas temperature in¬ 
creases in the throttling process. Also, p = 0 for an ideal gas. Consequently, a 
procedure is required to compute p in order to be able to design a throttling pro¬ 
cess with the temperature decreasing with pressure. Using Eq. (29) with dH = 0, 
rearranging gives: 



Thus, p can be computed using P-V-T data with this equation. 


Two other thermodynamic properties of importance to liquids are the isother¬ 
mal compressibility, a, and volume expansivity, p, defined as: 



(38) 


(39) 


Both a and p are a measure of the compressibility of a liquid, and they are 
generally very small. Consequently, the incompressible fluid approximation in 
fluid dynamics is valid for liquids. 

Equations of state are used to relate the pressure-volume-temperature (P-V-T) 
behavior of gases obtained from experimental measurements. The ideal gas law 
is the simplest relation that describes gas P-V-T behavior: 

PV = nRT (40) 

where V is the volume occupied by n moles of a gas at absolute temperature T and 
absolute pressure P. R is the universal gas law constant, 8.314 kPa m 3 /kmol K in 
SI units. Eq. (40) is applicable to real gases at pressures of up to about 200 kPa 
and above ambient temperatures. 

To improve the description of the P-V-T behavior, a number of equations of 
state have been used. Two well-known ones are by van der Waals and Redlich- 
Kwong. These are: 

van der Waals 


P = 


RT 

V-b 


a 

V 2 


(41) 
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Redlich-Kwong 

p _ RT a 

V-b T m V(V + b) 


(42) 


These are extensions of the ideal gas law and were modified to represent both 
vapor and liquid behavior. The constants a and b are for specific fluids, and the 
ideal gas law is recovered when a and b are zero. 

Another modification of the ideal gas law to predict the behavior of real 
gases is the use of a compressibility factor z, i.e., 

PV = znRT (43) 

where z is the compressibility factor, and it can be thought of as the ratio of the 
actual to the ideal specific volume of the fluid. The compressibility factor is 
obtained from correlations presented as charts and tables which have the reduced 
temperature and pressure as independent variables. The reduced temperature and 
pressure are the pressure and temperature of the fluid divided by the critical 
temperature and pressure. 

In summary, the Maxwell relations were described and derived. Then these 
fundamental equations for thermodynamics were used to obtain the Clausius- 
Clapeyron equation, which is used to predict latent heat of vaporization from 
P-V-T data and to derive other equations to predict internal energy, enthalpy, and 
entropy from experimental measurements. Also, these equations were used to 
obtain the Joule-Thompson coefficient and the coefficients for volume expansivity 
and isothermal compressibility. In addition, the standard equations of state used 
to relate P-V-T data were presented; these included the ideal gas law, the van der 
Waals and Redlich-Kwong equations, and the compressibility factor extension to 
the ideal gas law. 
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Step-by-Step Solutions to 
Problems in this Chapter, 
‘Thermodynamic Relations” 


MAXWELL RELATIONS, GIBS AND HELMHOLTZ 
FUNCTIONS 


• PROBLEM 6-1 


Using the Maxwell equation 


m s - - (H) 

(i) 

s V 


and the mathematical relation 


(t?UD x (ti) y - -> 

(2) 

derive the remaining Maxwell relations. 



Solution : In principle, functional relations or equations of 

state exist between any two properties and any other property 
of a substance. The exact forms of only a few of these are 
known. So general thermodynamic relations, between partial 
derivatives of properties are used very extensively. There 
are four Maxwell equations altogether. One of them is given 
in the problem, and the rest that will have to be derived 
are 


a) 



,3T. 


v 


b) 




T 


and 
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c) 




p 


Each of these four equations express a different relation 
between p, v, T, and s. 


Dividing Eq. (2) by any of the partial derivatives, say 
one obtains 


or 



(3) 


In Eq. (3) x, y, and z are three variables, where one is 
always dependent on the other two. Thus there are only two 
independent variables. 


a) Let 


x = s, y = T, and z = v 
Then Eq. (3) takes the form 


(15), -M). 


T '' ' v *' s 

From the given Maxwell relation however 

m --(H) 


and so 


or 


(i?)„ - (i) (i) - m 


m T - si) v 

which is the second Maxwell relation. 

b) Letting x = v, y = p, and z = T, Eq. (3) is written as 

nv\ /3P\ 


/av\ = _ /av\ /3P\ 

Ut^ lap/^UT/, 


From the second Maxwell relation, which was derived 

- (if). 
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and thus 


fdv) _ _/3v\ fds) = /3s\ 

Ut) UpLUvL "Up/, 


--(If). 


This is the third Maxwell relation. 

c) Letting x = T, y = s, and Z = p, Eq. (3) takes the form 


(f) - - (DJI 


From the third Maxwell relation, derived in (b) 


(15), - (It). 


and thus 


/jm = /m /3v\ _ /3v 

Up L Us/ \3T/ Us 


(®. - ( 15 ). 


which is the fourth Maxwell relation. 

In all four Maxwell relations it is seen that for the three 
properties that are involved, one is always dependent on the 
other two. 


• PROBLEM 6-2 


Show that more than one function can be transformed to the 
Gibbs function. The Gibbs function is given as 


U 1 = G(T, - p,N. ) 

S, VJ 1 


Solution : The Gibbs function allows to determine the 

equilibrium composition of any reactive mixture of known 
pressure and temperature, regardless of whether or not these 
were kept constant during all of the reaction. Since the 
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electrochemical potential relates the change in the Gibbs 
function of a mixture, considered as nonreacting, to changes 
in the amounts of its constituents, it too is very important 
in chemical thermodynamics. 

Since we are looking for one or more functions we can write 

♦ - ^(T,-p,N i ) 

Now F = F(T,V,N i ) 

We need only replace V by -p. This is possible since p is 
conjugate to V. Then 



= U - TS - V|~ 

= U - TS + pV 
= H -TS 


l[J] = G(T,-p,N 1 ) 

In the same manner, it can be shown, since H = H(S, —p,N^), 
that 

l[|] = G(T,-p,N.) 

Consequently 

L v = L S = L [s U ^ = G(T *- p » N i ) 


• PROBLEM 6-3 


Given the 

following data for 

* diamond and 

graphite at 25°C 

and 1 atm 





Diamond 

Graphite 

Units 

I 

1.233 

0 

Btu/lb mol-°R 

V 

0.00456 

0.00712 

ft 3 /lbm 


— 6 

— 6 

-1 

e T 

0.16 x 10 

3.0 x 10 

atm 

determine 

the pressure that 

is needed to 

make diamonds from 

graphite 

at 25°C. 
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Solution ; Graphite and diamond can exist in equilibrium at 
a particular pressure when both have the same value of the 
Gibbs function. At 1 atm. pressure the Gibbs function of the 
diamond is greater than that of Graphite but the rate of 
increase in the Gibbs function with respect to pressure is 
greater for the graphite than the diamond. Therefore at some 
pressure, the two will exist in equilibrium. 

Consider the relation 


dg = v dP - sdT 

Since it is a process that takes place at constant temperature 
this reduces to 


dg T = v dP T (1) 

Now at any pressure P and the given temperature the specific 
volume can be found from the following relation, which 
utilizes the isothermal compressibility factor. 

v ■ v ° + f (t5) T dp - ’° ♦ f ?(t5) T dP ' v ° - f vB T dp 

P=1 1 P=1 1 P=1 

( 2 ) 

The superscript ° will be used in this example to indicate 
the properties at a pressure of 1 atm and a temperature of 
25 C. 

The specific volume changes only slightly with pressure, so 

that v - v°. Also, assume that B T is constant and that we 

are considering a pressure of many atmospheres. With these 
assumptions this equation can be integrated to give 

V = V° - v°e T P = v°(l - $ T P) (3) 

Substitute this into Eq. (1) 

dg T = [V°(l - e T P)]dP T (4) 


o n o, o„ (P 2 - P° 2 ) 

g-g = v (P - P ) - v b t -g- ~ 


Assume that P << P this reduces to 


o o 
g-g = v 


M > 2 


p - 


For the graphite, g =0 and 


(5) 


g G 



(e T > G "S~ 


2 
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1233 778 

12 14.7 x 144 

Solving this for P 

P = 15,500 atm 

That is, at 15,500 atm, 25 C, graphite and diamond can exist 
in equilibrium, and the possibility exists for conversion 
from graphite to diamonds. 


THE CLAUSIUS - CLAPEYRON EQUATION 

• PROBLEM 6-4 


Derive the Clausius-Clapeyron equation by using the Maxwell 
relations. Consider the change of state from saturated 
liquid to saturated vapor of a pure substance. 


Solution: The Clausius-Clapeyron equation is a very 

important relation which involves the saturation pressure and 
temperature, the specific volumes, and the change of enthalpy 
associated with a change of phase. With the use of the 
Clausius-Clapeyron equation a change in a property which 
cannot be measured directly can be determined if the other 
properties are known. The derivation of this equation is as 
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follows. 


Consider the Maxwell relation 



(1) 


As the substance changes from saturated-liquid to saturated- 
vapor it undergoes an isothermal process. Also in the 
saturation region the pressure and temperature are independent 
of the volume. Therefore the left hand side of Eq. (1) can be 
written as 



and the right hand side of Eq. (1) can be written as 

/3s\ _ AS _ S g ~ S f _ S fg 
W'T AV v g - v f - V fg 


Eq. (1) then becomes 



For the heat added in a constant-pressure vaporization 
process, the first law gives 


( 2 ) 


Q = Au - w 


= u g - u f + p ( v g - v f > 


(3) 


From the relation 


Eq. (3) takes the form 


h = u + Pv 


Q = h g - h f = h f g 


However for the isothermal process 


Q = T(s g - s f ) = Ts fg 


From Eqs. (4) and (5) 


(4) 


(5) 


s = 
fg T 


(6) 


Substituting Eq. (6) into (2) gives 

ISE) . **fg 

Ws.t ' T *,g 


or 


2?0 



s 


which is the standard form of the Clausius-Clapeyron 
equation. In general, for any change of state the Clausius- 
Clapeyron equation can be written as 

/ jn \ s, — s h, — h 

/dP\ b a b a 


where the subscripts a and b designate any two phases. 


• PROBLEM 6-5 


Determine the melting point increase of ice, due to an 
increase of pressure of 1 atm. Assume that at 0°C the 
specific volumes of water and ice are 0.001000 and 0.001091 
m 3 /kg respectively and the latent heat of fusion is 
334 kJ/kg. 


Solution : The Clausius-Clapeyron equation is written as 

T + V _dP 

_ sat sf > 


where 


T . = 0°C + 273.15 = 273.15°K 
sat 

V f = 0.001000-0.001091 = -0.000091 m 3 /kg 


h f = 334 kJ/kg 


Therefore 


dP = 1 atm = 101.325 kN/m 2 


= 273.15(-0.000091)(101.325] 
334 

= -0.00753°K 


• PROBLEM 6-6 


Calculate Ah va p of liquid oxygen if it boils at 90.15°K and 
has a vapor pressure of 2.5 atm at 100°K. 
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Solution : When the temperature is more than 50°C below the 

critical temperature, the specific volume of the liquid is 
negligible when compared with the volume of the vapor with 
which it is in equilibrium. Therefore assume that the 
specific volume of liquid oxygen is negligible and the vapor 
to behave as an ideal gas. 


The Clausius-Clapeyron equation then becomes 


Ah Ah 

dP _ vap _ v 

dT Tv TRT/P 

vap 


Ah v P 

It 5 ' 


dP _ dT 

P " R ' T 2 


Assume Ah v to be a constant. Integrate equation (1) 


In 





2.5(n_ Ah v I 1 

1.00/ 1.98 cal/mol°K i90.15°K 


100°K, 


( 1 ) 


( 2 ) 


Ah 

V 


1658 


cal 

g-mol 


• PROBLEM 6-7 


On a very cold day in Alaska the temperature is measured to 
be -60°C. Assuming atmospheric pressure to be 100 kPa, 
calculate the value of the saturation pressure of the water 
vapor in the ail . 


Solution : This problem could easily be done by using the 

steam tables for the compressed liquid. However, the values 
in the table do not go below -40 C C. The differences in 
enthalpy between the solid and gas states are relatively con¬ 
stant in this range. Therefore the Clausius-Clapeyron equa¬ 
tion can be used with limits at -40°C and -60 C C. 

Hence 


r 2 r 2 h. dT 

dP [ ig 
P RT 2 

' l 


( 1 ) 
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For water vapor 


-ii 

IpJ r l TjT 2 J 


R = 0.46152 kJ/kg-°K 


From the steam tables at T = -40°C 

h ig = 2838.9 kJ/kg; P 2 = 0.0129 kPa 
For the consistency of units 

T 2 =-40 + 273.2 = 233.2°K 
Tj = -60 + 273.2 = 213.2°K 

Eq. (2) then gives 




2838.9 233.2 - 213.2 

).46152 233.2 * 213.2 


= 2.4744 


= 11.87 


0.0129 


= 11.87 


Pi = 0.00109 kPa 


• PROBLEM 6-8 


What is the pressure inside a boiler which contains liquid 
water and steam at a temperature of 225°F. Assume that the 
enthalpy of vaporization of water at 212°F, 1 atm is 
970.3 Btu/lbm and the specific volume of the vapor and 
liquid phases are 26.80 and 0.01672 ft 3 /lbm respectively. 


Solution : An equation that relates the slope of the 

saturation pressure-temperature line with the latent heat 
and the change in volume during a phase transformation is 
the Clausius-Clapeyron equation. This relation is useful 
for checking the consistency of measurements or for 
calculating one of these properties given data on the other 
two. 
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The Clausius-Clapeyron equation can be written in the form 


Ah 

v 


Av' 


dT 

T 


( 1 ) 


where the values of Ah v and Av are assumed to be constant 

over small temperature differences. Therefore Eq. (1) can 
be integrated to yield 


p 2 



( 2 ) 


From the statement of the problem 


Ah = 970.3 ~ x 778 - 4,~ lb * = 754,893.4 ft-lbf/lbm 

v ibm Btu 

Av = v - v, 
g 1 

= 26.80 - 0.01672 

= 26.78328 s 26.78 ft 3 /lbm 
Tj = 212 + 460 = 672°R 

T 2 = 225 + 460 = 685°R 

For the consistency of units 


Pi 


1 atm x 


14.7 lbf/in 2 y 
1 atm 


144 in 2 
ft 2 


= 2116 lbf/ft 2 


From Eq. (1) then 


P 2 


2116 


754,893.4 

26.78 


In 


( 


685\ 

672/ 


= 540.11 


or 


P 2 = 540.11 + 2116 = 2656.11 lbf/ft 2 


or 

P 2 = 18.45 lbf/in 2 


• PROBLEM 6-9 


An ice skating rink contains ice at -10°C. Calculate the 
pressure that an ice skate blade must exert to allow smooth 
ice skating at this temperature. Assume that Ah 


1440 cal/g-mol. 
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P liq = 1 *° ®/ cm 3 . P ice = 0.917 gm / cm 3 


Solution ; When pressure is exerted by the skate blade on the 
ice, a thin layer of ice melts and the skate blade glides 
over this thin lubricating layer. 

The Clausius-Clapeyron equation will be used to solve this 
problem. 


Multiply by dT and integrate: 


Pz (T 2 

dP = 


Ah dT 
Av T 


P! - Pl - K ln (fl 


But at P = 1 atm, Ti = 0°C. Since P 2 is desired at which 
T 2 = -10°C, use equation (a) directly: For the consistency 
of units 

P x = 1 atm = 1.013x10 s N/m 2 
Ti = 0°C = 273°K 
T 2 = -10°C = 263°K 

Ah = 1440 cal/g-mol = 3.34 * 10 s J/kg = 3.34 x 10 s Nm/kg 


liQ _ 1 _ 


= 1 cm 3 /gm = 1.000x 10 m /kg 


sol 1 


~ 3 — 3 


= -~ = 1.091 cm 3 /gm = 1.091 x io m 3 /kg 


Therefore 


P 2 - 1.013 x10 5 (N/m 2 ) = 


3.34 * 10 s Nm/kg 


(1.000 - 1.091) x 10~3 m 3 /kg A1, \273 


3.34 x 10 s 
'9.1x10"5 


Ln (0.963)j 


P 2 - 1.01 x io 5 N/m 2 = 1.38x10® N/m 2 


P 2 = 1.38 x io® N/m 2 = 1.36 x io 3 atm = 20.0 x 10 3 psi 
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This pressure is clearly quxte high and is achieved with the 
ice skate blade by having only a small portion of the blade 
surface contact the ice at any given time. 


• PROBLEM 6-10 


Show that the vaporization line and sublimation line for 
water do not have the same slopes at the triple point. 



Solution ; Let the slopes be ^ for the sublimation and 
vaporization lines. Tf the slopes are not the same then 




0 . 


At the triple point 


and 



s 


fg 



s 


ig 


where the subscripts, i, f, and g denote the solid, liquid, 
and vapor states respectively. 


Using the Clausius-Clapeyron equation 



= flis _ 

dT vap v fg v fg 


2?6 



At the triple point, s. = s._ + s. and 
* ig if fg 


V. = V., + V, 
lg if fg 


(*R) 

VdT I . 
v sub, 


- (if) 


T.P. 


vap 


T.P. 


<s if * s fg )V fg - s fg (v it + v fg > 
v fg (v lf * v fg> 


= s if V te 


s V 
fg if 


V (V + V ) 
fg c if v fg ; 


Noting that s. is smaller than s. , and V..* is much smaller 
if fg* if 

than , t he above expression can be approximated as 


sub, 


T.P. 




vap, 


T.P. 


s if 

V fg 


Since both and are positive, the slope of the 

sublimation line is greater than that of the vaporization 
line at the triple point. 


ENTHALPY, ENTROPY, AND INTERNAL ENERGY 

• PROBLEM 6-11 

Express (3h/3P)g in terms of P,v,T,Cp,C v , and absolute 
entropy, s. 


Solution ; Begin by substituting the dh property relation for 
the dh term in the numerator: 





v 


Now bring g into the derivatives by application of the triple- 
product expansion. 



Now eliminate g with the dg property relation: 
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But (3P/3s) p = 0, thus 



Now use the triple product on the first term in parentheses 



But (3 s/3P> t = -Ov/3T) p from the Maxwell equations, and 

(**) = fp 

Ut/ p t 

Thus the derivative is finally expressed as 



The absolute entropy cannot be reduced, so this is the 
simplest form possible. 


• PROBLEM 6-12 


Obtain an expression for the entropy change as a function 
of pressure and temperature 


Solution : Writing the first law in differential form for a 
reversible nonflow process with 1 pound of ideal gas as the 
system, gives: 

Tds =du+p^~ (1) 
Differentiating the enthalpy equation h = u + ^ gives: 


dh = du + £dv + vdj> 


( 2 ) 
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or 


du + Pfv = dh _ vdp ( 

J J 

Substituting the value of du + pdv/J of equation (3) into 
equation (1) gives: 


Tds = dh - v 

J 


(4) 


But dh = c pdT, and v = RT/p. 


Thus 


Tds = C dT - — 

P J P 


(5) 


Dividing by T gives the required expression: 

ds = C dT _ R d£ 

S C P T J p 


• PROBLEM 6-13 


a) Express dh as a function of C p , C y , P, v, and T, and 

b) Express ds in terms of dT and dP. 


Solution ; a) dh can be expressed in terms of dT and dP or 
dv, or dv and dP, but dT and dP will yield the simplest 
expression. The property relation for dh is 

dh = T ds + v dP 


Assume that 


h = h(T,P) 


The total differential for enthalpy may be expressed as 


But 


Therefore 


dh 



+ 



dP 

T 



C 


P 


■ c P dT * (H) T ap 
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(3h/3P)»p can be determined from division of the dh propert 
relation by dP at constant T to yield 


/3h\ _ (is 

\dPL ~ \3P 


From the Maxwell relations 


(JfL ■ -(H), 


which is substituted into the last equation to yield 


gsl ■ 


The desired expression for dH then becomes 


dh = C p dT + 


> - *g? 


b) Let s = s(T,P). Therefore, 


- m. 


but from the Maxwell relation, 


(3P)_ (st). 


Os/8T) p is evaluated from the enthalpy property relation: 

dh = T ds + v dP 

by dividing by dT at constant P. That is, 

(£)„ ■ T (H)„ 


m- 


Therefore, 


(ls\ = A c 
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which is the desired relation for ds in terms of dP and dT. 


• PROBLEM 6-14 

Derive a general expression for the change of enthalpy, 
internal energy, and entropy of a substance following the 
equation of state 



This substance has a constant pressure specific heat along 
isobar P x (shown in the figure) given by the relation 

C = A + BT 
P 



s 


T-s diagram 


Solution : The change in enthalpy between 1 and 2 is equal 

to the change in enthalpy along path l-x-y-2. (Refer to the 
figure) 

h 2 - hi = (h 2 - h y ) + (h y - h x ) + (h x - hx) (1) 



Since the equation of state is explicit in v, then 
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(h, - h ) 


y T 


- f[« - t (K 


dP„ 


(3) 


From the equation of state 


flX) - R ■ 3C 
Ut L p 


(4) 


Therefore Eq. (3) becomes 


(h 2 - h y ) T 


■ fF - * $ 

J yL T 


dP 


- « dP 
T 3 

y 2 


4C 


(P2 - P„> 


(5) 


In a similar fashion 


4C 


h x - hl = - ~ (P x " Pl) 

X ,p 3 X 


( 6 ) 


Then for h - h we have 

y x 


fT =T 2 (-T =T 2 

h.. - h„ = y C p dT = y (A + BT) dT 
> T =T, V > T =' 


'y x J T = T / P 

X 


T =T X 

X 1 


= A(T 2 - Ti) + | (T 2 2 - Ti 2 ) 


Therefore, substituting into Eq. (1) 


h 2 -hi = -~(P 2 -P > + A(T 2 -T x ) + | (T 2 2 -T! 2 ) (P -Pi) 

T 2 3 X ^ T, 3 X 


= A(T 2 -Ti) + | (T 2 2 -Ti 2 ) - 4C 


(p 2 - p x ) ( p i" p x > 


L t 2 


Ti 


For the internal energy 

u 2 - ui = h 2 - hi - (P 2 v 2 - Pivi) 


= (A - R)(T 2 - Ti) + | (T 2 2 - Ti 2 ) 


\T 2 3 Ti 3 


- 3C(— 2 --^-1 + 4CP ^ 1 1 


X \t 2 3 Ti 3 , 
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The change in entropy between 1 and 2 is equal to the change 
in entropy along the path l-x-y-2. 


s 2 - s x = (s 2 - s ) + (s y - s x ) + (s x - s x ) 


(7) 


Therefore 
So - s. 


■ -dp 

y x 


T =T 2 dT T 


y c 

-T x=Tl 


p T 




ilZ d P 

t3Tjp T (8) 


where 


s, - s. 


S. dP 


(I + — I dP 

V T" 


-R In I 2 - - — (P 2 

P y t 2 - 


p ) 
y 


But P = 


P and so 
x 


S2 ~ S„ = 


-R In ^ - — (P 2 - P ) 


In a similar fashion 


s - Si = -R lnr^ - (P - Pi) 

x Pi Ti 4 x 


Then for s y - s x 


s -s 

y x 


Ty Tz C ^ = ( y 2 (A + BT) = A In ^ + B(T 2 -Ti) 
T x = Tl P T X = Tl 1 


Therefore, substituting into Eq. (7) 


s 2 ~si 


= -R In Ip - —(P 2 -P> + Alnip 2 - + B(T 2 -Ti) 
P x T 2 “ X 


T i 
P 


- Rln^ - —-(P -Pi) 
Pi Ti 4 x 


s 2 —s 2 —R In p 3C 


(P 2 -P„) (Pi-P ) 


+ Aln|^ + B(T 2 -Ti) 
A 1 
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• PROBLEM 6-15 


a) Start with the entropy function s = f(T,v) and derive the 
general expression for the entropy change 


, dT ^ 

dS = C y y + 


b) Use the function s = f(T,P) and obtain the general 
expression 


ds - c P f - (If) dp 


Solution : a) Since s = f(T,v) it follows from mathematical 

relations that 


- (IS 


solving for ds in the property relation 


du = Tds - Pdv 


one gets 


ds = Tp (du + pdv) 


since u = f(T,v), then 


■(if). 


substitute this relation into Eq. (2) and write 


= i 

T \3T/ y 


dT + 


dv + Pdv 


or rearranging 


- f (lf) v dT * f [df) T * p ] 


Equating coefficients with (1) we obtain 


/3s\ _ 1 /3u\ _ 1 

V3T/ T \3T/ T C v 

' 7 T7 f XT 
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Because of the above, the relation for ds can be written as 

ds - i c v dT * (|f) T dv (4 

Finally using the Maxwell relation 



Eq. (4) can be written as 

ds - ^ dT + (||) dv 

V 

b) The approach is quite similar to that used in developing 
the relation of part a). However, this time the entropy is 
given as s = f(T,P). Then 

ds - (f?) p dT * (i) T dP <5> 

The property relation 

dh = Tds + vdP 

will be used. Solving for ds in this relation we obtain 

ds = | [dh - vdpj (6) 

since h = f(T,P), then 

dl > ■ (H) p dT ♦ (§) T dP 

substituting this relation into (6) one gets 



Rearrangement of this equation gives 

d S - i (&) p dt 4 #) t - „ d P ] 

Equating coefficients with (5) gives 
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and 

(H) T '[? (If) t - “] 

Because of the above two equations, the relation 
for s = f(P,T) can be written as 

ds = T CpdT + (j>p) T dP 

Finally, using the Maxwell relation 

(ff) T = " (w) p 

Eq. (7) can be written in the following form. 



which is the desired expression. 


• PROBLEM 6-16 


The P,vJ relation of a real gas is represented with reasonable 
accuracy by the relation 


v 



a 

RT 


where a and b are constants. For this gas find the change 
in enthalpy and entropy along an isothermal path between 
pressures* P x and P 2 . 


Solution ; The change in enthalpy is given by the second 
term of Eq. (1) 



( 1 ) 


The equation of state is explicit in v. Hence (3v/3T)p = 
R/P + a/RT 2 , and 


v 




a 

RT 



b 


2a 

RT 
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Therefore, 


(h 2 - h x ) T = (b - §*)(P 2 - Pi) 


To evaluate the entropy change choose the equation 


j CpdT /3r 

ds ' t - Km 


(M)*’ 


because it requires an equation of state explicit in v. Hence 


(s 2 - Si),,, = - 


I dp = - (§ + —)dP 

P K V p RT 2 / 


= _ R ln Pi _ »(P2 - Pi . ) 

Pl RT 2 


• PROBLEM 6-17 


Derive a relation for the change of internal energy of a pure 
substance as a function of the temperature and specific 
volume. 


1 


Solution: Note that 


u = u (T, P) 


Therefore 


, _ '3u> 

dU \3 t] 


, dT + t^J T dV 


For a pure substance 


Tds = du + Pdv 


dividing by T Eq. (2) becomes 


ds = £ ♦ f dv 


(Ht) c v 


and Eq. (1) becomes 


28 ? 


(4) 


du - c v dT . (|a) T dv 

substituting Eq. (4) into Eq. (3) and rearranging, gives 


ds 


dT . 
c v T 



(5) 


However the entropy may be written as a function of the 
independent variables T and v 


s = s(T,v) 


and 


ds 



(«) 


Eqs. (5) and (6) are the same equation. Therefore equating 
coefficients gives 


and 



(7) 



( 8 ) 


Using the Maxwell relation 



and substituting into Eq. (8) gives 



or after rearrangement 



substituting Eq. (9) into Eq. (4) yields 


du 


c dT + 
v 



P 


dv 
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• PROBLEM 6-18 


Show that for any gas which obeys the Van der Waals equation 
of state 


[’♦*] 


(v - b) = RT 


the relation 


/ 3u\ _ a 

UvL 


is true. 


Solution: From the first law of thermodynamics 


du = dq - dw 


dw = Pdv and ds = 


du = Tds - Pdv 


Differentiating Eq. (2) partially with respect to v, and 
keeping T constant, it becomes 


(iS) = T (—) - P 

Vav/^ \avy_ 


Using the Maxwell relation. 


(ff) T - (if). 


Eq. (3) becomes 


(l?) T ■ T G©„ - p 

From the Van der Waals equation of state (Eq. (1)) 

/ap\ = _r_ 

\3T/ v-b 


Rearranging Eq. (1) 


Therefore 


J_ = f P + jlI I 

7-b L v 2 J T 
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Solution ; a) The internal energy, E, is a function of 
temperature and volume. That is 

E = f(T,V) 

“ * (ff) v dT * (H) T av 

Divide by dT to obtain. 



By definition, the heat capacity at constant pressure, 

C 3H\ 

and the heat capacity at constant volume. 



Equation (1) becomes 
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( 2 ) 


mi ■ <v * mi mi 


c - c = - (™) 

u p v \9TVaTi, 


But, H = E + PV 
Therefore, 


mi - (H)„ * - (ii). 


Substituting this into equation (3) changes it to 

<*-<*- (i) p * >(n) p - (f) v 

Cp - c v - (i) v * (H) T (|}) p * r($ p - (@) 1 

- (H) P [ (f) T *' 


Solving for C v gives 


C V C P 


-[’* (i)J (I), 


Using equation (5), equation (2) can be written as 

(i) p ' C P - [ p * ($) T ] (H) p * (I) T (H) p 

- cp - p ga - (« g» * mi (s), 


Hence, 


b) Since 


« = 


c p - p 


E = f(V,T) 


/3E\ 

UtA 
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where 


E = internal energy 


V = volume 


T = temperature 


f means "a function of". 


But dq = dE + PdV 

where q = heat and P = pressure 


d< > = (H) v dT ♦ [ p ♦ 


By definition. 


(Ut)., and c p (It), 


Divide equation (6) through by dT, 


* 9 .) = /3EN I /8V 

dT/ p \ 3T/ y |J V3V/J \2T t 

s = s. [ P ^|f) T ] (H) ] 
C P - c v - p + (f) J (H). 


+ p + 


Cp - C y = P + 


For an ideal gas. 


(!?)-«- (i) -? 


Cp - C v = [P + 0] | = ^ or C p - C v = R 


_ 1 _ 1 

One unit of R = liter atm K mol 


liter = volume = 


mass _ m 
density p 


K is given by a and atm is given by 6 


• p p _ n _ (X v 

• • n ^tt -Tv 

P V g 


Substituting the respective values into equation (8) gives 
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Volume 


26.98 x 10“ 3 
_ mole 

2.702 x 10 3 

m* 


C P - c v 


(69 x IQ' 


-126.98 xlO~ 3 (298°K) 


( 1.34 x 10~ 6 atm *) 


2.702 x io' 


= 10.57 x 10 


m 3 atm 
mole K 


= 10.57 x10~ 6 m 3 atm mol 1 K 1 

To convert the answer from m 3 atm to Joules use the ratio of 
the different values for the gas constant R. 


SPECIFIC HEAT RELATIONS 

• PROBLEM 6-20 


Using the first law of thermodynamics obtain an expression 
for the heat capacity C at constant volume in the form 



Solution ; The heat capacity C is defined as the temperature 
rise dT by 1 degree when a small amount of heat dq is added 
to the system. 

i. e. 

C = dq /dt 


But 


dq = dE + pdV 


where dE = small change in Internal Energy 
P = Pressure 

dV = small change in volume 



(1) 
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The heat capacity C at constant volume is obtained from 
equation (1) when dV = 0 


Thus, the internal energy, E is a function of both the volume 
and the temperature. This dependence can be written as 

E = f (V ,T) 

where V = volume and T = Temperature. 


Differentiating yields 


= {^) 
\9T/, 


Divide throughout by dT keeping E constant 


o - (H)„ * (HL (i), 


!L - - (HI (i), 


c = _ (™) ( W) 

W \8V>L \8T/, 


• PROBLEM 6-21 


The specific heat for a certain substance in the temperature 
range 40 to 1800°F, and at low pressure is given by the 
following equation. 


C =01+^+ T 

C P 0,1 T 10,000 

where C p is in B/lb-F and T in °R. Calculate a) The mean 
specific heat C p between 40 and 1040 F. b) C p between 40 and 
540 F. c) C p at 40,540 and 1040 F, and d) h at 14.5 psia, 

740 F, if h = 28.0 B/lb at 14.5 psia. 
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The mean specific heat Cp for the temperature range of 40F 
(500R) to 1040F (1500R), is 


C 


P 


2 


1 



100 T \ 

T 10,000 / Q1 

T 2 - T i 


0.1(T 2 - Ti) + 100 In (T 2 /Ti) + (Tl - T?)/20,000 

_____ 


= 0.1 


100 1 T2 T 2 + Ti 

T 2 - Ti ln T x 20,000 


( 1 ) 


= 0.1 + 


100 

1500 - 500 


1500 1500 + 500 

500 20,000 


0.1 + 0.1098 + 0.1 


= 0.310 B/lb-F 

b) Substituting in equation (1) the values of Ti = 500 R and 
T 2 = 1000 R, 


_ n 1 . 100 , 1000 1000 + 500 

p 1000 - 500 n 500 20,000 

= 0.1 + 0.1386 + 0.075 = 0.314 B/lb-F 


c) Substituting the proper temperatures into the given 
expression for C p , 


C 


p , 4 oF 


0.1 


100 500 

500 10,000 


0.35 B/lb-F 


C 


P 


5 4 0 F 


0.1 


100 1000 
1000 10,000 


0.30 B/lb-F 


C 


P , 1 0 4 oF 


0.1 


. 100 . 1500 

1500 10,000 


0.317 B/lb-F 


d) Considering h as a function of p and T, 


dh - (H) dT * 

P 



dp = C dT 
T P 


+ 



dp 


Letting subscripts 1 and 2 denote the conditions at 14.5 psia 
40 F, and at 14.5 psia, 740 F, respectively, 


= hi 


2 2 
' f 

r- 

dh = hi + 

C D dT + (!£) 

i J i 

P \ d P/T 


dp 


Since the pressure is the same at states 1 and 2, the second 
term in the integrand is zero, so that 
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2 


2 


C p dT = h x + 


0.1 + 


10,000 dT 


h> * - T *> ♦ 1( >° 1- If * 


= 28.0 + 0.1(1200 


500) + 100 In 


1200 

500 


(1200) 2 - (500) 2 
20,000 


= 28.0 + 70 + 87.5 + 59.5 = 245 B/lb 

Note that the definition of specific heat involves a 
temperature difference or differential and the units can be 
interchangeably B/lb-F or B/lb-R. T D = T„ + 460. Therefore 

dT R = dTp. The size of a degree is the same on the Rankine 

and Fahrenheit scale hence a change in temperature has the 
same value on both scales. 


JOULE - THOMSON COEFFICIENT 

• PROBLEM 6-22 


a) Develop an expression for the Joule-Thomson coefficient 
in terms of the properties of a substance. 

b) Derive a relation for the Joule-Thomson coefficient for 
a gas, obeying the equation of state 

Pv = ZRT 


Solution : a) The Joule-Thomson coefficient is by definition 



Because s = f(P,T) it follows that 


ds . (|J) T d p * (||) p IT (2) 

Substituting the above relation into the property relation 

dh = Tds + vdP 


obtain 
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dh = T 


jf?) T dp - (i) p 


+ vdP 


or rearranging 

dh ■ T (H) p dT * [ T (B) t + ] 

Using the Maxwell relation 

(B) T - - (S) p 

Eq. (3) becomes 

lff) p dT + [’ - T {U)' T 


dP 


dh = T 


dP 


And 


Solving for dT gives 


2 (if), 


dT - <r dh * 

P P 


(HI - 


dP 


dh + (II) dp 

p V3P/ h 


Since T = f(h,P) it follows that 

« - (£), 

Equating coefficients in (5) and (6) gives 

1_ _ (dT\ 

C " \ShL 


(3) 


(4) 


(5) 


( 6 ) 


and 



From equation (1) and (7) 

t (£)p -: 

Noting that 
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Eq. (8) can be written as 


- c - 3 


b) Solving for the specific volume in the equation 


Pv = ZRT 


one gets 


Differentiating this relation with respect to temperature 
at constant pressure gives 


/3v\ = ZR RT (<rz\ 
\3T/ d P P UtA 


Substituting into Eq. (8) we obtain 

,, - _L rZRT . RT 2 /3 Z\ ~] 

c p L P P WT7 p J 

and using (9), the above relation reduces to 


,, = _1_ rRT 2 (dZ\ 

C P UT/. 
P L 


y = 511 
"j c p p 


• PROBLEM 6-23 


Steam at 1000 kPa, 350°C, is throttled slowly to 300 kPa. 
Neglecting potential and kinetic energies calculate the 
average Joule Thomson coefficient for this process. 


Solution : The Joule-Thomson coefficient is given by 


- ( 5 ). 


However, the average Joule-Thomson coefficient is required 
and the above relation can be written as 
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y 


j 



h 


Since this is a throttling process the first law of 
thermodynamics gives 


^exit 


h. 


in 


From the superheated steam tables at 


P = 1000 kPa, T = 350°C 


the enthalpy is given as 


h = 3,157.7 kJ/kg 


Again from the superheated steam tables at P 2 = 300 kPa 
and h = 3,157.7 kJ/kg the temperature of steam is obtained 
to be 


T 2 - 338.7°C 

Then 

AT = T 2 - T 1 

= 611.85 - 623.15 
= -11.3°K 

and 

AP = P 2 - Pi 

= 300 - 1000 

= -700 kPa. 

Thus 

Uj = -_y 0 - 0 3 = 0.0161 °K/kPa 
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VOLUME EXPANSIVITY AND ISOTHERMAL AND 
ADIABATIC COMPRESSIBILITY 


• PROBLEM 6-24 


Using the relation 


/3Cn\ 



( 1 ) 


and the definition for the volume expansivity a, derive a 
relation between the constant specific heat and the volume 
expansivity, a) assuming variable a, and b) constant a. 


Solution ; The volume expansivity a is by definition 



a) Eq. (1) can be written as 



However 


can be written as va and so the wanted relation 


is 


(#) T - 


(3) 


T -p 

b) Assuming a = constant (3) can be written as 


but 




P 



P 


and so 


9 Cj, 

P 


T 


-Tvot 2 
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• PROBLEM 6-25 


a) Using the first law of thermodynamics, along with the 
continuity equation, show that for an isentropic process 
the velocity of sound in a fluid is given by the relation 



b) Using the result obtained in part (a) derive a relation 
for the speed of sound in a fluid, undergoing an isentropic 
process, in terms of its density and adiabatic compress¬ 
ibility 6 

s 



Solution ; a) Using the first law of thermodynamics for the 
control surface shown in the figure 

h+^p=(h+dh)+ (C ~ 2 dv)Z 

assuming an adiabatic and isentropic process. 

Expanding this equation, 



h + dh + 


2 


cdv dV 2 
2 2 


cancelling like terms and noting that dv 2 is small compared 
to dv, the above equation reduces to 


dh - cdv = 0 


( 1 ) 


The continuity equation for this control volume is 

pcA = (p + dp)(c - dV)A . 

Expanding this equation and cancelling like terms, it reduces 
to 


cdp - pdv = 0 


( 2 ) 
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Since this is an isentropic process the property relation 
between the enthalpy and entropy will be useful 

Tds = dh - vdP 


Since, 


1 

P 


Tds 


dh 


dP 

P 


For ds = 0 


dh 


dP 

P 


0 


Combining (1) and (3) gives the relation 


(3) 


dP 

P 


cdV = 0 


solving for dV in both (2) and (4) one has 


dv = 

p 


(4) 


and 


dv 


dP 

Pc 


Combining these two equations the following relation is 
obtained 

cdp _ dP 
P pc 

Therefore 


c 


2 


dP 

dp 


(5) 


But since the process is isentropic the above relation is 
better written in the form of a partial derivative 



b) Consider Equation (5) in part (a). From elementary 
calculus and the fact that 


P 


1 

v 


it follows that 


dp = - 7 dv 
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Substituting this relation into (5) for dp, 




or in partial differential form 


c 2 = -v 2 


(6) 


The definition of the adiabatic compressibility is 

g = _ I fix') 

B s - v \3P/ 


But the reciprocal of 0 (the adiabatic bulk modulus B ) is 

s s 

given as 


B 


s 



(7) 


Substituting (7) into (6) one obtains 


2 

c 


B v = B 
s 


1 

s P 


But 


and thus 


or 


B 

s 


2 


C 


1 

6 S P 


c = /1/B s p 


EQUATIONS OF STATE 


• PROBLEM 6-26 


A certain substance obeys the van der Waals equation, and its 
constants a and b are known. Name six types of properties 
or coefficients that may be calculated for this substance, 
using the above information. 


Solution; If van der Waals forces are included the equation 
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used is 


+ ^-J^(V-nb) = nRT 

where P = pressure 

n = moles 

V = volume 

a and b = constants 

R = gas constant 

T = temperature. 

Looking at the above equation it is possible to compute (a), 
P, V, or T if the other two are known. (b) Its critical 
point. At the critical point the P, T and V in the 
equation are replaced by P c , and V c , respectively. 

P c is the critical pressure, V^, the critical volume, and 

T c , the critical temperature. Since the van der Waals 

constants, a and b are known it is possible to express the 
critical pressure, temperature and volume in terms of these 
constants. Thus 


V 

c 


3b; P, 



8a 

27bR 


c) The vapor pressure of the liquid; d) Compressibility 
factor, Z. 

P V 

Z is written as "- e ; e) The heat of vaporization; 

RT c 


f) Coefficient of thermal expansion. 


• PROBLEM 6-27 


Determine the numerical values of (3V/3T)p at 140°F and a 

specific volume of 2.100 cu ft per lb for (a) a perfect gas 
with a molecular weight of 70.9, and (b) a van der Waals gas 
of the same molecular weight for which a = 4.88 (psi) 

(ft 3 /lb) 2 and g = 0.0127 ft 3 /lb. 


Solution : a) For a perfect gas, (3V/3T) p = b/P = bV/bT = V/T 

(3V/3T) p = 2.100/(460 + 140) = 0.00350 (cu ft per lb)/°R 
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b) For the van der Waals gas 


10.73 


70.9 


0.1514 (psi)(cu ft per lb)/°R 


Therefore 


(3V/9T) p 


bV 3 (V - 6) 
bTV 3 - 2a(V - 6)2 


_ (0.1514) (2.100) 3 (2.100 - 0.0127) _ 

(0.1514) (600) (2.100)3 - 2(4.88) (2.100 - 0.0127) 2 


2.925 

841.0 - 42.5 


0.00366 (cu ft per lb)/°R. 


• PROBLEM 6-28 

A gas obeys the van der Waals equation, with P =30 atm and 

c 

T = 200°C. The comoressibi1ity factor PV/RT will be more 
c * 

than one (at P = 50 atm, T = 250°C; at P = 1 atm, T = 100°C; 

P = 500 atm, T = 500°C; none of these). Calculate the 
van der Waals constant b for this gas. 


Solution ; For a compressibility factor greater than unity, 

P = 500 atm and T = 500°C (that is the highest P and T) are 

chosen. The constant b = V /3. It is known that 

c 


P V 
c c 

RT 


(g7b 2 )( 3b ) 

"(aftb) 


3 

8 


for a van der Waals gas. Therefore, 


3RT c _ (3)(.082)(473°K) 

c 8P (8)(30 atm) 

c 


V = 0.4848 and b = °‘ 4 | 48 = 0.162 liter/mole, 
c 3 
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• PROBLEM 6-29 


The van der Waals 

constants for gases A,B, 

and C are: 

Gas 

a, liters 2 -atm/mole 

b, liters/mole 

A 

4.0 

0.027 

B 

12.0 

0.030 

C 

6.0 

0.032 


Which gas has (a) the highest critical temperature, (b) the 
largest molecular volume, and (c) most ideal general 
behavior around STP? 


Solution : The van der Waals equation is 



n 2 a 
V 2 > 


V 


nb 


nRT 


where P = pressure 

T = temperature 
V = volume 
n = number of moles. 

a and b are van der Waals constants. 

(a) It is known that T c , the critical temperature is 

proportional to the ratio a/b . Computing the a/b ratios 
for the three gases yields: 


for 

gas 

A 

CK027 ‘ 148 ' 15 

for 

gas 

B 

^•0 _ 4QQ 

0.030 * uu 

for 

gas 

C 

6 • 0 — lg7 5 

0.032 


Since the ratio for gas B is the largest, gas B has the 
largest T . This question could have been answered by mere 

inspection. It can be seen that the constant b has almost 
the same value for the three gases. So, the larger a value 
means greater intermolecular forces. A larger T^ would be 

needed to overcome them. Since gas B has the largest a 
value, its T c will be the largest. 

(b) The constant b is proportional to V c . Therefore 
gas C has the largest V^. 

(c) The b values are almost the same. Therefore ideality 
will be determined by the a values. Looking at the 
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original equation, it can be seen that it is near ideality 
for values of the constants close to zero. Since gas A has 
the smallest a value, it should be the most ideal in 
behavior. Remember that for ideality, the expression is 
PV = nRT. 


• PROBLEM 6-30 


Some P-V plots are shown below for a gas that obeys the 
van der Waals equation. Calculate the constants a and b 
for this gas. Since your calculation is necessarily 
approximate, it is necessary to show very clearly just how 
you have obtained numbers from the graph below and how you 
have used them. Give the units of a and b also. (HINT: 
The 300°C isotherm is closest to critical point.) 



Solution: Since this problem requires approximate values, it 

is not necessary to interpolate or extrapolate. For the 
purposes of the problem, the 300°C isotherm (which is the 
closest to the critical point) is good enough. 

Isotherm means, for any pressure and volume on that line, the 
temperature remains the same (300°C in this case). The terms 

P and V can be estimated from the point of inflection, 
c c 

Therefore P = 130 atm, V =90 cm 3 /mole and 
c c 

T = 300°C = 573°K. 
c 

El 

For a van der Waals gas, V c = 3b and P c = • 

A system of two equations and two unknowns can now be 
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presented. Thus 


and 


From (1) b = 90/3 
into ( 2 ), 


90 = 3b 


( 1 ) 


130 


a 

27b 2 


( 2 ) 


30 cm 3 /mole. Substituting this value 


a 


130 


a 

27x30 2 - 


(130 x 27 x 30 2 )cc 2 atm/mole 2 
3159000 cc 2 atm/moles 2 
3.16 x io 6 cc 2 atm/moles 2 . 


• PROBLEM 6-31 

Express the Boyle temperature of a van der Waals gas in terms 
of the constants a,b, and R. The final expression for T^ 

must contain only a,b, and R. 


Solution : It is not easy to rearrange the van der Waals 

equation into the virial form, which would allow T D to be 

D 

evaluated by inspection. Therefore, the van der Waals 
equation to be used is 

p - ^ - — a) 

v-nb y 2 

where P = pressure, V = volume, n = number of moles, 

T = temperature and R = gas constant. Multiplying both sides 
of equation (1) by V gives 


PV 



( 2 ) 


Differentiating equation (2) partially with respect to P, 
keeping T constant, gives 


/8(PV)\ _ fnRT nRTV , n 2 al/8V\ 

V 3P / T LV-nb ~ (V-nb)* V 2 J\3P^ 


At P 



0. Therefore, 
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nRT nRTV n 2 al /3V\ 

_V-nb (V-nb) 2 V 2 J \3P/ T 


(4) 


Under all conditions (3V/3P> T < 0; therefore, the expression 

in square brackets in equation (4) must equal to zero. That 
is 


nRT 


nRTV 


n 2 a 

V-nb " (V-nb* + "W = 0 


Multiplying equation (5) through by V 2 (V-nb) 2 gives 
nRTV 2 (V - nb) - nRTV 3 + n 2 a(V - nb) 2 = 0 


or 


Therefore, 


nRTV 2 (V-nb) - nRTV 3 = -n 2 a(V-nb) 2 . 


-1 m 1 -1 [i - f] 


(5) 




( 6 ) 


At the Boyle point T = Tg, P = 0 and V = «> , so RTg = a/b 
or 

a B Rb - 

Another method of doing this is to set n/V = c. So, the 
van der Waals equation of state becomes 


From equation (7), 


P = 


CRT 

1 -bc 


- ac 


PV 


pRT “I 

= "Ira - a ^| 


(7) 


( 8 ) 


Using the chain rule to differentiate equation (8) partially 
with respect to P gives 



»[fe -.] (fi) T • <•> 

(m’ 1 

\3c/ . From equation (7), 

T 
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/3P\ = (" bcRT + _RT_ _ 1 

[del [_ (1-bc) 2 1-bc 


Observe that equation (10) reduces to 


RT as P -*■ 0 and c -*■ 0 or 


(If) ■ 


1/RT . 


Since 1/RT # 0 and n ^ 0, the term in the square brackets 
in equation (9) must vanish at c = 0 and T = T n . That is, 

D 


bRT B - a = 0 


Solving for T_ changes equation (11) to 

D 


rp _ 

A B bR • 


• PROBLEM 6-32 


What is the work needed to compress methane in a compressor 
from an initial pressure of 1 atm to a final pressure of 
100 atm, at a constant temperature of 25°C. Use the van der 
Waals equation of state. 


Solution ; From the van der Waals equation of state 


RT _a_ 
V-b ” V2 


Differentiating Eq. (1) gives 


" ■ [-TvrETT * If] iv 


For the shaft work, w 


vf. _ RT + 2al 
L (V-b) 2 V3J av 


Integrating Eq. (3), obtain 


- w s - RTln l^5 - RT (vl 


-b v x b -b) + 2a (v 2 vj (4: 
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The van der Waals constants expressed in terms of atm, ft 3 , 
lb-mol, and °K are given as 

a = 581.2 

b = 0.6855 

The gas constant R is (in the same units as above) 

R = 1.3145 

The solution is a trial-and-error one. After solving in 
Eq. (1), the values of Vi and V 2 are found to be 

Vi = 391 ft 3 

V 2 = 3.16 ft 3 

Substituting these values into Eq. (4) gives 

w = -1731 atm-ft 3 /lb-mol 
s 

= -4720 Btu/lb mol 

The negative sign indicates that work must be put into the 
compressor. 


• PROBLEM 6-33 


Estimate the pressure which would be exerted by 8.2 lb of CO 
in a 1-ft 3 container at -78°F, employing (a) the ideal-gas 
equation, (b) the van der Waals equation of state, and 
(c) the Redlich-Kwong equation. 


Solution : The temperature of -78°F is equal to 382°R. The 

specific volume of the gas is 1 / 8.2 = 0.122 ft 3 /lb. 

a) The pressure is computed directly from the ideal-gas 
equation as 


P ■ f ■ 28(0^122)(144) - 1200 psla ' 81 ' 7 at " 

b) The constants for the van der Waals equation are found 
from tables. For CO we find that a = 372 atm-ft 6 /(lb-mol) 2 and 
b = 0.63 ft 3 /lb-mol. In this system of units the value of 
R^ will be 0,730 atm-ft 3 /(lb-mol)(°R). In addition, the 

specific volume to be used is 0.122(28) = 3.42 ft 3 /lb-mol. 
Substitution of these values in the proper equation leads to 

( p + ^) (v - b) = RT 
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0.73(382) 


[ p ♦ rSTETr ]' 3 - 42 - °- 63> ■ 

The solution of this equation gives the pressure to be 
68.2 atm. 

c) The specific volume is 3.42 ft 3 /lb-mol and the temperature 
is 382°R. The constants a and b are found from a 
constant conversion chart to be 5870 atm ( f t 6 ) (R) 1/2 /(lb-mol) 2 
and 0.4395 ft 3 /lb-mol, respectively. 

Making the proper substitutions, 

p = _ a 

V - b t i/2 v(v + b) 


0.73(382) 
3.42 - 0.440 


__ 5870 _ 

(382)i/ 2 (3.42)0.42 + 0.440) 


= 70.8 atm 


• PROBLEM 6-34 


a) Estimate the Boyle temperature for a certain non-ideal 
gas whose equation of state is 

PV = RT + APT - BP, 

where V is the molar volume and A and B are constants. 

b) Determine whether this gas has a critical point. 


Solution : Rearranging the equation PV = RT + APT - BP gives 

PV - APT + BP = RT 


P(V - AT + B) = RT 


Solving for P yields 


V-AT+B 


V(1-(AT/V)+(B/V)) 


V(1+(B-AT)/V) 
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[1 + (B-AT)/V] 

Consider the term | (B-AT)/v| to be very much less than 1, 
then equation ( 2 ) can be rewritten as, 

PV = RT[1 - (B-AT)/V] (3) 

The Boyle temperature of a gas according to one definition is 
the temperature, T R , at which 


8 (PV) 

8 (1/V) 


at which point P = 0 and T = T R . Thus, from equation (3), 

B - AT r = 0 


b) To be able to ascertain whether a gas has a critical point, 
the first and second derivative of the equation of state for 
such a gas with respect to V at constant T must vanish. 
Therefore from (1) 


8v> T (V-AT+B ) 2 


(V-AT+B) 


At the critical point ( 8 P/ 8 V) T = 0 and (8 2 P/9V 2 ) T = 0. 

The right hand sides of (4) and (5) can only be 0 if 
T = 0 or V - AT + B is infinite. Therefore this gas does 
not have a true critical point. 


• PROBLEM 6-35 


At high pressures and temperatures a quite good equation of 
state is P(V - nb) = nRT, where b is a constant. Find 
( 8 V/ 8 T) p and ( 8 V/ 8 P) T from this equation and hence dV 

in terms of P,T,V-nb, dT and dP. 


Solution : Expanding the given equation of state, 

P(V - nb) = nRT, gives PV - Pnb = nRT and rearranging to 
solve for V gives 
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V 


(1) 


where V = volume, n = number of moles, P = pressure, R = gas 
constant and T = temperature. Differentiating equation (1) 
with respect to T and keeping P constant yields 


But P 


nRT 

V-nb 



( 2 ) 


nR 

nRT 


x V 



V-nb 

T 


(2a) 


Note that the subscript P signifies that the pressure is 
being held constant while equation (1) is being 
differentiated. Now, differentiating with respect to P and 
holding T constant gives 


Observe that 

T7 , nRT 
V-nb = . 


Therefore, 


/m = _ nRT = f nRT \ 1 
UP/ T p 2 \ P / P 

equation (1) can be rearranged to give 


(3) 


3V\ = /nRT' 1 
9 P/ t V P > P 


-(V - nb) 


1 

P 


(3a) 


Volume as a function of pressure and temperature can be 
represented as 


V = f(P,T) . 

If the volume is a property of the system for which 
P(V - nb) = nRT, then it has an exact differential, 

dv , (g) T dP ♦ (U) p dT 


(4) 


(5) 


using equations (2a) and (3a), equation (5) becomes 


dV 


- (™>) dP ♦ (^) dT 

... . .r dP . dfl 
( V-nb)[_- T + tJ, 
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• PROBLEM 6-36 


Determine the equation of state for a certain 
gas whose thermal coefficient of expansion is 

hypothetical 


' C p\ T ‘W ’ 1 

\<y 


I and the coefficient of isothermal compressibility is 1 

R - 1 (£ 

6 ~ ~ vUi 

H 

II 

*ir 


In this problem, assume that 

constants. 

Cp, C y , ki and 

k 2 are 


Solution ; If temperature, T and pressure, P are chosen to 
be independent variables, then, volume, V is some function 
of T and P. Thus, 

V = f(T,P) . 

Writing the change in volume in differential form gives 


dV - (i)„ dT * (H) T dP 


( 1 ) 


The quantities 
and 3 



and 



can be determined using 


a 


a 


-!(© 


3TV, 



T < c P /c v>- 1 


or 


or 



kjC T ^v^ ^ V 




1 /9V\ = k2 

V \3P/ T P 



-k 2 V 
~P~“ 


( 2 ) 


(3) 
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Substituting equations (2) and (3) into equation (1) yields 


k 1 C D T (C P /C V > 1 V k 2 V 

dV = P ' ^ - dT - — dP 


dV C P 1 dP 

f = kl T dT ' k 2 f 


Integrating equation (4) gives 

In V = ki T - k 2 In P + constant 

U P 


c p /c v 

In V = kiT - K 2 In P + constant 


*2 ( (C /C ) 

P V = k exp k!T a P /L V ; 


Hence the desired equation of state is 


k 2 ( C /C' 

P V = k exp IkiT 


An equation of state due to Dieterici is 


• PROBLEM 6-37 


P(V - nb')exp ^ = nRT (1) 

Evaluate the constants a* and b' in terms of the critical 
constants P c> V^, and T c of a gas. 



Solution ; Rearranging equation (1) to solve for P gives 

p = nRT n na'/RTV 
y V - nb ,e 

For 1 mole, 

p =_ST_ e a’/RTV 

y V - b' C 

where P = pressure, R = gas constant, V = volume and 
T = temperature. Differentiating equation (2) with respect 
to V gives 
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dP _ P a'P 

dV V - b' RTV 2 

and 

d 2 P _ a* 2 P _ 2a*P 
dV 2 (RTV 2 ) 2 RTV 3 


At some point on a P-V diagram, the curve is horizontal and 
this part can be mathematically expressed as dP/dV = 0. 
Also, the highest temperature (maximum) at which such a 
horizontal line can still exist is called the critical 
temperature and at this point 


So, using these two conditions for equations (3) and (4), 
they can be rewritten as 


0 


V 


P_ 

- b' 


a'P 

RTV 5 


(3a) 


a' *P _ 2a*P 
(RTV 2 ) 2 RTV 3 


(4a) 


Since there are two equations and two unknowns, the equations 
can be solved simultaneously. Simplifying equation (4a), 
it becomes 

a'P 2P 

R 2 T*V 4 “ RTV 7 

From this, observe that there are two possible values for a'. 

That is, a' = 0 and a' = 2RT V . The trivial solution is 
* c c 

discarded, so that a' = 2RT c V c - Putting this into equation 
(3a) gives 




n 2RT V P 

0 __ E _ +_£~ 2 _ 

V - b* RT V 2 
c c c 


or 


o __E_ + 2P = p /I _i_ + 2 

TT U. I TT * I ” 1 . T „ 


V - b' V 
c c 


V -b' V 
c c, 


From this, 


1 r + I =0 or 


V -b* V 
c c 


1 2 


V -b' V 
c c 


(5) 


The reciprocal of equation (5) is 


V - b' = 


2 , 
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or 



• PROBLEM 6-38 


Consider an equation of state in the form 

q / 9— 

„ RT -A/RT° X V 

p = v“T-b • e 

for an arbitrary gas. Show that the critical constants are 
given by 


T =/'-A_) 2/3 

1 c \ 4bR/ 


V = 2b and P 
c c 


= 

bUbR / 


Solution : 

p . . ,- a/kt3/2 7 a ) 

(V - b) 

Differentiate equation (1) twice with respect to V at 
constant temperature, T to generate two new equations. 

That is, 

/3P\ = RT g -A/RT 3/2 Vf_A_ 1 A (2) 

'3WT (V - b) Vrt 3/2 V 2 (V - b)' 

and 



(3) 


The first and second derivatives disappear at the critical 
point, therefore 
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0 


and 


0 




From equation (2), since 
then 


RT 

(V - b) 


-a/rt 3/2 V 

e 


can not be zero, 


RT 


A 

3/2 v 
c 


2 

C 



(4) 


In equation (3), the first term is also zero; consequently, 
the second term will disappear only when 


-2A 1 

RT 3/2 V 3 (V - b) 2 
c b c 


0 


Dividing equation (4) by equation (5) yields 


2 1 

V — 

c (V - b) 
c 


(5) 


2(V C - b) - V c 

2V - 2b = V 
c c 


and 


V = 2b 
c 

Substituting equation (6) into equation (4) gives 


RT 3/2 (2b) 2 
c 

RT 3/2 4b 2 
c 



0 


RT 3/2 4b 2 - Ab = 0 
c 

RT 3/2 4b - A = 0 

3/2 _A_ 

c 4bR 


or 



2/3 


( 6 ) 
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Combining 

equations (6), (7), and 

„/ A \ 2/3 

R libit/ 

c (2b - b) 

(1) gives 


e -A/R(A/4BR)2b 

or 

n _ R ( A \2/3 

-2 


P c b \4bR/ 

e 



• PROBLEM 6-39 


Derive the relations between the constants a, b, and R of 
the Berthelot equation, 

p = _RT_a_ 

(V - b) TV 2 

and the critical parameters. Express the equation of state in 
terms of reduced variables. 



Solution: 


(V - b) 


Taking the first derivative with respect to V at constant 
temperature gives 


(V - b) J 


The second derivative is 


(V - b) 3 


Applying the critical isotherm conditions, that the partial 
derivatives with respect to volume at constant temperature 
is zero, equations (2) and (3) become 


(V - b) : 


(V - b)' 


T 
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Solving equations (4) and (5) simultaneously yields 


Substitute b = 
That is, 


or 


Substituting a 
gives 


2 . 3_ 

V - b V 
c c 

3(V - b) = 2V 
c c 

3V - 3b = 2V 
c c 

3b = V 

c 

b = V /3 . 
c 

V c /3 into equation (4) and solve for a. 


-RT r 


2a 


( V c - V c /3 J 


T V 3 
c c 


= 0 


2aV 2 (1 - ~) 2 - RT 2 V 3 = 0 
c 3 c c 


2 a = 


RT 2 V 3 
c c 


i. v 2 
^ c 


2 a = 


9RT 2 V 
c c 


a = 


4 

9RT 2 V 
c c 


(5) 


= 9RT 2 V /8 and b = V /3 into equation (1) 
c c c 


RT r 


P = 
c 


(v - 

V /3i 
c * 

RT 

c_ - 

V (1 
c 

-T> 

RT 

c 

9RT 

1 

2 _ 

T V 

c 

o 

\> 

00 

1 

3RT 

9RT 


9RT 2 V 
c c 


<T c HVj) 


9RT V 
c c 

8 T V 2 
c c 


P c = 


2V 


8 V 
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12RT - 9RT 
c c 


8 P V 
c c 


Substituting R = 8P V /3T into (5) gives 

c c c 


9(8P V )T V 
c c c c 


a = 3P V T 
c c c 

Now, define the reduced variables as <J> and 0 , correspond¬ 
ing to reduced pressure, volume and temperature respectively. 

" - | < 6 ) 


From equation (6 ) P = ttP^ and from equations (7) and (8) 

V = 4>V and T = 0T respectively, 
c c 


Substituting P = irP , V = 4>V , T = 0T , R, b and a into 

c c c 

equation ( 1 ) gives 


ttP_ = 


8 P V 

- 5 ^ («T c ) To 


C <J>V - V /3 0T $ 2 V 

c c c 


8P V 0T 3P 

c c c _ _c 

3T c^c ( *4 ) 6(1)2 


ttP = 
c 


8P 6 3P 

c _ _c 

3(4>-4> e^ 2 
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or 

= 80 3 

v 30-1 ~ 602 

Equation (9) is the equation of state in terms of reduced 
variables. 


• PROBLEM 6-40 



Carbon dioxide is assumed to follow the equation of state 


where n and m are constants for any gas. Given that the 
critical pressure and temperature of carbon dioxide are 
72.9 atm and 304.2°K respectively, determine the 
compressibility factor of the gas at 100°C and at a volume 
of 6.948 cubic decimeters per kilogram. 


Solution: 




V-m) = RT 


solving for P gives 


V-m v 2 T i 

Differentiate equation (2) twice with respect to V at 
constant T and set them equal to zero because at the 
critical point 


m T - (pl-» 


Therefore at the critical point 


(£L - - 


c . 0 n _ „ 

~7TZ - -rj- + ^ -=- — U 

(V c m ) v 3 t ^ 

c c 


(P), 


(V-m; 

c 


Equation (3) can also be written as 


RT c „ n 2_ 

(V-m)^ i y 3 

c c 


and equation (4) as 
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4 


(6) 


RT 


n 3 


(V -m) 3 V 4 

c c c 


Divide equation (5) by equation (6) to get 

V - m = 4 V 
c 3 c 


from which 


m = 4 V 

3 C 


where V is the critical volume. Substitute the value of 
c 

m into equation (5) and solve for n 

RT c n 2 


(v 2 - 2mV + m 2 ) 

' C C / c 


c c 


or 


RT 3 / 2 v 3 


n = 


2V 2 -4 v 2 + 4 V 2 

C 3 9 


rt 3/2 v 3 


V 2 (2 -4+|) 


RT 3 / 2 V 3 

c c 

v 2 (|) 

9RT 3/2 V 
c c 

8 


(7) 


Equation (2) becomes at the critical point 

RT 


p = — 

c V -m 


! 2 

c c 


where is the critical pressure 

RT 


9/8 RT ,/2 V 


P = 
c 


V -m 
c 


v 2 t 

C < 

3 RT c 

9 

RT 

c 

2 V c 

8 

V c 

3 RT c 




8 V 
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or 


P V 
c c 

RT 


3 

8 


C0 2 has a molecular weight of 44 g mol 


- i 


V 


/(dm ) 3 \/10 3 cm 3 

V kg / \(dm ) 3 


0.044 kg\ 
mol / 


= 3.057 * 10 2 cm 3 /mol. 
From equation ( 8 ) 


V 

c 



3 x (82.05 cm 3 atm/°K 1 mol 1 )(304.2°K) 
8 72.9 atm 


= 128.3 cm 3 mol~ 

Remember that m = V /3 

c 

128.3 cm 3 mol 
3 


( 8 ) 


= 42.79 cm 3 mol 


From equation (7) 


(9X82.05 cm 3 atm °K ^ol" 1 )( 304.2°K) 3 ^ 2 (128.3 cm 3 mol x ) 


= 6.28 x 10 7 


cm 


6 atm 
mol 2 


Solving for P using equation (2) gives 

p = (82.05 cm 3 atm K^mol " 1 )(373°K) 

|_(3.057 x 10 2 cm 3 /mol)-(42.79 cm 3 /mol) 

6.28 x 10 7 cm 6 atm K^/mol 2 
J3.057 x 10 2 cm 3 /mol ) 2 (373°K)^_ 

= 81.57 atm. 


By definition the compressibility factor Z is given as 


Z 


PV 

RT 
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= (81.57 atm) (3.057 * 10 2 cm 3 /mol) 
(82.05 cm 3 atm°K“ 1 mol“ 1 )(373°K) 

= 0.815. 


• PROBLEM 6-41 

A magnesium alloy, at 600°F is stretched isentropically by 

1.0 X 10~ 2 in./in. What is the stress that results, and how 
does it differ from the stress produced by an isothermal 
stress of the same amount . Assume the alloy to follow the 
Hooke equation of state with the following constants. 

Y t = 6.5 x10 s lbf/in 2 

a = 16 x if) -6 (1/°F) 

C a = 0.242 Btu/lbm-°F 

p = 109 lbm/ft 3 


Solution : The change in temperature with such a strain is 

given by the equation 

C 0 In (|^) = 6(e 2 - ei) (1) 

where 

e 2 = final stretch = 1.0 x10" 2 in/in 
e 1 = initial stretch = 0 in/in 

and 

6 - -Y t « 

For the consistency of units 


c = o 242 Btu x 778 ft ~ lbf x 12 lp x 109 — x 1 ft3 
o 0,242 lbm-°F x 778 Btu ft 109 ft * x 1728 in* 

= 142.51 ft-lbf/in 2 -lbm-°F. 


Substitution of the numerical values into Eq. (1), yields 


142.5 In (t£) = -6.5 x10 s (16 x 10 -6 )(1 x 10 -2 ) 
or 
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ln ( ft ) = -°- 0073 


For such a small number 



so that 

p- = -0.0073 + 1 = 0.9927 
T i 

solving for Tz$ 

T 2 = 600(0.9927) = 595.62°F 


To compute the stress, 

a 


the thermoelastic equation of state 
Y t [e - a(T - T 0 )] (2) 


will be used with To arbitrarily set at 600°F. 

Then 

a = 6.5 * 10 6 [o. 01 - (16 ^ 10“* )(595.62-600)] 

= 654,455.52 lbf/in 2 . 

In the case of an isothermal stretch 

T = To 

and the stress, from Eq. (2), is calculated to be 

a =(6.5 x 10 6 )(0.01) = 65000 lbf/in 2 

The difference of 460 psi out of 60,000 is probably below the 
level of measurement of most testing machines, so that the 
method of stretch is not important for this type of material. 
Actually, this is generally true of metals, while, with 
rubbers and synthetics, disregarding the way in which a 
tensile test is run may produce a serious error in prediction 
of stress and strain characteristics. Such elastomers are, 
however, usually governed by equations more complex than the 
Hooke form. 


327 



CHAPTER 7 


IDEAL AND REAL GAS PROCESSES 
AND RELATIONS 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 328 to 
396 for step-by-step solutions to problems. 


Ideal Gas Processes 

Ideal gas processes include adiabatic compression and expansion and heat 
exchange. These involve changes in internal energy, enthalpy, and entropy. The 
results for ideal gases will be summarized for open and closed systems, and they 
will be extended to real gases using generalized correlations. 

A key relation is the equation of state for an ideal gas which is: 

PV = RT (1) 

In this equation V is the molar volume at absolute pressure P and absolute tem¬ 
perature T. R is the universal gas constant, and a value for R is 8314 kPa m 3 /kmole 
K in SI units. This equation is used in the development of numerous relations for 
ideal gases. 

Four types of processes are used with a closed system: constant volume, 
constant pressure, constant temperature, and adiabatic (Q = 0). To determine heat 
transferred and work done for these processes, the first law of thermodynamics is 
applied to a reversible process. Then an efficiency is used to determine the actual 
work done from the work of the reversible process. 

For a reversible constant volume process, the first law of thermodynamics is 
dU = dQ - dW, and dW = PdV. With dV = 0 (constant volume), dQ = dU, which 
gives: 


Q = AU = C v dT - C v et . g (T 2 - 7j) 

Thus, Q is computed when T\ and T 2 are specified for the process. 


( 2 ) 
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For a reversible constant pressure process, the first law of thermodynamics is 
dU = dQ- PdV and dH = dU + PdV which gives dH = dQ: 

Q - AH = C p dT = C p ^(T 2 - 71) (3) 


where Q is computed when T t and T 2 are specified. Also, W = JPdV = P(V 2 - VI). 

For a reversible, constant temperature process. At/ = 0, and Q = W = fPdV from 
the first law of thermodynamics. Using Eq. (1) to evaluate the integral fPdV, the 
following equation is obtained: 

Q = W = RT ln( V 2 IV X ) = RT ln(P,/P 2 ) (4) 


where Pj and P 2 or V\ and V 2 are specified for the process. 


For a reversible, adiabatic process, dQ = 0, and dU = -dW = -PdV from the first 
law of thermodynamics, which can be integrated using dU = CydT and k = Cp!C v 
= (C v + R)IC V to give: 




,(*-!)/* 


(5) 


and 

P, V,* = P 2 V 2 k = PV k = constant (6) 

Integrating dW = PdV using Eq. (6) gives: 


PV 

W = -At/ = 1 1 

(*-l) 



(7) 


Specifying Pi, P 2 and VI or T x ( = P^V^IR), A U and IV can be computed with Eq. 
(7), and T 2 and V 2 with Eqs. (5) and (6). 

The change in entropy, AS, can be computed by the following equation for all 
of these reversible processes: 

AS = C p lnCT/TO - R ln(P 2 /Pi) (8) 

Real Gas Processes 

For open systems, the first law of thermodynamics applied to a steady state 
flow process is a key equation for the description of industrial processes involv¬ 
ing real gases. It is given by the following equation: 

A H + Au 2 /2 + gAz = Q-W S (9) 

In many industrial applications, changes in kinetic and potential energy are 
small compared to the change in enthalpy, and Eq. (9) can be written as: 
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A H = Q-W S 


( 10 ) 


Eqs. (9) and (10) are applicable to expansion and compression processes. 
Expansion processes include flow in nozzles, turbines, and throttling processes. 
Compression processes include compressors, pumps, and ejectors. For turbines 
and compressors, Eq. (10) is applicable, and 0 = 0. Therefore, Eq. (10) becomes: 

W S =-AH (11) 


To compute the shaft work, Wj, for a turbine, the conditions at point 1 and 
pressure P 2 are known, along with the turbine efficiency, rj r . Then T 2rev is calcu¬ 
lated using T 2<rev = T\{P 2 IP x )( k ~^ lk from Eq. (5). A H revJ for an isentropic expan¬ 
sion, is evaluated using AH rev = C p av g(T 2>rev - Tj), knowing Tj and T 2 rev Then the 
actual shaft work, W s = AH, is computed using the turbine efficiency, r| ( : 


W x _ AH 
W AH 

TT s,rev *-“ 1 rev 


( 12 ) 


For the other variables, H 2 = Hi + AH is used to evaluate the enthalpy, H 2 . T 2 is 
determined from the definition of enthalpy, i.e., T 2 = 7/ + AH/C P . Then V 2 is 
evaluated using the ideal gas law, Eq. (1), and the entropy, S 2 , is computed using 
Eq.(8). 


The procedure for a compressor differs because the compressor efficiency is 
defined as r\ c = W sre JW s or: 


*lc = 


AH rev 

AH 


(13) 


In this case Eq. (11) gives the minimum shaft work required for a compres¬ 
sor when the process is isentropic while it gave the maximum shaft work that 
could be produced by a turbine. However, the variables at point 2 are computed 
using the same equations as for a turbine. For example, if the conditions at point 
1, the pressure, P 2 , and compressor efficiency, r\ 0 are known, the following equa¬ 
tions give the other values at point 2. First, Eq. (8) with AS = 0 gives: 


T 2 ,re V = h (P 2 IPrf k -'y k (14) 

and using the definition of enthalpy in terms of mean heat capacity: 

AH rev = C p (T 2 rev - T{) (15) 

Next, AH is computed from Eq. (13) for compressor efficiency: 

AH = AH r Jr] c (16) 

and this determines the shaft work, W 5 = AH. 

Temperature, T 2 , is calculated from the definition of enthalpy in terms of heat 
capacity, C p : 

T 2 = T\+ AH/C p (17) 
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Then for specific volume from the ideal gas law: 


v 2 = rt 2 /p 2 

(18) 

and for enthalpy: 


H 2 = H X + C p (T 2 - 7]) 

(19) 

Then using Eq. (8) for entropy: 


S 2 = S, + C p In(T 2 /T,) - R ln(P 2 /P,) 

(20) 


This sequence evaluated t 2 , v 2 , and H 2 knowing P 2 and the condition at point 1 
for the compressor. 

Pumps, like compressors, increase the pressure of the fluid flowing in the 
process; pumps are used for liquids which can be treated as incompressible The 
first law of the thermodynamics from Eq. (10) for a reversible steady-state flow 
process becomes: 

"U, - - A//, - VdP --V{P 2 -P X ) (21) 


Then the pump efficiency is used to evaluate the actual shaft work required: 

W s = W s<r Jx\ p (22) 

Temperature changes in the pump are very small, and constant properties can 
be used. The equation for change in enthalpy is: 

&H S = CpAT + V{\ - p7) AP (23) 

This equation is used to compute AT knowing A H s from Eq. (21) and a value of 
(3, the coefficient of compressibility for the liquid. Then the increase in entropy is 
computed using the following equation: 

AS = Cpln T 2 /T, - pVA P (24) 

In throttling processes a gas is expanded through an orifice or porous plug 
with no work or heat being transferred. Therefore, from Eq. (10) A H = 0, and H 2 
= H X . For an ideal gas the enthalpy depends on temperature only, so the tempera¬ 
ture stays constant in a throttling process. For an actual process the pressure and 
temperature decrease, and the temperature at point 2 is the saturation temperature 
at known downstream pressure when the gas is partially liquefied. Then the 
amount of liquid formed is obtained from the following equation: 

H 2 = Hi=HgX + (\- x)H x (25) 

where x is the quality, the mass of gas per total mass of gas and liquid. To solve 
Eq. (25) thermodynamic data in the saturated region is required in the form of a 
graph or table. The change in entropy (S 2 - Si) can be computed with these tables 
or graphs using the following equation: 

S 2 = SgX + (! (26) 
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where S g and are the entropy of the saturated liquid and vapor at T 2 and P^. 

Generalized Correlations 


Generalized correlations are used to estimate the properties of real gases for 
the processes discussed above. These include correlations for the compressibility 
factor in the ideal gas law, fugacity coefficients, and residual enthalpy and en¬ 
tropy. These correlations are presented in the form of tables and graphs for ease 
of use. 


The compressibility factor z is used with the ideal gas law to predict the P-V-T 
behavior of real gases. The ideal gas law is modified as: 

PV = zRT (27) 


where the compressibility factor z = V aC mai/Videal* which is equal to one for an 
ideal gas. 

The compressibility factor z has been correlated with reduced temperature, 
T„ and reduced pressure, P r , where these are defined as the temperature and pres¬ 
sure of the gas divided by the critical temperature and pressure, i.e., T r = T/T c and 
P r = P/P c . The critical temperature and pressure are the conditions where the gas 
and liquid phases become indistinguishable (critical point), i.e., the critical tem¬ 
perature and pressure are the highest temperature and pressure at which a pure 
material can exist in vapor-liquid equilibrium. 

The compressibility factor correlation uses the principle of corresponding 
states, which says that all substances obey the same equation of state expressed in 
terms of reduced properties. Correlations have been developed for z(T r , P r ) based 
on experimental data from 30 real gases and are called compressibility charts, 
which are accurate to about 5 percent except near the critical point. 


Reduced property correlations have been developed for enthalpy and entropy 
to estimate these real gas properties. These were prepared based on the differ¬ 
ences between real gas and ideal gas properties, and they are called residual 
properties or property deviation correlations. To describe how these correlations 
were developed, Eq. (27) is written in terms of the product of reduced tempera¬ 
ture, T r , and critical temperature, T c , for T, i.e., T = T r T c and P = P r P c : 


V = 


zRT r T c 

P r P c 


(28) 


where z is a function of T r and P r . 

Using the total derivative of the enthalpy in terms of T and P: 


dH - C p dT + 


V-T 



p 


dP 


(29) 
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Using Eq. (28) to evaluate the partial derivative term in Eq. (29) gives: 



R 
P P 

1 r‘ c 


+ T r {— 

W,. 


(30) 


Eqs. (28) and (30) can be combined with Eq. (29), and the result integrated 
from reference state when P r = 0 to a final state. The final equation is: 


RT C h 



(31) 


Eq. (31) applies to a real gas; however, for a correlation the difference in 
enthalpy between an ideal gas and a real gas (H ideal - H) is needed. Let Eq. (31) 
be applied to an ideal gas, and this gives: 

HmsslzMsl m ft £a dT (32) 

RT C Jt 0 R 

Subtracting Eq. (31) from Eq. (32) gives the equation in terms of the difference 
in enthalpy for an ideal and real gas (H idea ,-H). 



The left side of Eq. (33) is called the enthalpy departure function and is 
determined by evaluating the integral on the right side. It is the deviation of the 
real gas or liquid from that of an ideal gas at the same temperature and pressure. 
Generalized enthalpy departure charts have been developed using Eq. (33), and 
(HMeal- H)/RT C is given as a function of P r with T r as a parameter. 

The equation for the entropy departure function is found using manipulations 
similar to those used to obtain the enthalpy departure function, and is given by 
the following equation: 



T r 



+ z -1 



(34) 


Generalized entropy departure charts are available with the left side of Eq. (34) 
given as a function of P r with T r as a parameter. 

Improved results are obtained when an additional parameter is introduced to 
account for molecular structure. Called the acentric factor, to, it is used to modify 
the compressibility factor as follows: 

z = Zo + tozj (35) 

where z 0 is the compressibility factor for simple fluids such as the rare gases: 
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argon, krypton, and xenon, z, incorporates the eccentricity of more complicated 
molecules. z 0 and z t are functions of T r and P„ and to is a property of individual 
molecules. z 0 and z, are available as graphs, and u) is tabulated with other physi¬ 
cal properties of molecules. 

This extension of the compressibility factor gives two generalized enthalpy 
and entropy departure values, which are used to compute the total departure by 
the following equations: 



Another important generalized correlation is for fugacity coefficient, 4>, which 
is related to the residual Gibbs free energy by the following equation: 

G ~ G ideal =ln(|) ( 38 ) 

RT v ' 

The fugacity coefficient, <|), is the ratio of the fugacity,/ to the pressure, P. 


The equation for the generalized Gibbs free energy departure is derived using 
the procedure used to obtain Eq. (32) for enthalpy. This result for constant tem¬ 
perature is: 


G “ G:a 


-O z ~' )dp 


Combining Eqs. (38) and (39) gives the result comparable to Eq. (33) for en¬ 
thalpy: 



Correlations are available for <j> as a function of P r with T r as a parameter. Also, 
these results have been extended to include the acentric factor, co, and the value (|> 
is computed by the following equation having found <j> 0 and (fo from graphs as a 
function of T r and P r and to for the molecule: 

<l> = <l>o<l>i“ (41) 

In summary, equations used for analyzing ideal gas processes were presented 
for open and closed systems. This included compression, expansion, and heat 
transfer processes by computing the changes in temperature, pressure, specific 
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volume, internal energy, enthalpy, and entropy. Then extensions were given for 
real gas processes using efficiencies and generalized correlations for compress¬ 
ibility factor, enthalpy and entropy deviation, and fugacity coefficient. With this 
information processes involving actual fluids can be analyzed for heat transferred 
and work performed. 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Ideal and Real Gas Processes 
and Relations” 


IDEAL GAS PROCESSES INVOLVING THE FIRST AND 
SECOND LAWS OF THERMODYNAMICS 

• PROBLEM 7-1 


Two pounds of oxygen undergo a polytropic process in which 
they are compressed from an initial state of 14 psia and 70°F, 
to a final pressure of 98 psia along a path for which 

PV 1 * 3 = C. Using the polytropic equation calculate, (a) the 
heat transferred, and (b) the change of entropy for this 
process. Assume that for oxygen 

R = 0.062 Btu/lbm-°R 

c = 0.217 Btu/lbm-°R 
P 


Solution ; (a) The heat transfer for the process can be found 
in two ways. Either by using the first law 

Q ^ 2 - au ^ 2 - w W2 (i) 

or by using the polytropic equation 

= mc n < T 2 - Tx) (2) 

where 



However by definition 

c = c - R = 0.217 - 0.062 = 0.1550 Btu/lbm-°R 
v p 
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and 


. = 0.2170 

c v 0.1550 


1.4 


Then from Eq. (3) 

c n ' °-1550( V-'A - 3 ) 

= -0.052 Btu/lbm-°R 

The temperature at state 1 expressed in °R is 

T x = 70 + 460 = 530°R 

At state two 


(n- i ) /n 

T! ■ t, (ft) 

(l.3-l)/l.3 

■ s 3 o (fl) 

= 830°R 

Therefore from Eq. (2) 

Q x ^ 2 = 2(-0.052)(830 - 530) 

= -31.2 Btu 

(b) For the change in entropy the polytropic equation can 
be written as 


m 

AS = s 2 - Si = me In ~ 
n X 1 

- 2(-0.052) 1„ (§2) 
= -0.0466 Btu/°R 


• PROBLEM 7-2 


Air at an initial pressure and temperature of 1 bar and 17°C 
respectively is contained inside a cylinder. The air is then 
compressed polytropically, along a path for which n = 1.30, 
until the final pressure inside the cylinder is 5 bars. What 
is the heat transferred per kg of air for this process? 
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Solution ; This problem involves a closed system. Therefore 
the first law written for this process is 

^2 + W l+2 = AU (1) 


In Eq. (1) both q 2 and w^ 2 are unknown. Since q^ 2 
cannot be calculated independently, w^ 2 must be evaluated 
using the relation which applies in this case, 


For this process 


dw, = -P dv 
1 2 


r-. n 

Pv = c 


Therefore 


w 


1 ->• 2 


- 

P dv 



dv 


( 2 ) 


l-n l-n 

_ C (V 2 ) - c(vi) 
n-1 


P 2 V 2 - Pivi 
n-1 


R(T 2 - Ti) 
n-1 


(3) 


For air 


R = 0.287 kJ/kg-°K 


Also because air is essentially an ideal gas in the range of 
pressures and temperatures involved, the ideal gas equation 
for a polytropic process 


(n-i)/n 

T 2 _ 1^2 

Ti Pi 


(3) 


can be used to find the temperature at state 2* 
Therefore, solving for T 2 in Eq. (3) gives, 

(n-i)/n 



- 290 (!) 

= 420.43°K 
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From Eq. (3) then 


0.287(420.43-290) 

w i +2 1 . 3-1 


= 124.78 kJ/kg. 


The specific internal energy change for an ideal gas is 

Au = c v AT 


or 


U 2 ~ Ul 

where c y = 0.7165 kJ/kg-°K 

Substituting the numerical 
Au = u 2 - Ui = 

Then solving for q x ^ 2 in Eq 


= c v (T 2 - Ti) 

(for air) 
values 

0.7165(420.43 - 290) 
93.45 kJ/kg 
. (1) gives 


q^ 2 = Au - 


= 93.45 - 124.78 
= -31.33 kJ/kg 

The negative sign indicates that heat was removed from the 
gas during the compression process. 


• PROBLEM 7-3 


An ideal gas is enclosed inside a chamber with a volume of 
0.1 ft 3 at 115°C, 690kPa. It then expands isentropically to 
a final pressure of 138kPa. Calculate the work done during 
the process, assuming that for this gas 

c v = 0.7201 kJ/kg-°K 

c p = 1.0048 kJ/kg-°K 


Solution ; Since the process is isentropic 


S 2 “Sj. 
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The process is adiabatic, and thus 


Q, , = 0 

The first law applied to this system is 

Q^ 2 = rn(u 2 - Ui) + w 1 + 2 = 0 


( 1 ) 


or 


w^ 2 = -m(u 2 - uj) (2) 

Since the specific heats, for this process, are constant 

du = c dT 
v 


or 

u 2 - U 1 = c v (T 2 - Ti) 

Then Eq. (2) becomes 

w i-,2 = -mc v (T 2 - T i ) (3) 

For this process 

PiVi Y = P 2 V 2 Y (4) 


where 

j _ 1.0048 
1 c “ 0.7201 

V 

Solving for V 2 in Eq. (4) gives, 


1.3954 


V 2 



3954 


= 0.317 3 ft 


or 


v 2 


0.317 ft 3 


x 0.028317 


m 3 

ft 


8.98 x 10” 3 m 3 


For an isentropic process 

TjVi 7-1 = T 2 V 2 Y_1 


or 


t 2 


Ti 



Y- 1 
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where 


Therefore 


Ti = 115 + 273.15 = 388.15°K 


T 2 


388 - 15 (57517) 

245.97°K 


3954-1 


or T 2 = -27.18°C 

The mass of the system can be obtained by using the ideal gas 
equation of state. Therefore 


m 


P 2 V 2 

RT 2 


(5) 


where 


R = c - c = 1.0048-0.7201 
P v 

= 0.2847 kJ/kg-°K 

From Eq. (5), then 

138(8.98 x lO -3 ) 
m 0.2847(245.97) 

= 0.0177 kg 

Then from Eq. (3) 

W^ 2 = -0.0177(0.7201X245.97-388.15) 
= 1.8122 kJ 


• PROBLEM 7-4 


A chamber contains 5 lbm of an ideal gas, initially at a 
temperature of 100°F. The gas then undergoes a reversible 
isobaric process during which 500 Btu are added to the gas as 
heat. Determine the final temperature of the gas, assuming 
that the following properties of the gas are known. 

R = 0.0641 Btu/lbm-°R [0.2684 kJ/kg-°K] 

k = 1.147 


Solution ; Since the gas is not stated the specific heats 
are found from the equations 
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'v k-1 


c = R + c 
P v 


Also T 1 = 100°F + 460 = 560°R [311.11°K] 

Substituting the numerical values into Eq. (1), gives 


0.0641 

C v (1.147-1) 


= 0.4361 Btu/lbm-°R [1.8257 kJ/kg-°K] 


From Eq. (2), then 


c = 0.0641 + 0.4361 
P 


= 0.5 Btu/lbm-°R 


[2.0942 kJ/kg-°K] 


Then, write the first law for an ideal gas for this case. 
Therefore 

Q = me dT = me (T 2 - T x ) 

r r 

or solving for T 2 , gives 


T 2 = + Ti 

mc p 


( 5)(0 . 5 ) 


+ 560 = 760°R (422.2°K] 


This temperature expressed in °F is 

T 2 = 300°F [149.1°C] 


• PROBLEM 7-5 


A piston and cylinder arrangement has an initial volume of 
1.5 ft 3 and contains air at 400 psia. The air is then 
expanded reversibly at a constant temperature of 85°F. What 
is the work and heat transferred of the process if the final 
volume of the air inside the cylinder is 4 ft 3 . Assume the 
temperature of the surroundings to be 85°F. 


Solution : The mass of the system is constant throughout the 

process, and can be determined using the ideal gas equation 
of state 


PV 


RT 


(1) 
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Direct substitution of the numerical values into Eq. (1) will 
give the amount of air present in the process. However, in 
substituting the numbers care must be taken so that the 
units are consistent. Hence 


Pi 


400 


lbf 

in 2 


144 in 2 
x i ft 2 


57,600 lbf/ft 2 


Tj = 85°F + 460 = 545°R 


R = 53.34 


ft-lbf 

lbm°R 


(from table of contents) 


Substituting into Eq. (1) 

57,600x1.5 
m 53.34 x 545 


2.972 lbm 


Since this is an isothermal process, the pressure at state 2 
can be determined by applying Eq. (1) at states 1 and 2 (after 
solving for T). 

Therefore, 

T = ^ = constant 

Solving for P 2 

P 2 = Pi(^) = 400 = 150 lbf/in 2 


Since this is a reversible isothermal process, the work can be 
calculated using 


W 


1+2 


PdV 


where the path 1+2 for this process is given by 

PV = mRT 


( 2 ) 


Substituting into Eq. (2) 


W 


1 + 2 



mRT 


f Vz dV 

J v 

Vi 


mRT In 

V 1 

(2.972 x 53.34 x 545) In ^ 

1 • o 

84,740.64 ft-lbf * 77 s*ft-lbf 
108.92 Btu 
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The heat transferred to or from the system can be found by 
using the energy equation, 

Q = -AU + W 

However for the ideal gas undergoing an isothermal process 
the change in internal energy is 

AU = 0 

and so 

Q = W = 108.92 Btu 


• PROBLEM 7-6 

A block of copper is at an initial pressure and temperature 
of 1 atm and 520°R respectively. The pressure is then 
increased to 1000 atm in a reversible isothermal process. 

Find (a) the change in internal energy, (b) the change in 
entropy, (c) the heat absorbed, and (d) the work done, all 
per unit mass. 


Solution ; (a) Since the temperature is constant 

KV o 

(u 2 - ui) T = -6 v q T(P 2 - Pi) + (P 2 2 - P x 2 ) (1) 

where _ 5 

6 = 2.8 x io /°R 

k = 5.9 xio -8 in 2 /lbm = 4.1 xlO -10 ft 2 /lbm 

V o = ~p = slo = 1-82 x 10" 3 ft 3 /lbm 
For the consistency of units. 

Pi = 1 atm = 14.7 lbf/in 2 = 2116.8 lbf/ft 2 
P 2 = 1000 atm = 2,116,800 lbf/ft 2 
Substituting the numerical values into Eq. (1) 

(u 2 -u 1 ) T = -(2.8 x10" 5 )(1.82 x10" 3 )(530>(2,116,800-2116.8) 


+ (4.1 x IQ 10 ) (1.82 y 10 3 ) |" ( 


2116800) 


=-56.016 + 1.6649 


=-54.35 ft-lbf/lbm 
= -69.86 xio" 3 Btu/lbm 


(2116.8) 


H 
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(b) The change in entropy can be found using the equation 

(s 2 - Sj) T = -Bv q (P 2 - Pi) 

= -(2.8 x 10" 5 )(1.82 x10" 3 )(2116800 - 2116.8) 

= 0.1078 ft-lbf/lbm-°R 
= 1.39x10'“ Btu/lbm-°R 

(c) Since the process is reversible, the heat absorbed is 

q = T(s 2 - s x ) = -6 v o T(P 2 - Pi) 

= -(2.8 x 10~ 5 )(1.82x 10~ 3 )(530)(2,116,800-2,116.8) 

= -56.016 ft-lbf/lbm 
= -72 x10“ 3 Btu/lbm 

(d) From the first law of thermodynamics 

w = q - Au 

= -72xlo' 3 -(-69.86x 10" 3 ) 

= -2.14 x10" 3 Btu/lbm 

Eq. (1) is a statement of the combined first and second laws, 
the first term on the right being equal to T(s 2 - s x ), and 
the second term being equal to w. 


_ • PROBLEM 7-7 

1. An ideal gas initially at 70°C and 1 bar undergoes the 
following reversible processes, completing a cycle. 

(a) The gas is compressed adiabatically to 150°C (l->-2) 

(b) It is then cooled at constant pressure from 150°C to 
70°C (2-*-3) 

(c) Finally the gas is expanded at constant temperature to 
a final pressure of 1 bar (3-*-l) 

Assuming that for the gas c y = | R, calculate Ah, Au, w, and 
q for the entire cycle on a per gm-mole basis. 

2. Repeat the calculations assuming an efficiency of 80% 
for each cycle. 
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Solution : 1. The cycle is represented on a P-V diagram as 

shown in the figure. To calculate q, w, Au, and Ah for the 
entire cycle, first calculate these quantities for each of 
the processes and then use the following equations. 


w 


Au 


Ah 


cycle 

= a + a + 

M l+2 M 2+3 

^3 + 1 

(1) 

cycle 

= w, „ + w o „ + 

1 2 2+3 

W 3 + l 

(2) 

cycle 

= Au + Au 

1+2 2+3 

+ AU 3+1 

(3) 

cycle 

= Ah. . + Ah, _ 

1+2 2+3 

+ Ah 3+3 



For an ideal gas 


R = c - c 
P v 


or 


For the cycle, using Eqs. (1), (2), (3), and (4) 
q = 0 - 1663 + 1495 = -168 J/g mol 
w = -998 - 665 + 1495 = -168 J/g mol 
Au = 998 - 998 +0=0 
Ah = 1663 - 1663 +0=0 

It is very important that Au and Ah are both zero for the 
entire cycle, since the initial and final states are 
identical. Also the fact that q and w are equal proves the 
first law applied to the cycle, since Au = 0. 

2. If the same changes in state are carried out by 
irreversible processes, the property changes for the steps 
will be identical with those already calculated. However 
the values of q and w will be different. 
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Then for this gas 


c p - 1 r + r = S r 

where R = 8.314 J/g mol-°K 

Therefore 

c v = | (8.314) = 12.471 J/g-mol-°K 

c =1 (8.314) = 20.785 J/g mol-°K 
P ^ 

(a) For an ideal gas undergoing adiabatic compression 

Q = 0 

From the first law 

Au = -w = c y AT = 12.471(150-70) = 998 J/g mol 

Ah = CpAT = 20.785(150-70) = 1,663 J/g mol. 

(b) For a constant pressure process 

Ah = Q = | c p dT 

or 

Ah = c p AT = 20.785(70-150) = -1663 J/g mol 

Also 

Au = c y AT = 12.471(70-150) = -998 J/g mol 
From the first law 

w = q - Au = -1663 - (-998) = -665 J/g mol 

(c) For an isothermal process Au and Ah are zero for ideal 
gases. Then for such a process 

q = w = RT In ^ (4) 


However P 3 = P 2 and 


where 


P 2 


= Pi 


Y/(Y-1) 



v = = 20.785 

’ c 12.471 

V 


1.67 
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Therefore 


P 2 


2 . 5 

(273 + 150\ 
1273 + 70 1 


= 1.689 bars 


From Eq. (4), then 


q = 8.314(343) In (— 
= 1,495 J/g mol. 


(a) For an 80% efficient process 


w 


rev 

n 


-998 

0.80 


= -1248 J/g mol 


Since Au is still the same, from the first law, and since 
the process can no longer be adiabatic. 


(b) 


and 


q = Au + w = 998 - 1248 = -250 J/g mol 


w 

rev -665 _ 001 x/ _ _ n 

w = —fT = oTso ~ _831 J/g mo1 


q = Au + w = -998-831 = -1829 J/g mol 


(c) In this process work is done by the system, and so the 
irreversible work must be less than the reversible work. 
Hence 


w = (w rev )n = 1495(0.80) = 1196 J/g mol 


q = Au + 

w = 0 + 

1196 

= 1196 

j/g 

mol 

For the entire cycle 

Au = Ah 

= o. 

but 



q = -250 - 

1829 + 

1196 

= -883 

j/g 

mol 

w = -1248 

- 831 + 

1196 

= -883 

j/g 

mol 
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Reversible 


Irreversible 



Au 

Ah 

q 

w 

Au 

Ah 

q 

w 

process a.... 

998 

1,663 

0 

-998 

998 

1.663 

-250 

-1.248 

process b.... 

-998 

-1.663 

-1,663 

-665 

-998 

-1.663 

-1.829 

-831 

process c.... 

0 

0 

1,495 

1,495 

0 

0 

1.196 

1.196 

cycle. 

0 

0 

-168 

-168 

0 

0 

-883 

-883 


These results are shown in the accompanying table for 
comparing the reversible and irreversible processes. All 
values are in J/g mol of gas. 


• PROBLEM 7-8 


A reversible and isothermal compressor is used to continuously 
compress helium initially at 540°R and 12 atm, to a final 
pressure of 180 atm. Calculate the work per mole of helium 
needed to operate the compressor, and the quantity of heat 
to be removed from the compressor if helium is assumed to 
behave (a) as an ideal gas, or (b) according to the equation 
of state 

Pv = RT - P + bP 

where 

a = 11.13 °R-ft 3 /lb-mo1 
b = 0.2445 ft 3 /lb-mo1 
R = 1.987 Btu/lb-mol-°R 


Helium 

input 



Fig. 1 


y 













Solution ; In solving this problem, consider a control volume 
around the compressor, as shown in Fig. 1. Then write the 
energy and entropy balances around the compressor. Energy 
balance: 


(* ♦ & ♦ SK -(-♦£♦ th 


out 


+ 6Q - 6W = d(me) 


syst. 


Entropy balance: 


(S6m). n - (s6m) out + 6 $- " d(ms >syst. 

syst. 


Since the compressor operates under steady-state conditions, 
the following can be assumed. 

d(me) syst. = d(ms) syst. = 0 
2. 6m. n = 6m out 


Since the compressor operates reversibly 

6LW = 0 


Neglecting potential and kinetic energies, the energy and 
entropy equations reduce to 


Energy: 

Ah 

= q - w 

(i) 

Entropy: 

As 

q 

T 

syst 

(2) 

However, T 

syst. 

= 

540°R 


From Eq. (2), solving for q 




« ■ T s,st <,Ss > 

= 540(As) 

(3) 


To find the values of q and w, first calculate As for the 
process and use Eq. (3) to determine q. Then obtain Ah and 
use Eq. (1) to solve for w. To make the solution clearer 
sketch the compression process on a P-T diagram, as follows. 
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out 


P in 


540° R 
T 

Fig. 2 


From the P-T diagram it is evident that there is no change 

in temperature. Therefore a simple one step integration 

from P. to P .at constant temperature (T = 540°R) is 
m out 

sufficient to calculate Ah and As. Furthermore 


and 



(4) 


(5) 


which are the governing equations for evaluating Ah and As 
for this process, using the different equations of state that 
apply to the process. 

(a) Ideal gas behavior 


Pv = RT 


and 

/Jv\ = R = v 
\3T/ p P T 

Hence 

T (lr) = v 

p 

Substituting Eq. (7) into Eq. (4), yields 

<Ul i.! ) T ■ £'[ T (5?)p - T (w)] <“> 

= | 0 dP 
= 0 


( 6 ) 


(7) 
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That is, the change in enthalpy for an isothermal compression 
of an ideal gas is zero. 


Substituting Eq. (6) into Eq. (5), yields. 


(1+2 



R 

P 


dP 


-R 


In 


£2 

Pi 


-1.987 In 



-5.36 Btu/lb mol-°R 


Using Eq. (3), 


q = 540C-5.36) 

= -2,900 Btu/lb mol 


From Eq. (1) then 


q - w = 0 


or 


q = w = -2,900 Btu/lb mol 


(b) Real gas behavior 


or 


Then 



( 8 ) 


(9) 


Substituting Eqs. (8) and (9) into Eq. (4) gives 

<4h ..i>T ■ £ ( b - ¥) dp 

- (b - ^)<Pi - Pi) 

■ (°- 2445 - ~ sw s ) ( 18 °- 12 ) 

= (0.2032)(180-12) 

= 34.1 ft 3 atm/lb mol 
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Substitute this value into Eq. (3) to obtain 

q = 540(-5.38) 

= -2,910 Btu/lb mol. 

With this value for q and the value obtained for Ah from 
Eq. (1) get 

Ah = q - w 
or 

w = q - Ah 
= -2910-93 
= -3003 Btu/lb mol 
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• PROBLEM 7-9 


Helium initially at 300°K and 12.2 Bar, enters an adiabatic 
and reversible compressor and is continuously compressed to 
a pressure of 182.4 Bar. Determine the outlet temperature of 
the gas, and calculate the amount of work per mole of helium 
that must be supplied to the compressor, in order to maintain 
an outlet pressure of 182.4 Bar if (a) helium behaves as an 
ideal gas, and (b) according to the equation of state 

Pv = RT + (b - 

where 

a = 0.385 m 3 °K/kg mol 
b = 0.0153 m 3 /kg mol 
Assume constant specific heats. 


Solution ; Consider the control volume to be the compressor 
and its contents. Then write the energy and entropy balances 
around the compressor. 


Energy: 


( h + Vi + |Z) 6m . 

1 2g c g c'in in 




6m 


out 


out 


+ 6Q - 6W = d(me) 


sys. 


However since the compressor operates at steady-state, 

d(me) = d(ms) = 6m. - 6m . = 0. Also because this is 

sys sys m out 

an adiabatic compressor 6q = 6lw = 0. Assuming potential 
and kinetic energy changes in the compressor to be negligible, 
the energy equation reduces to 

Ah 2 = -w (1) 


For the Entropy balance 

(s6m). - (s6m) . + f + 

m out Jarea T 

However with the assumptions made previously the entropy 
equation reduces to 

As^ 2 = 0 (2) 


61wdV 


volume 


= d(Ms) 


syst 
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Eq. (2) implies that the entropy of the material leaving the 
compressor is equal to the entropy of the material entering 
the compressor. This condition can be used to calculate the 
temperature of the material leaving the compressor. Then by 
knowing the temperature at the exit, Ahi +2 can be calculated, 
which in turn, gives the work that must be supplied. 

(a) The ideal gas equation of state is 

Pv = RT 

The final T and P of an ideal gas (with constant c p ) under¬ 
going an isentropic process are related according Xo the 
expression 


C P ln Ti R ln Pi 


or 


R/c 

T_2 = (P_2\ P 
Ti \Pi) 


Solving for T 2 



= 886°K. 


The total change in enthalpy can be calculated using the 
formula 


f Tz 

Ah i- 2 - 

= Cp(T 2 - Ti) 

= 2.09(886-300) * 10 1 * 

= 1.22 x 10 7 J/kg-mol. 

(b) Using the real gas equation of state 

Pv = RT + [j(b - a/T)] P 

complicates the problem. Now a value of T 2 must be found 
such that the change of entropy from the initial to the final 
state is zero. This, however, can be done only by a trial- 
and-error solution, as follows: 

1. An initial value for T 2 is guessed, usually close 
to the value obtained by the ideal gas equation. 
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2. Knowing P lt T lt P 2 , and T 2 the value of As x _ 2 
can be calculated. 

3. The last guess of T 2 is then corrected. 

4. Steps 2 and 3 are repeated until a value of T 2 has 
been found that makes As x _ 2 equal to zero. 

P2 

P 

P 1 

P *-^0 

Tj T 2 

T 

Fig. 1 



To make the solution clearer a three-step path is sketched as 
shown in Fig. 1 for the evaluation of As. This is a P-T 
diagram. 


The total change in entropy is 


where 


As o = As o + As . + As, 

1 — 2 1 —a a-b b -2 


dp 

- f ^ dT 

4S »-= " l, '(4f) p dP 


where P* is a very low pressure approaching zero. 


(3) 

(4) 

(5) 
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3 v 

The quantity is 




3v _ R a 

3T P T 2 

(6) 

Substituting 

(6) into 

(3) gives 



,P* /r. 

+ Yi'j dP = -R In 

s 0 

11 

CM 

1 

1 —( 

CO 

< 


- P 2 > (7) 



As a-*-b = V ln 

(8) 


Substitution of Eq. (6) into (5) gives 



= -R In 


P* 




(p, - p*> 


(9) 


Combining Eqs. (7), (8), and (9) gives 

AS i->- 2 R ln P 1 p ln T x T 1 2 T 2 2 

which upon substitution of the numerical values results in 

_ PTi n in 1®2 • 4 onovin-in 1 * 2 . (0.385)(1.22 * 10 6 ) 
As i- 2 " -83101n T27T + 2 ’ 09 Xl ° ln 300 + -(300)2- 


- (0.385X1.82 x io 7 ) =1? 

1 2 Z 


or 


As. 


= -22,500 


kg-mol°K 


+ 2.09 x 10 4 ln 


T 2 

300 


7.0 x10 ( 


°K/kg-mol 




In Eq. (10) As 2 is a function of the temperature T 2 . To 

solve this equation the following table is set up, where 
values of T 2 are assumed and values for As^ 2 are calculated. 


Table 1 


assumed 7 , 

7j 300 


^»,.Ti J 7.0xl0‘ / 

Ci * *" 300’ kg-mol *K ~ T 1 ’ kg-n^ P K 


^ 1 ~ 1, kg-rno PK 


860 2.87 2.19J x 10* 9.5 -540 

883 2.94 22500 9.4 ~0 
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2 ' 2 



T 

Fig. 2 


The value T 2 =* 860°K is that obtained for the ideal gas 
approximation. However this value substituted into Eq. (10) 
does not give a value of zero for the change in entropy (as 
shown in the table). Therefore another value, greater or 
lower, must be guessed for the temperature in order to give 
As j ^ 2 « 0. However, the guessing of different numbers can 

result in lengthy and unnecessary calculations. Hence, a more 
systematic reasoning can be used to find a second guess for 
T 2 . To do that, first draw a step path similar to Fig. 1 
using as the final temperature, the temperature we are 
searching for. This will result in Fig. 2 where T 2 *. is the 
temperature Tg* ® 860°K. In Fig. 2, point 2 is the point 
where As x ^ 2 = 0. Until the point 2* 

As . = -540 J/kg-mol°K (from the table). 

1-+2 1 

This implies that for As 1->2 to equal to zero, As 2 ,+ 2 must 
equal +540 J/kg-rool°K since 


AS 1^2 = AS 1 ^ 2 ’ 


+ As. 


or 


0 = -540 + As 2 *-*. 2 


and 


As 2'-^2 = +540 J/kg-mol°K 
However As) p ip given by 



since the process 2-*-2‘ is a constant pressure process. Thus 


As 2 


-*■ 2 


C 

P 


In 


T 2 
T 2 * 
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or 


540 - 2.09 *10>[l„(i^ 


and 


in $ k ) • °-° 258 


Taking the antilogarithm gives 


T 2 

860 


1.0262 


or 


T 2 = 882.51 s 883°K 

Now using this value for T 2 , and substituting it into Eq. (10) 
results in the second value of the Table, which is 

As = 0 . 


Now that the temperature at state 2 is known, the change of 
enthalpy for the gas can be calculated as 


where 


and 


Ah = Ah + Ah . + Ah, 

i -► 2 i+a a+b b-»-2 


■ ( b - fr)' 1 " - p ‘> 

- [0.0153 - 


(Hi 


12 . 2 ) 


Ah 


a+b 


= -0.1553 J/kg-mol 

- T2 c * dT = c* (T 2 - Tx) 

Ti 

= 2.09 x10 4 (883-300) 

= 1.22 xio 7 J/kg-mol 

^ ■ a ■ t ^p] dp 

= [ b - l?] (p 2 - p *> 

= |o.0153 - 2 - ( - ^g 3 3—jj (!82. 4 - 0) 


883 

= 2.6317 J/kg-mol. 
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Substituting these values into Eq. (11), yields 

Ah = -0.1553 + 1.22x 10 7 + 2.6317 

1 - 4-2 

= 1.22 x 10 7 J/kg-mol 

From Eq. (1) then, the work is found to be 

w = -1.22 x 10 7 J/kg-mol 


THE AIR TABLES 

• PROBLEM 7-10 


One pound mass of dry air expands reversibly and adiabatically 
from an initial state of 900°R, 100 psia to a final pressure 
of 10 psia. Calculate the final temperature of the air, and 
show that the ratio of the two relative volumes is equal to 
the isentropic volume ratio. 


Solution : (a) This problem can be solved by either assuming 

ideal gas behavior and constant specific heats or using the 
air tables. However since the latter gives more accurate 
results since it also takes into account the changes in the 
specific heats we choose to use the air tables. Then from 
the tables, at state 1 

Ti = 900°R [500°K] P = 8.411 

l J r i 


Since this is a reversible and adiabatic process 


P 


r 2 


P 


ri 


P 2 

Pi 


( 1 ) 


or 



Substituting the numerical values, gives 

P r2 - 8 - 411 (i&) = °- 8411 

For this value for the reduced pressure at state 2, the air 
tables give a temperature 

T 2 = 468°R [260°K] 

which is the desired temperature 
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(b) Eq. (1) can be converted into a volume ratio by 
substituting the relation • 


P 


RT 

v 


which gives 


—i p 

T 2 /V2 = r 2 

Tl/rv — s=const. P ri 


or 



s=const 


P r /T 
ri 2 


P„ /T 
r 2 i 


( 2 ) 


The form of Eq. (2) suggests a definition for the relative 

volume v as 
r 


v 


r 


PT 

P 


r 


(3) 


Substituting Eq 


(3) into Eq. (2), obtain 

v 


V] 

V 2 Js= 


const. 


ri 


T2 


• PROBLEM 7-11 


One pound of dry air initially at 14.7 psia and 60.3F is 
compressed in a reversible adiabatic nonflow process through 
a volume ratio (compression ratio) of 6. Determine the final 
state of the air and calculate the work required for the 
process. 


Solution : From the tables of air at low pressure, at 

T = 520°R at the initial state (State 1) 

v = 158.58 u = 88.62 Btu/lbm P = 1.2147 
ri i n 

Since the volume ratio — is known the following equation can 

V 2 

be written 


or 


v 

r 2 _ Vj> 


V 


r i 


Vi 


r i 


r 2 


v i/v ; 


158.58 

6 


26.43 
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For this value of v 


the air tables give 


r 2 * 


T 2 = 


u, = 


T2 


The pressure ratio at states 


1050°R 

181.47 Btu/lbm 
14.686 

1 and 2 is 


P 


P 


ri 


£2 

Pi 


Solving for the pressure at state 2 gives 

p ’ = p ‘fe) 


= 14.7 


/ 14.686 \ 
U-2147/ 


= 178 psia 


Since two independent properties have been found the final 
state is considered completely defined. However as a check, 
using the relation 


h = u + Pv 

the value for h must be the same as the one given in the air 
tables. Therefore 


h 2 = u 2 + Pv 2 


= u 2 



181.47 * 


= 253.4 Btu/lbm 


which checks the value given in the air tables. This is an 
adiabatic process, hence 


Q 


1 + 2 


0 


From the first law 


Wj4 2 = u * - u 2 


= 88.62 - 181.47 
= -92.85 Btu/lbm 
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• PROBLEM 7-12 


Air is expanded reversibly and adiabatically from an initial 
state of 150 lbf/in 2 , 2100°F to a final pressure of 17 lbf/in 2 . 
Calculate the changes in enthalpy and specific volume of the 
air by using 

(a) The perfect gas laws with constant specific heats. 

(b) The air tables. 


Solution ; (a) The change in the specific volume is given 
as 

Av = V 2 - V! ( 1 ) 

At state 1, using the ideal gas equation of state, obtain 

Pivi = RTi 


or 


v i 


RTi 

Pi 


where 


Therefore 


R = 53.34 ft-lbf/lbm-°R 

P, = 150 X = 21,600 lbf/ft 2 

1 m z ft z 

Ti = 2100°F + 460 = 2560°R 


_ = (53.34H2560) = R „ 91R 

1 (21,600) 6.3218 


At state 2 the temperature is unknown, 
in the relation 

Pl V l k = P 2 V 2 k 


ft 3 /lbm 

However solving for v 2 


gives 



where 


k = 1.4 (for air) 


Then 


v 2 


6.3218 


l 21,600 \ lfl 
V(17)(144)/ 


29.9433 ft 3 /lbm 
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Then by Eq. (1) 


Av » 29.9433 - 6.3218 = 23.6215 ft 3 /lbm 
The change in enthalpy is given as 

Ah = c p AT = c p (T 2 - Ti) 

At state 2 the temperature is unknown. However in the 
relation 

PiVi = P2V2 
T 1 T 2 


solving for T 2 gives 


T 2 = Ti 


/P2V2\ 

IPlvli 


= / 2448.x 29,9438 \ 

DbU \21600 x 6.3218/ 


= 1374.2°R = 914.2°F 


( 2 ) 


For a constant specific heat c = 0.240 Btu/lbm-°R Eq. (2) 
gives P 


Ah “ 0.240 (1,374.2 - 2,560) = -284.59 Btu/lbm 


(b) Using the air tables is more accurate because it takes 
into account the changes in the specific heats. Then from 
the air tables at Ti = 2560°R 

hi = 663.0 Btu/lbm P = 481 

r i 


For a reversible adiabatic process 



or 



= 54.51 


Then from the air tables at P = 54.51 

1*2 


T 2 * 1490.4°R h 2 = 366.65 Btu/lbm 
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Therefore 


Ah x ^ 2 - h2 -hi 


= 366.65 - 663.0 
= -296.35 Btu/lbm 

From part (a) the specific volume at state 1 is 
vi = 6.3218 ft 3 /lbm 

At state 2 using the ideal gas equation of state 

RT 2 
V2 P 2 

(53.34)(1490.4) 
2448 

= 32.4746 ft 3 /lbm 


Then by Eq. (1) 

Av = 32.4746 - 6.3218 = 26.1528 ft 3 /lbm 


THE GENERALIZED COMPRESSIBILITY FACTOR 
CHART 

• PROBLEM 7-13 


What is the pressure of carbon dioxide (C0 2 ) at 200°F and a 
specific volume of 0.20 ft 3 /lbm? 


Solution ; From the table of the critical constants, for C0 2 , 

T = 547.6°R 
cr 

V =1.53 ft 3 /lbm-mole = 0.0348 ft 3 /lbm 
cr 

Z = 0.279 
cr 

Converting to reduced temperature and volume obtain, 


T - T _ 660 

r T 547.6 

cr 


1.203 


_ v 0.20 

r v 0.0348 

cr 


5.747 
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Then 


v ‘ = v Z = 5.747(0.279) = 1.63 
r r cr 

From the generalized compressibility factor's chart at and 
v r *, obtain 

Z = 0.87 

Hence 

p = ZRT 

v 

0.87(35.12)(660) 

0.20 x 144 

= 700 psia. 


• PROBLEM 7-14 


What is the volume of a container required, to store 1500 lbm 
of ethane (C 2 H 6 ) at 160°F and a pressure of 1100 psig (gage 
pressure)? 


Solution ; To compute the required volume, the equation of 
state for real gases 


Pv = ZRT 


( 1 ) 


has to be used. A value of Z is found from the compressibility 
factors chart at the reduced pressure and temperature. Then 
all the values are substituted into Eq. (1) and the equation 
is solved for v. Since the pressure is given in gage reading, 
we have to convert to absolute pressure. Thus 


P 


abs 


= P 


atm 


+ P 

gage 


or 


P abs = 14 - 7 + 1100 = 1114 P si 

From the table of critical constants, for ethane 

T = 550°R 
cr 

P = 48.2 atm x iiiZ-lMZiE!. = 708.54 lbf/in 2 
cr 1 atm 

R = 1542.6 ft-lbf/lb mole-°R 


and 


MW = 30.07 lbm/lb mole 
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Therefore 


and 


- = JL_ = 620 

r T 550 

cr 


1.127 


p _ P abs _ 1114 

r P 708.54 

cr 


1.572 


Then from the compressibility factors chart 

Z = 0.49 

Substituting into Eq. (1) and solving for v gives 

ZRT 

v P 


(0.49)(1542.6)(620) 
1114 


= 420.68 


ft-in 2 
lb mole 


x 


1 ft 2 
144 in 2 


= 2.9214 ft 3 /lb-mole 


Solving for the volume 


V 


v 


x 


m 

MW 


= 2.9214 


_ ft 3 

lb-mole 


1500 lbm _ 

30.07 lbm/lb mole 


= 145.73 ft 3 


• PROBLEM 7-15 


A chamber contains 3 lb of nitrogen at 5,000 psia and 392°F. 
Using the figure below, determine the final pressure of the 
nitrogen inside the chamber if the temperature is lowered to 
32°F. Assume R to be constant. 


Solution : Since the chamber is closed (nothing enters or 

leaves the system), the mass of nitrogen is constant. 
Therefore the equation of state can be written for states 1 
and 2 as. 


and 


m 


jV 

X RT 


p 2 v 

Z 2 RT 2 


( 1 ) 


( 2 ) 
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Combining Eqs. (1) and (2) 


yields 


or solving for P 2 , 

Where 

and 


= P1V1 = P2V2 

Z 1 T 1 Z 2 T 2 


P 2 


P. 1 , Z 3 T 1? 

Zj.T ! 


T x = 392°F + 460 = 852°R 


T 2 = 32°F + 460 = 492°R 


(3) 



0 1000 2000 3000 4000 5000 6000 7000 8000 9000 

Pressure, psia 


Eq. (3) has two unknowns, and will have to be solved by using 
a trial-and-error solution along with the compressibility 
factor chart. From the figure, the value of Zi (at 5000 psia, 
392Y) is approximately 1.19. Since the final pressure is 
unknown, assume that it is P 2 ® 3000 psia, for which Z 2 = 1.04. 
Then from Eq. (3) 


P 2 


5000(1.04)(492) 

(1.19X852) 


2,523.4 psia 


For this pressure, however, the compressibility factor as 
found from the figure is Z 2 = 1.02. Hence the assumed 
pressure is too high. 

Next assume P 2 = 2400 psia. From the figure Z 2 s 1.01, and by 
Eq. (3) 


5000(1.01)(492) 
(1.19)(852) 


2,450.6 psia 


which is close to the assumed pressure. Thus this is the 
approximate final pressure. If greater accuracy is needed, 
more trials and a more precise compressibility chart will have 
to be used. 
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• PROBLEM 7-16 


Pure methane initially at 3000 psi, 65°F enters a pipeline of 
12-in inside diameter, at a rate of 70 lbm/sec. Using the 
generalized compressibility factor chart, calculate the inlet 
density and initial velocity of methane. 


Solution : The direct solution is based on the real gas 

equation of state 


Pv = ZRT 


since 


the equation of state becomes 


( 1 ) 


P 

ZRT 


where 


p = density 

Z = compressibility factor 
R = 1545 ft-lbf/lb-mo1-°R 


Express 

P = 3000 lbf/in 2 = 4.32 xlO 5 lbf/ft 2 
T = 65 + 460 = 525°R 


( 2 ) 


From the table of critical constants for methane 

MW = 16 lbm/lb-mol 

T = 343.9°R 
c 

P = 9.70 x 10 4 lbf/ft 2 
c 

Then the ideal gas constant (in mass units) is expressed as 
R = R/(MW) = 1545/(16)= 96.7 ft-lbf/lbm-°R 


To use the generalized charts, the reduced temperature and 
pressure of the incoming methane must first be evaluated. 


t = JL = 525 

r T 343.9 
c 


1.53 


P P _ 4.32 x io 5 

r P 9.70 x 10 4 

c 


4.46 
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Then according to the compressibility factor chart for these 
conditions 


Z = 0.82 


From Eq. (2) then 


4.32 x 10* 
(0.82)(96.7)(525) 


= 10.37 lbm/ft 3 


The velocity then can be found using the formula 


Solving for V gives 


where 


m = P VA 


V = JL 
PA 


A = = ^ ) ' 2 = 0.785 ft 2 

4 4 


The velocity is then 


V (10.3K0.785) 8,6575 ft/sec 


• PROBLEM 7-17 


A cylinder having a volume of 10 ft 3 , has a safe working 
pressure of 500 psig (gage pressure). What is the maximum 
operating temperature for the cylinder if it contains 
1 lb-mole of propane? 


Solution : Since the temperature is not given, a trial-and- 

error solution is required to find the temperature T that 
will satisfy both the compressibility factor chart and the 
equation of state 


PV 


RT 


( 1 ) 


where 


P = P gage + P atm = 500 + 14 - 7 = 514 - 7 Psi s 515 psi 


R 


1543.15 ft-lbf/lb mole-°R x 


1 ft 2 
144 in 2 


= 10.73 ft 3 .lbf/lb mole-°R in 2 
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From the table of critical constants for C 3 H 0 

T = 370°K = 666°R 
cr 

P = 42.1 atm = 619 lbf/in 2 
cr 


Then 


and 


f = _P_515 

r P 619 

cr 


0.833 


T 


r 


T 


cr 


or 


T = T x T = 666°R x T 
r cr r 


( 2 ) 


Then Eq. (1) becomes 


„ _ 515 x10 _ 479 

L 10.73 T T k 

Now the trial-and-error solution can be started as follows: 
First trial: Guess T^ = 1.2. Then from the compressibility 

factor chart at P r = 0.833 get 

Z = 0.83 . 


From (2) 


T = 666 x 1.2 = 799°R 


Substitute this value of T into Eq. (3), and obtain 


Z 


479 

799 


0.6 


Since this value of Z(=0.6) and that obtained from the 
compressibility factor chart (0.83) are not the same, 


another value for T^ will have to be guessed, and the same 
procedure be followed: 

Second trial: Use the last value of Z to choose an improved 

value of T at P = 0.833. Let T =1.00. Then 
r r r 

Z = 0.6 (From chart) 

T = 666°R 

Z = 0.72 (From Eq. (3)) 


363 



1.06. Then 


Third trial: Let T = 

r 

Z = 0.72 (From chart) 

T = 706°R 

Z = 0.68 (From Eq. (3)) 

Fourth trial: Let T = 1.04. Then 

r 

Z = 0.68 (From chart) 

T = 692°R 

Z = 0.693 (From Eq. (3)) 

Fifth trial: Let T = 1.042. Then 

r 

Z = 0.693 (From chart) 

T = 694°R 

Z = 0.692 (From Eq. (3)) 

Since both values of Z are the same, it can be concluded that 
this is the final temperature required. Hence 

T v = 694°R = 234°F 
max 


THE GENERALIZED ENTHALPY DEVIATION CHART 

• PROBLEM 7-18 


A closed system contains pure ammonia (NH 3 ) at an initial 
pressure and temperature of 1640 psia and 1460°R respectively. 
The ammonia then undergoes an isothermal expansion to a final 
pressure of 820 psia. Using the generalized enthalpy 
correction chart calculate the change in specific enthalpy. 



Solution : The first step in solving this problem is to 

convert to reduced pressures and temperatures, since we are 
going to use the enthalpy correction charts. For ammonia 

P = 1640 psia 
cr 

T = 730°R 
cr 

MW = 17.02 
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Therefore 


p = -£i- = 1640 . 

ri P 1640 ±-U 

cr 


p = ±1_ = _§20_ = 

r? P 1640 U-D 
cr 


P = JjL = ii 60 . 2 Q 
ri T cr 730 2 -° 


T2 


T ri” 2 -° 


The enthalpy values given in the generalized enthalpy correct¬ 
ion chart are the differences between the properties of a gas 
assumed to be ideal and its actual properties. For the ideal 
gas state the properties are denoted by an asterisk. To use 
the chart, the change in specific enthalpy is expected to be 


h 2 - hj = -(h* - h) 2 + (h 2 * - h^) + (h* - h) x 

Assuming constant specific heats and introducing molar 
quantities for the corrections, Eq. (1) becomes 


- »> ■ -Fr- 1 ) n * y T * sw 

C 2 n 


rs T. 
c i 


( 1 ) 


( 2 ) 


However since this is an isothermal process, AT = 0, and hence 

h 2 * - h = c AT = 0 


Eq. (2) then becomes 

h 2 - h x = -( 


IT* - IT 


) Zc (3) 

) MW V T / MW 


c ' 2 

From the enthalpy correction chart 


( h % -) = 0.65 

' C ' 1 

(rtr)r °- 33 


Substituting into Eq. (3) 

h 2 - hl = - (0.33) + 0 + (0.65) (ilfSj) 

= -14.15 + 27.88 
= 13.73 Btu/lbm. 
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• PROBLEM 7-19 


Ethylene gas at an initial state of 22.8 MPa, 338.4°K 
undergoes a reversible and isobaric process in which it is 
cooled to 169.2°K. Using the generalized correction chart 
calculate the change in enthalpy for the process. Assume 
that at this pressure 

c p = 1.4329 kJ/kg-°K 



Solution : To facilitate the solution, first draw the 

calculation path on a P-h diagram as shown in the figure. 

From this diagram, for the real process, the change in 
enthalpy can be calculated as 

(Ah)^ = [(Ah c )^ 2 + <Ah.)^ 3 ] - (Ah c ) 3 ^ (1) 

where 

(Ah c > 1 ^ 2 , (Ah c > 3 ^ 4 are obtained from the enthalpy 
correction chart and ( 1 k) 2 _^ 3 is calculated using the relation 

(Ah.) 2 ^ 3 = CpAT = c p (T 3 - T 2 ) (2) 

assuming constant specific heats. 

From the table of critical constants for ethylene 

T = 282°K 
c 

P„ = 5.12 MPa 
c 

MW = 28.05 kg/kg mole 
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To use the generalized charts the reduced temperatures and 
pressures of ethylene must first be evaluated. At the initial 
state 


P 

r i 


Pi = 22.8 

P 5.12 
c 


4.5 


T = 1 ± 338.4 

ri T 282 


1.2 


c 

From the enthalpy correction chart 

fi? T ~ = 27.2 kJ/kg mol-°K 


or 

( Ah c } i 2 = 27.2(282) = 7,670.4 kJ/kg mol. 

At the final state 

P = P =4.5 (isobaric process) 
r 3 r i 

m _ T 3 _ 169.2 _ r\ S' 

T r 3 " T-282" " °' 6 

c 

From the enthalpy correction chart 

ha T ~ h “ =56.5 kJ/kg mol-°K 
c 

Then 


(Ah„)_ = ( h ^v r ~ — a ) T c 


C 3 + 4 


= 56.5(282) = 15,933 kJ/kg mole 


From Eq. (2 ) 


(Ah i ) 2 ^ 3 = 1.4329(169.2 - 338.4) 


= -242.45 kJ/kg 


or 


<* h i> 2 .3 = < Ah i>2-3 * MW 

= (-242.45)(28.05) = -6800.7 kg/kg mol 
Finally, substituting the numerical values into Eq. (1) 
(Ah ) 1+4 = [7,670.4 + (-6800.7)] - 15933 

= -15063.3 kJ/kg mol 
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or on a per mass basis 


(Ah) 


1+4 



1 

MW 


■ (-15,063.3)kjigg) 

= -537 kJ/kg. 


• PROBLEM 7-20 


Carbon dioxide enters a heater at 995 lbf/in 2 , 80°F and is 
heated until its temperature at the exit is 900°F. Assuming 
the carbon dioxide to have undergone a constant pressure, 
steady-flow process calculate the heating required per pound 
of C0 2 . 


Solution ; Neglecting kinetic and potential energies, the heat 
transfer for this process (from the first law) is 

Q = h 2 - hx (1) 

and hence the problem reduces to one of determining the change 
in enthalpy by using the generalized enthalpy charts. First 
from the table of critical constants for CO 2 

P = 72.9 atm = 1070 lbf/in 2 
c 

T = 548°R 
c 

Because the tables use reduced pressure and temperatures, and 
also absolute Rankine temperatures, the following conversions 
must be performed 

T x = 80°F + 460 = 540°R 
T 2 = 900°F + 460 = 1360°R 



T - Ti _ 540 

n T 548 
c 


0.98 


T = h = 1360 

r 2 T c 548 


2.48 


Then at state 1, from the generalized enthalpy chart 



3.80 Btu/lb mole-°R 
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or 


- hi = 3.80 T c = 3.80(548) = 2082.4 Btu/lb mole 
At state 2 


h - = 0.32 Btu/lb mole-°R 
c 


or 


h 2 * - h 2 = 0.32(T ) = 0.32(548) - 175.36 Btu/lbmole-°R 
c 

Assuming constant specific heats, c p = 8.91 Btu/lb mole-°R, the 
value of h 2 * - hi* can be evaluated using 

h 2 * - hi* = c"p(T 2 * - Ti*) (2) 

(The variation in Cp with temperature can be taken into account 
when necessary). From (2) 

h 2 * - hi* = 8.91(1360 - 540) = 7,306.2 Btu/lb mole. 


Then from Eq. (1) 

Q=h 2 -hi= -(h 2 * - h 2 ) + (hi* - hi) + (h 2 * - hi*) 
= -175.36 + 2082.4 + 7,306.2 
= 9,213.24 Btu/lb mole 

If the value of the heat transferred is required on a per 
mass basis, then 

Q = 9,213.24 4 v BtU V * = 209.34 Btu/lbm 

^ • lb mole 44.01 lbm 


• PROBLEM 7-21 


Oxygen initially at 13.8 MPa, 15.5°C is throttled in a steady- 
flow process to a final pressure of 1.38 MPa. Assuming the 
process to be adiabatic, determine the final temperature of 
oxygen. 


Solution : Since the process is adiabatic 

Q =0 

For a throttling process, h 1 = h 2 . To account for real gas 
behavior 

hl * - (h* - h)i = h 2 * - (h* - h) 2 
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or 


h 2 - h x = ~(h* - h) 2 + (h 2 * - hi*) + (h* - h)i = 0 (1) 

Since the temperature change is moderate, (h 2 * - h x * ) can be 
evaluated using the relationship 

dh* = c dT 
P 

or 

h 2 * - h x * = c (T 2 - T x ) (2) 

with c = 0.9216 kJ/kg-°K 

P 

For oxygen 

T = 154.8°K 
c 

P =5.08 MPa 
c 

R = 0.25983 kJ/kg-°K 
MW = 32 


Converting to reduced pressure and temperature 

p = Hi = ^-3 .8 _ 9 72 
P r i P 5.08 -7 


t = ^ 1 = 288.65 _ - 
ri T c 154.8 1-87 


P = K 1 = 4^41 = 0.274 
T2 P 5.08 
c 


From the generalized enthalpy deviation chart 

(h * T ~ h)l = 7.12 kJ/kg mol-°K 
A c 


and 


<»*. b)l . is^Jiu , jg 

- T.l’W) 


= 34.44 kJ/kg 

Eq. (1) can also be written as 
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h 2 * - hi* 


(h 2 * - h2) - (hi* - hi) 


(3) 


This relation however, has more than one unknown and hence a 
trial-and-error solution must be used since there are no 
other equations applicable to the process. The procedure 
goes as follows 


(a) Assume a temperature for state 2 and convert to reduced 
temperature. 


(b) Calculate (h 2 * - hi*) using Eq. (2), and using the 
generalized enthalpy correction chart determine (h 2 * - h 2 ). 


(c) Substitute the values obtained in (b) and the value of 
(h x * - h x ) into Eq. (3) 


(d) If the right hand side (RHS) equals the left hand side 
(LHS), the assumed temperature is the correct final 
temperature. If not, then repeat the procedure until a 
satisfactory value for T 2 has been found. Therefore, 
assume T 2 = 244.4°K 


244.4 


= 1.58 


r 2 154.8 

(h 2 * - hi*) = 0.9216(244.4 - 288.65) 


= -40.78 kJ/kg 

J = 1.15 kJ/kg mol-°K 
c 1 2 

<h« - h>, = 1.15 

= 5.56 kJ/kg 


Substituting into (3) 

-40.75 = 5.56 - 34.44 
-40.75 ± 28.88 


This indicates that the assumed value of T 2 was too low. After 
more trials the final temperature is found to be 

T 2 = 259.4°K = -13.71°C 
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# PROBLEM 7-22 


A container having a volume of 0.3 m 3 contains nitrogen gas 
initially at 10 MPa, 200 K. Heat is then transferred to 
the nitrogen until its temperature becomes 350 K. Using the 
generalized charts determine the final pressure and heat 
transfer for the nitrogen. 


Solution : Since no mass enters or leaves the system the 

mass can be calculated using the equation of state for real 
gases. 


Let the subscripts 1 and 2 represent the states before and 
after the heat transfer has occurred. To obtain a value for 
Z at state 1 the generalized compressibility factor chart 
will be used. To use the chart, however, the reduced 
pressure and temperature will have to be known at that state. 

Therefore 


critical 


critical 

From the table of critical constants 

P . , . i = 3.39 MPa; T ... , = 126.2°K 

critical * critical 


Hence 


= 2.94 


T r, ' T§§7i ’ l ' 58 


Then from the generalized compressibility factor chart 


Z x s 0.85 


From Eq. (1) then 


(10,000)(0.3) 

(0.85)(0.2968)(200) 


= 59.46 kg 


Since it is more efficient to work with moles instead of 
mass, we can express m in numbers of moles (n) 


_ mass _ = 59.46 

Molecular Weight 28.013 


= 2.12 moles 
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Eq. (1) then becomes 


PV 

ZRT 


( 2 ) 


where 


R = 8.31434 kNm/kmol-°K 


At state 2 Eq. (2) ±s 


Z 2 RT 2 

In this equation, however, there are two unknowns, the 
pressure and the coefficient Z 2 * Therefore the equation will 
have to be solved by trial and error, using the generalized 
compressibility factor chart. However because the chart 
uses reduced pressure and temperature, express Eq. (3) in 
terms of P , as follows. 


n 2 Z 2 RT 2 — P 2 V 2 


or 

2.12 x Z 2 x 8.31434 x 350 = P 2 x 0.3 
6169.24 Z 2 = 0.3P 2 

Divide both sides by p cr iti ca j and obtain 

1.8198 Z = 0.3 P 


r 2 


or 


P = 6.0661 Z 
r 2 2 


Also the reduced temperature at 2 is 


T 


**2 


350 

126.2 


2.77 


(4) 


Now that all the necessary information has been obtained, we 
can proceed with the trial and error solution, as follows. 

First trial: Assume P =6.3. From the generalized 

r 2 

compressibility factor chart at T , obtain 


Z 2 = 1.07 

Substitute this value into Eq. (4) and obtain 

P = 6.0661 (1.07) = 6.4907 > 6.3 
1*2 

Thus the assumed and calculated values for P are not the 

r 2 

same. 
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Second trial: Assume P r2 = 6.5. From the generalized 

chart at T obtain Z =1.08 
r 2 2 

Substitute into Eq. (4) and obtain 

P = 6.0661(1.08) = 6.5514 = 6.5. 
r 2 

This time the assumed and calculated values for P^ 2 are very 
close. Therefore a fair approximation is P^ 2 = 6.53. 

From 

p = -E*- 

Tz ^critical 

solving for P 2 

P = P x p _ = 6.53 x 3.39 = 22.14 MPa 

2 r 2 critical 

• PROBLEM 7-23 

Methane is stored at low temperature inside a tank having a 
volume of 1.5 m 3 . Initially the tank is at a pressure of 
8 atm and contains 30% liquid and 70% vapor on a volume 
basis. How much heat must be transferred to the tank from 
the surroundings, so that the pressure inside the tank rises 
to 100 atm? 


Solution: The first law written for this process gives 


Ql-> 2 = m ( U 2 - Ux ) 


From the relation 


Eq. (1) becomes 


u = h - Pv 


Qi - 2 = n>i|(h 2 - Pav 2 > ~ (hi - Piv^ 


Q^ z = m(h 2 - h^ - V(P 2 - Px) 

Then convert the pressures to the same units that the 
temperature is. Thus 

Pi = 8 atm x 101.325 = 810.6 kPa 

1 atm 


P 2 - 100 atm x 101.325 x = 10.13 MP. 
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In Eq. (2) 


V(P 2 - Pi) = 1.5(10,132.5 - 810.6) = 13,982.85 kJ (2a) 


and 


h 2 - h x = -(h 2 * - h 2 ) + (h 2 * - h x *) + (h x * - h x ) (3) 

where (h 2 * - h 2 ), (hi* - hi) are found using the enthalpy 
deviation chart, and (h 2 * - hi*) is obtained using the 
relation (assuming constant specific heats) 

dh* = c dT 

Jr 


or 


h 2 * - hi* = c p (T 2 - Ti) (4) 

However, in order to calculate these quantities, the 
temperatures at states 1 and 2 must be found first. 

Since the percentage of the volumes are given it can be 
written 


v !)iiq = 0.3V = 0.3(1.5) = 0.45 m 3 

and 

Vl) vap = °" 7V = °- 7(1 - 5) = 1 - 05 m3 
From the table of the critical constants, for methane 

P = 45.8 atm T = 191.1°K 
c c 

R = 0.51835 kJ/kg-°K c p = 2.2537 kJ/kg-°K 


MW = 16.04 kg/kg-mole 


Since methane is saturated, from the compressibility factor 
chart at 


P 


r i 


Pi 8 

P 45.8 

c 


0.1747 


and on the saturated gas line, obtain 


T ) . 

ri sat 


0.8 


Then using the formula 


T 


r i 


T i 


T 


c 


gives 


T i = T r ) sat x T c = °- 8xl91 -l = 152.8°K 
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The compressibility factor chart then gives two values for 
Z; one for the liquid state and one for the vapor state. 

Therefore 


z .>liq * °' 025 ’ z .>vap ‘ °' 84 
The specific volume can be computed now at state one, as 


V 

v i = £ 


(5) 


The only unknown in Eq. (5) is the mass of methane. However, 


m i m i^liq + 


vap 


( 6 ) 


where 


and 


V, . 

m,),. = 

1 liq v liq 


”.>vap ' 

vap 


From the equation of state 

Pv = ZRT 

solving for v at state 1 gives 


(7) 


- Z - ,>i y Tl - °*°25 ( Q^51 8 35K 1 52.S) . 0-0024 „, /kg 


810.6 


and 


a Zl) vap RTl 0.84(0.51835)(152.8) 

- = -81076- = °* 


0821 m 3 /kg 


Then from Eq. (7) 


, ) = Vl) l i q = 0-45 = 

i; liq vjjj. 0.0024 1875 


m 


and 


v,> 


""’vap ' TTT* - (Mil ' 12 ' 79 

1 unn 


vap 

Substituting into Eq. (6), gives 

mi = 187.5 + 12.79 = 200.29 kg 

Since no mass enters or leaves the system, the mass at 
state 2 is the same as that at state 1. 
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Then 


Also 


m 2 = mi = m = 200.29 kg 


V2 = V1 = v = | = = 0.007489 m 3 /kg 

The equation of state applied at state 2 is 

P 2 v 2 = Z 2 RT 2 

Substituting the numerical values gives 

10132.5 x 0.007489 = Z 2 ( 0.51835)T 2 


or 


Z 2 T 2 = 146.392 


Divide by T to obtain 
c 


Z T = 0.7660 
2 r 2 


( 8 ) 


Eq. (8) has two unknowns, and will have to be solved by trial- 
and-error, using the compressibility factor chart, along with 
the information known for state 2. 

At state 2 

p r, * F 1 ‘ T5% m 2 ' 1834 

c 


First t rial ; Assume T 2 = 200K 

200 


Then 


r 2 191.1 


= 1.0466 


From the compressibility factor chart at P , T 

r 2 r 2 


From Eq. (8) 


Z 2 = 0.34 


Z 2 = 0.7319 


Second trial : Assume T 2 = 250°K 


Then 


r = 250 

r 2 191.1 


= 1.3082 


From the compressibility factor chart at P^ , T^ 

r 2 *2 


Zz = 0.69 
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From Eq. (8) 


Third trial 
Then 


Z 2 = 0.5855 

Assume T = 240°K 
2 


= 240 

A r 2 191.1 


1.2559 


From the compressibility factor chart at P , T 

r 2 r 2 


From Eq. (8) 


Z 2 = 0.62 


Fourth trial : 
Then 


Z 2 = 0.6099 

Assume T = 235°K 
2 


= 235 

r 2 191.1 


1.2297 


From the compressibility factor chart at P 


r 2 ’ 


T 


r 2 


From Eq. (8) 


Z 2 = 0.60 


Z 2 = 0.6229 

From the above trials it is clear that the temperature lies 
between 235°K and 240°K. Then 

T 2 = 238°K 


or 


T 


r 2 


238 

191.1 


1.2454 


Now that the temperatures are known at both states the 
enthalpies can be calculated, by using the enthalpy 
correction chart. Therefore 


h* - h w = 
a b 


/h* - h, 
a b 


T c J " c 


1 

MW 


From the chart 


= 17.5 kJ/kmol-°K 


From Eq. (9) 


h* - h = 17.5 

2 2 


/191.1\ 
U6.04; " 


208.5 kJ/kg 


(9) 


(9a) 
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At state 1 methane is saturated liquid and vapor, thus 


(h* - h ) = (h* 
11 1 


h n ) - x (h - h n ) 
1 1 1 v i 1 1 


( 10 ) 


where 


x i 


m 


vap = 
m 


12.79 

200.20 


0.0639 


(10a) 


From the enthalpy deviation chart at the saturated liquid 
line and T 

ri 


h* - 
i 


T 

c 


47.5 kJ/kmol-°K 


and from Eq. (9) 

h* - = 565.91 kJ/kg (11) 

From the chart again, at the saturated gas line and T 

r i 

h*- h 

—^-— = 3.5 kJ/kmol-°K 

A c 

and from Eq. (9) 


h i - h i 1 = 3 - 5 (ifrul) - 41 - 69 kJ/k * 


( 12 ) 


Substituting (10a), (11), and (12) into (10), obtain 

h* - hi = 565.91 - 0.0639(565.91 - 41.69) (13) 

= 532.41 kJ/kg 

Also from Eq. (4) 

h* - h* = 2.2537(238-152.8) = 192.1 kJ/kg (14) 


Then substitute (9a), (13), and (14) into (3), to obtain 
h 2 - hi = -(208.5) + 192.1 + 532.41 
= 516.01 kJ/kg 

Substituting the numerical value of the above expression, 
and of expression (2a) into (2), obtain 

Q i- 2 = 200.29(516.01) - 13,982.85 

= 89,368.79 kJ 
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THE GENERALIZED ENTROPY DEVIATION CHART 


• PROBLEM 7-24 

A gas initially at 700 psia, 540°R runs through a heat 
exchanger and heat is added to the gas until it leaves the 
heat exchanger at 650 psia and 1000°R. Using the generalized 
enthalpy and entropy charts calculate the heat transfer to 
the gas and the change in entropy of the system. Assume the 
gas to have the following properties 

M = 31 lbm/lbmole P = 900 psia T = 540°R 

c c 

Cp = 0.50 Btu/lbm-°R (at low pressure) 


Solution : First check the inlet state 1 to see if the perfect- 

gas model is appropriate. 

P = — = Z2P = o 779 

n P 900 u - 

c 

T „ ■ ^ ■ fi ■ ^o 00 

Checking on the generalized compressibility chart, Z = 0.6 so 
that the conditions are not those of the perfect gas 
(Z = 1.0), and we must use the generalized enthalpy chart to 
calculate the enthalpy change. For the exit state 2 we have 

P = — — 650 = 0 723 

r 2 P ~ 5TO °- 723 

c 

T = =£- = = 1.85 

r 2 T 540 

c 

An energy balance gives the heat input per unit mass as 

Q = h 2 - h 1 

From the generalized enthalpy chart, 


- fi. 


= 2.7 cal/gmole°K = 2.7 Btu/lbmole-°R 


Then, 


fi_ - 2.7T 

h, = -ES-c 


2.7 x 540 


"31 ~ ^ h pgi ” 47 ^ Btu/lbm 


Similarly, 


h = h n£r - ° ,55 v 1 5 — = (h - 10) Btu/lbm 
2 PS 2 31 PS 2 
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So 


Q = h 2 - hi = <h pg2 - h pgl ) -10+47 

Q = c p (T 2 - T 1 ) + 37 = 0.5x (1000 - 540) + 33 = 267 Btu/lbm 

Note that h is evaluated using the low-pressure (ideal gas) 

value for Cp. If the perfect-gas approximation had been used, 

the error would have been about 15 percent. The entropy 
change can be calculated in a similar manner from the 
generalized entropy chart. 


s 2 - Si 


( s 2 


Si ) 


Pg 


1.9 - 0.27 
31 


= 0.36 Btu/lbm-°R. 


• PROBLEM 7-25 


Methane (CIK) undergoes a steady-flow isobaric process and as 
a result its temperature changes from 688°R to 516°R. If the 
pressure is 1346 psia, determine the change in specific 
entropy by using the generalized entropy deviation chart. 


Table 1: Empirical Equations for Specific Heat Capacities of the Ideal Gas State* 

c p = A + BT + CT 2 + DI(T) lt2 , Btu/lb m °F 
= - R/J, Btu/lb m °F 


Gas 

Temperature 
range (*R) 

1 

1 

-9 

C x 10 

D 

For T •» 70°F 

RjJ 

■ 

■ 

■ 


air 

400 to 1200 

0.2405 


20.1 

0 

0.240 

0.171 

1.40 

0.0685 


1200 to 4000 

0.2459 


-3.74 

-0.833 





CO 

400 to 1200 

0.2534 


26.88 

0 

0.249 

0.178 

1.40 

0.0709 


1200 to 4000 

0.2763 

3.04 

-3.89 

-1.5 





CO, 

400 to 4000 

0.326 

3.2 

-4.4 

-3.33 

0.199 

0.154 

1.29 


Ha 

400 to 1000 

2.653 

145 

-883 

0 

0.341 

2.43 

1.41 



1000 to 2500 

3.447 

-4.7 

70.3 

0 






2500 to 4000 

2.841 

45 

-31.2 

0 





H a O 

400 to 1800 

0.4267 

2.425 

23.65 

0 

0.446 

0.331 

1.37 

0.1102 


1800 to 4000 

0.3275 

14.67 

-13.59 

0 





N a 

400 to 1200 

0.2510 

-1.63 

20.4 

0 

0.248 

0.177 

1.40 

0.0709 


1200 to 4000 

0.2192 

4.38 

-5.14 

-0.124 





o 2 

400 to 1200 

0.213 

0.188 

20.3 

0 

0.220 

0.158 

1.39 

0.0621 


1200 to 4000 

0.340 

-0.36 

0.616 

-3.19 





ch 4 

400 to 1000 

0.453 

0.62 

268.6 

0 

0.532 

0.408 

1.30 

0.1238 


1000 to 4000 

1.152 

32.58 

-41.29 

- 22.42 





C.H.. 

400 to 1200 

0.0693 

52.6 

0 

0 

0.348 

(ran 

1.05 

0.0174 

C ia H 26 

400 to 1200 

0.0510 

52.2 

0 

0 

0.328 


1.04 

0.0117 
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Solution : From the table of critical constants, for 

methane 


P = 673 psia 
c 

T = 343.9°R 
c 

MW = 16.03 

Convert to reduced pressures and temperatures 


P 


P 


T 


T 


Pi _ 1346 


r i 

P 

c 

673 

r 2 

= P 

r 

= 2.0 
i 


_ T i 

688 

r i 

T 

c 

343.9 


_ t 2 

516 

r 2 

T 

c 

343.9 


2.0 


2.0 


1.5 


The change in specific enthalpy is expected as 

S 2 - Si = Qs 2 * “ (S* - S)^ “ [jSl* - (S* 
= -(S* - S) 2 + (S 2 * “ Si*) + (S* 
Assuming variable specific heats 


s 2 * - s T * = 


T 2 c 


—£ dT - — In — 

T ai j in pi 


But P 2 = P lf hence 


S2* — Si* — 


-1; 


T, c 


^ dT 


e>3 

s) 1 


( 1 ) 


( 2 ) 


(3) 


From the accompanying table 

c = 0.453 + 0.62 x 10 _5 T + 268.8 xlO -9 T 2 Btu/lbm-°F 
P 

Substituting into Eq. (3) and integrating 

s 2 * - Si* = 0.453 In -||| + 0.62 *10 -S (516-688) 

+ —' 8 2 X 10 [(516) 2 - (688)f] 

= -0.1322 Btu/lbm-°R 
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From the generalized entropy chart 


(s* - s) 2 


s* - s*\ 
MW ) 


1.14 

16.03 

= 0.0711 Btu/lbm-°R 


(s* - s)i 



= 0.55 
16.03 

= 0.0343 Btu/lbm-°R 


Substituting the numerical values into Eq. (1), obtain 
s 2 - si = -(0.0711) + (-0.1322) + (0.0343) 

= -0.169 Btu/lbm-°R 


• PROBLEM 7-26 


Ethylene gas initially at 338.4°K, 1 atm is compressed 
reversibly and isothermally to a final pressure of 225 atm. 
Calculate the change in entropy for the real-gas compression 
process, by first drawing the calculation path for the 
process on a P-S diagram. 
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Solution ; First check states 1 and 2 to see if the perfect 
gas model is appropriate. From the table of critical con¬ 
stants, for ethylene 


Then 


R 


P =50 atm T 
cr cr 

1.9854 Btu/lb mole-°R 


= 282°K 

[8.3144 kJ/kg°K] 


P 

r i 



JL_ 

50 


0.02 


_ Ti _ 338. 4 s 1 9 

n T 282 

cr 


checking on the generalized compressibility chart 

Z = 1 


so that at state 1 the conditions are those for the perfect 
gas. For the exit state 


P 


r 2 


P 2 
P 

cr 


225 

50 


4.5 


T = T =1.2 
r 2 r i 


Checking on the generalized compressibility chart 

Z = 0.65 

so that at state 2 the conditions are not those for the 
perfect gas (Z = 1). Now the calculation path can be drawn 
as shown in Fig. 1. To calculate As for the real gas 
compression process, ^ s r i^i->- 2 » first calculate (As i ) 1 _^ 2 

for the compression of an ideal gas from 1 to 225 atm and 
subtract As c (obtained from the entropy correction chart) 

from the result. 


The calculation path shown in Fig. 1 indicates that 


(s rl\ = (s i ) i + (s i ) 2 +(s rl ) 2 


The arrows for As and As. on the abscissa indicate that 
c 1 


As , = As. - As 
rl l c 
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1 0.2 0 3 0.5 1.0 2.0 3.0 5.0 10.0 20.0 

Figure 2. 


Reduced pressure P, 


Since all the needed information is known the solution of the 
problem proceeds as follows 

Ideal gas path: 



Substituting the numerical values 

= -1.9854 In = -10.75 Btu/lb mole°R 

or 

(s.) - (s.) = -10.75 Btu/lb mole-°R [-45.03 k«J/kg-mole°K] 

1 2 1 1 

From the As correction chart at P , T obtain 

AS = (s. - s ,) =+4.0 Btu/lb-mole°R [+16.75 k«J/kg-mole-°K] 

c i ri 2 
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For the real-gas compression process, 



• PROBLEM 7-27 


Ethylene gas enters a turbine at 225 atm, 338.4°K and expands 
reversibly and adiabatically to a final pressure of 100 atm. 
What is the temperature of the gas at the exit of the turbine? 




Solution : First draw the calculation path for the process 

as shown in the figure. From the table of critical constants 
obtain, for ethylene 

T = 510°R 
c 

P =50.5 atm 
c 

Cp = 8.53 Btu/lb mole-°R 
Converting to absolute Rankine scale 

Ti = | (338.4) = 609.12°R 
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Also 


At state 2 


T = x x = 

r i 


Ti 

T 


_ 609.12 


510 


= 1.2 


T = = 

r i 


Pi 

P 


225 

50.5 


= 4.5 


100 


r 2 


P 2 

P 50.5 
c 


= 2 


T 




lit = J Vjl. 
T 282 
c 


Now using Fig. 1, the following equations can be written for 
As. (Let the subscript i stand for the ideal gas, and rl for 
the real gas.) 

Path 1-2: From the entropy deviation chart 

As =4.0 Btu/lbmole-°R 
c 


Path 2-3: 

As. = -R In IU- = -2 In = +1.62 Btu/lbmole°R 

1 tr 2 ZZD 

Path 3-4: 


" c p ln TT = 8 ' 53 ln eolhs 

Path 4-5: The value of As c must be obtained. The change 
in entropy for the real gas is 


<AS rl ) l-^5 = (AS C > 1 + * + (AS i } 2^3 + < AS i>3^4 - ( fiS C \ + S = 0 


Substituting the numerical values gives 


4 + 1.62 + 8.53 ln 


Tu 

609.12 


( As c ) ^ S 


0 


Rearranging, gives 


8.53 


In 


T 4 

609.12 


( As c h+ S + 5.62 = 0 


or 


(As )„^ s = 5.62 + 8.53 


—’Em— 

609.12 


( 1 ) 
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The above equation has two unknowns and therefore must be 
solved by employing a trial-and-error solution, along with 
the use of the entropy deviation chart. The procedure is as 
follows. 

1. Assume a temperature T** t and convert it to a 
reduced temperature. 

2. Using T and P obtain a value for (As ) u _ s 
from the entropy deviation chart. 

3. Using the assuned temperature T 4 (in °R) calculate 
(As)using Eq. (1). 

4. Compare the values obtained in 3 and 4. If they 

are equal, this is the final temperature. If they 
are not, assume another temperature and follow the 
same procedure until a satisfactory temperature has 
been found that gives a value of (As ) = 0 in 

C 5 

both 3 and 4. 


Following this path we have 
First trial: Assume T 4 = 550°R 

t - 550 
1 r 4 510 

From the entropy deviation chart 


= 1.08 


(As) 4 ^ 5 = 4.8 Btu/lbmol-°R 


From Eq. (1) 


(As) = 4.75 Btu/lbmol-°R 

5 

Second trial : Assume T^ = 530°R 

T r, - Ire - i-o* 

From the entropy deviation chart 


From Eq. (1) 


(As) 4 ^ 5 = 5.2 Btu/lbmol-°R 


(As)= 4.44 Btu/lbmol-°R 


Third trial: Assume T = 560°R 


T = =1.09 

r 4 510 


From the entropy deviation chart 


(As ), * = 4.5 Btu/lbmol-°R 
c 5 
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From Eq. (1) 


= 4.9 Btu/lbmol-°R 

c **-► 5 

From the above trials the following table can be formed. 


T 

°R 

(AS C ) 4-*s 

from entropy 

deviation chart 

(As )4-*s 

C 

from Eg.(1) 

530 

5.2 Btu/lbmole-°R 

4.44 Btu/lbmole- n R 

550 

4.8 Btu/lbmole-°R 

4.75 Btu/lbmole-° R 

560 

4.5 Btu/lbmole-° R 

4.90 Btu/lbmole-° R 


From this table it can be seen that the temperature which 
would give (As) 4 _^ 5 the same value for both the entropy 

deviation chart and Eq. (1), lies between 530°R and 550°R, 
closest to 550°R. 


FUGACITY AND THE GENERALIZED FUGACITY 
CHART 


• PROBLEM 7- 

What is the fugacity of water at a temperature of 298°K and 
a pressure of 10 7 N/m 2 ? Assume that the following properties 
are known, for water at 298°K. 

p = 997 kg/m 3 

MW = 18.02 kg/kg mol 

P c = vapor pressure = 3,160 N/m 2 


28 
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Solution : Since the vapor pressure at 298°K is low we may 

assume that 


f = P = 3160 N/m 2 

However, to obtain the fugacity at 298°K and 10 7 N/m 2 the 
equation 

/ainf\ _ V 

\ ap j T rt 

will be used. 

Integrating, yields 

RT In ^ = v(P 2 - P x ) 

I 1 

or 

ln It ' 5f <P! - p '> 

Substituting the numerical values 


Then 


In ^ 
11 


18.02 


8.3143(298)(997)(1000) 
= 0.073 


(10 7 - 3160) 


f 2 = 1.076x3160 = 3400 N/m 2 


• PROBLEM 7-29 


Carbon dioxide obeys the reduced Berthelot equation 
reasonably well 


z 


PV 

RT 


1 + 


9 _c 

128 P T 
c 


6 


T 2 

c 

T 2 


Given: T = 304.3 K and P = 73.0 atm, calculate the 

c c 

fugacity of carbon dioxide at a temperature of 150°C and 
pressure of 50 atm. 


Solution : By definition, d Hn f = d iln P + ^ |v - V id) dP- 

On substituting the solution for V from the given equation 

RT 

and using the relation = -p- yields 
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(1) 


9T T* 

d fcn f = d fcn P + 12 8 P c T 1 " 6 ^7 dP 

where f = fugacity 

P = pressure 

T « critical temperature or temperature at the 
c critical point 
T = 150 C or 423 K 

Note that at a pressure approaching zero, the fugacity can be 
equated to the pressure, P. 

Therefore, the integration of equation (1) gives 

* ' 

9 T T 2 

fcn f - fcn P + 12 g p^-r 1 “ 6 ^7 P 


Substituting the numerical values 


Un f = In 50 + 


(9)(304.3) 
(128)(73.0)(423) 


6(304.3) : 
(423) 2 


= 3.91 + (0.0006929)(-2.105)50 


f = 46.4 atm. 


• PROBLEM 7-30 


Use two simplified forms of the van der Waals equation of 
state, one is with b = 0 and the other with a = 0, to find 
an explicit expression for the fugacity of ammonia in each 
case when the pressure is 10 atm. The van der Waals constants 


for NH 3 are a/dm 6 atm mol 2 


= 4.170 and 100b/dm 3 mol * = 3.707. 


Use these values to assess the contributions to the fugacity 
of the two aspects of non-ideality. 


Solution: The van der Waals equation of state is given by 


p = Hi* (v - nb) = nRT 


where P = Pressure of the gas 

n = Number of moles 
V = Volume of the gas 
T = Temperature of the gas 
R = Gas constant 
a and b = constants. 
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When a = 0, equation (1) becomes 


P(V - nb) = nRT 


= nRT 
V-nb 


RT 


For one mole. P = Ty , 

9 V-b 

When b = 0, the equation becomes 


(2) 


P + 


n z a 


V = nRT 


For one mole, P = 


/. P = 
RT 


nRT 

V 

a 

V 2 


n z a 

V 2 


(3) 


or 


y2 _ VRT + a = o 


(4) 


Solve for V in equation (4) (using the quadratic formula). 


That is V = 


-b ±»/b 2 - 4ac 
2a 


Note that the a and b in the 


quadratic formula are just the coefficients of V 2 and V 
respectively. 


RT 

P 


Therefore, 


V = 


R 2 T 2 


4a 

P 


(5) 


Discarding the negative solution, equation (5) becomes 

1/2 


V = 


RT , R 2 T 2 
P ^2 


Upon rearranging. 


V = 


RT 

2P 




1/2 

1 + 

x 4aP 


R 2 T 2 



(6) 


If deviation from ideality is small, the term — in 

R 2 T 2 
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1 - 


4a 


R 2 T 2 


i / 2 


can be 


equation (6) is small. Therefore, 

2 a P 

approximated by 1 - -. 

R 2 T 2 

P 

Now, fugacity f = P exp j [(Z - l)/P]dP 

0 

where Z = compression factor. Because of the small 
deviation from ideality, this can be approximated by 
aP 


1 - 


2 m2 


R T 


Therefore equation (8) becomes P exp 


-aP 


r 2 t 2 


Remember that this is for the condition, b = 0. 

RT 


Recall that when a = 0, P 


V - b 


PV - 

Pb 

= RT 

PV = 

RT 

+ Pb 

V = 

RT 

P 

+ b 

1 by 

1 + 

Pb 

RT* 


f = P exp 


(b/RT)dP = P exp(Pb/RT) 


Using the data given, equation (9) becomes 

- (4.17 dm 6 atm mol~ 2 ) (10 atm) 


f = (10 atm)exp 


( 0 .082 dm 3 atm K 1 mol 2 ) 2 (298 °k) 2 


.*. f = (10 atm)exp(-0.0698) = 10 (e 
f = (10X0.93) = 9.3 atm 
Also equation (10) becomes 

Ro. 037X10) 


-0.0698^ 


f = (10 atm)exp 


(0.082X298) 


) 


.*. f = (10)exp(0.0151) = 10 


(e°- 


015l\ 


(7) 

( 8 ) 

(9) 


( 10 ) 
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.\ f = (10)(1.02) = 10.2 atm. 


The results show that the effect of the constant a is to 
reduce the fugacity and that of constant b is to increase 
it. This agrees with the relation of these parameters to 
the attractive and repulsive interactions respectively. 


• PROBLEM 7-31 


Ethane initially at 1 atm, 317°K undergoes a reversible, 
isothermal steady-flow process until the pressure rises to 
68 atm. Using the generalized fugacity chart calculate the 
work and heat interactions for 1 kg of ethane. 



Fig • 1 Generalized fugacity coefficient chart. 


394 






Solution: 


For ethane, using the table of critical constants 


T = 305.48°K 
c 

P = 48.20 atm. 
c 

Z = 0.285 
c 


MW = 30 kg/kgmol 

Converting to reduced pressure and temperature yields 

T 317 


T ri T r 2 T 305.48 
c 

P r, * T 1 ’ 4ih * °- 0208 

c 


= 1.037 


P 2 


68 


r 2 P 48.2 

c 


= 1.412 


From the generalized enthalpy chart 

h* - h^ 

I 

i 

and 


( h ' V " h ) < °- 01 s 0 




( 1 ) 


( 2 ) 


where h* denotes the enthalpy as the pressure approaches 

zero. For this problem hi* = h 2 * since as the pressure 
approaches zero (p-0), the enthalpy is only a function of 
temperature. Also from (1) 

hi = hi* 


Therefore 


Hi - H 2 = -(h* - h)! + (h 2 * - h!*) + (h* - h) 2 


= h 2 * - h 2 



( 3 ) 


Substituting the numerical values into Eq. (3) gives, 

hi - h 2 = 31.4 (305.48) 

= 9,060 kJ/kgmol 
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or on a per mass basis 


hi - h2 


(hi 


h 2 ) x 


1 

MW 


= 9,060 
30 

= 302 kJ/kg 


For a reversible and isothermal compression, the work 
interaction is given by the formula 

W = gl - g 2 =U ln (fi) (4) 

where 

g = Gibbs function 
f = fugacity coefficient 


From the accompanying figure 

fi 

Pi 

U 

P 2 

Since Pj = 1 atm it follows that fi = 1 and since P 2 = 68 atm, 



= 68(0.58) 
= 39.44 


= 1.0 

= 0.58 


Substituting into Eq. (4) 


w 


8.3143 x 305.4 . / 1 \ 

30 n \39.44/ 


= -311 kJ/kg 


From the first law, assuming negligible kinetic and potential 
energies 

q = (h 2 - hi) + w 
= -(hi - h 2 ) + w 
= -302 - 311 


= -613 kJ/kg 
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CHAPTER 8 


VAPOR POWER AND 
REFRIGERATION CYCLES 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 397 to 
486 for step-by-step solutions to problems. 


In a thermodynamic cycle a working fluid undergoes a series of changes 
and returns to its initial state. Steam power plants operate in a cycle where the 
working fluid receives heat in a boiler, produces work in a turbine, discharges 
heat in a condenser, and receives work in a pump which returns the fluid to the 
boiler. This is an example of a closed cycle, and there are open cycles where an 
engine operates in a mechanical cycle, but the fluid does not go through a ther¬ 
modynamic cycle. An example of an open cycle is the internal combustion en¬ 
gine. 

An ideal cycle uses fluids that are vapors and ideal gases, and the steps are 
conducted reversibly. This gives a basis for comparison with actual cycles which 
will not be as efficient as ideal ones. Also, it will give methods to evaluate 
modifications for improved performance by using feedwater heaters, multiple 
turbines, and reheating steps. Two important cycles described in this chapter are 
vapor power cycles and vapor refrigeration cycles, and two other important cycles 
discussed in the next chapter are air-standard power cycles and air-standard re¬ 
frigeration cycles. 

Vapor Power Cycles 

The Rankine cycle is the ideal cycle for a simple steam power plant. This 
cycle is shown in Figure 8-1 along with a temperature-entropy diagram which 
shows changes that the working fluid undergoes. Beginning at point 1, the pres¬ 
sure of the liquid leaving the condenser is increased to the boiler operating 
pressure (point 2) reversibly and adiabatically with work, Wj, performed by the 
ideal pump (there is a slight temperature rise from compression of the liquid). 
Then heat, Q H , is transferred to the liquid at constant pressure in the boiler (point 
2 to 3). The liquid is heated to the saturation temperature and then vaporized at 
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Figure 8-1. Rankine Cycle for a Simple Steam Power Plant. 
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constant temperature and pressure. Also, the vapor can be heated above the 
saturation temperature (superheating). Next, work, W*, is produced by expanding 
the vapor adiabatically and reversibly in the turbine to the pressure of the condenser 
(point 3 to 4). The path normally crosses the saturation curve, producing a mixture 
of vapor and liquid at point 4, the entrance to the condenser. In the condenser, 
heat, Ql, is transferred at constant temperature and pressure to condense all of the 
vapor to liquid, returning the working fluid to point 1, the pump. 

To compute the heat transfer and the work associated with the Rankine cycle, 
the procedure is to apply the first law of thermodynamics for a steady-state flow 
system to each stage of the cycle. Neglecting kinetic and potential energy changes, 
the first law of thermodynamics is: 

A H = Q-W S (1) 

In this equation AH, Q, and W s are per unit mass of fluid flowing in the system; 
subsequent equations are also per unit mass of fluid flowing in the system. 

For the pump, the shaft work, W s , is equal to AH since Q = 0, and AH for the 
isentropic compression of an incompressible liquid is VAP. Therefore, the shaft 
work is given by the following equation: 

W s . rev = -AH = -VAP = V(P,- P 2 ) (2a) 

The shaft work is negative since P x < P 2 , and this indicates the work is done on 
the system by the surroundings. The actual work required by the pump is deter¬ 
mined from the pump efficiency, which is given by the following equation: 

W, = W s , r Jr\ p (2b) 

where ri p is the pump efficiency, typical about 0.7 to 0.8. 

The changes in enthalpy, AH, temperature, AT, and entropy, AS, for an adia¬ 
batic pump are given by the following equations: 

AH = -W s (3a) 

AT = [AH - V(1 - pT,)A P]/C p (3b) 

AS = C P In TJTi ~ 0 VAP (3c) 

where 0 is the coefficient of volume expansivity. However, a good first approxi¬ 
mation is to consider the process isentropic and isothermal since both changes in 
entropy and temperature are small, of the order of 2 K and 0.1 kJ/kg K. 

For the boiler, heat is transferred at constant pressure, and no work is per¬ 
formed (Wj = 0). Consequently, the first law of thermodynamics is: 

Qh = AH (4) 

Referring to Figure 8-1, the water enters the boiler at T 2 which is below the satu¬ 
ration temperature, T„ and it leaves at superheated temperature T 3 . The change in 
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( 5 ) 


enthalpy is given by the following equation for this case: 

AH = H 3 -H 2 = C PtV (73 - T s ) + A H vap + C Pt , (T s - T 2 ) 

where the first and third terms are the sensible heat increase of the vapor and 
liquid, and AH vap is the latent heat of vaporization. A reasonable first approxima¬ 
tion is to have A H be equal to A H vap because sensible heat changes are usually 
small compared to the latent heat of vaporization. However, if thermodynamic 
property tables are available, such as steam tables, A H can be computed directly 
from enthalpy values at T 2 and P 2 ( = P 3 ) and T 3 and P 3 . Also, the change in en¬ 
tropy can be approximated by the following equation: 

AS = AH vap /T s (6) 

For the turbine, shaft work is produced, and the turbine efficiency is r], = WJ 
W srev . The first law of thermodynamics for an adiabatic expansion (Q = 0) through 
the turbine is: 


W S = -AH 


( 7 ) 


To compute AH, the following steps are required for an ideal gas. First, compute 
for an isentropic expansion from P 3 (inlet pressure) to P 4 (turbine exhaust 
pressure) using the following equation: 


M ,rev 


El 

a, 


(*-!)/* 


( 8 ) 


Next, compute A H rev using the definition of enthalpy, i.e., 

AH rev = C p (T 4rev -T 3 ) (9) 

which is used with the definition of efficiency to compute AH and Wj since W s>rev = 
-A H rev : 


W x _ AH 
A H rev 


( 10 ) 


and 


W s = -bH rev /r\ t (11) 

A H rev will be negative, and will be positive; the system is doing work on the 

surroundings. 

The change in entropy for the turbine can be computed with the following 
equation for an ideal gas: 

AS = C p In 7yr 3 - R In /yP 3 (12) 

where T 4 = T 3 + AH/C p and AH = r\ t AH rev from Eq. (10). 

If thermodynamic data tables are available, the procedure is as follows. First, 
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the change in enthalpy for an isentropic expansion, A H rev> is determined by read¬ 
ing values of H 3 and P 3 and T 3 and of H A at P A and S 3 , i.e., 

AH rev =H A -H 3 (13) 

Then A H is computed using the value of the efficiency by Eq. (10), i.e., 

A// = ri,Atf rev (14) 

and the enthalpy at point 4 is: 

H A = H 3 + A// (15) 

If the exhaust from the turbine contains vapor and liquid, the quality x (mass of 
vapor per total mass of vapor and liquid) is computed from the following equa¬ 
tion: 


S 3 =xS v + (1 -x)Si (16) 

where S v and are the entropy of the saturated vapor and liquid at the exit 
temperature of the turbine, T A . 

With the quality x, the enthalpy of the exit stream can be computed as: 

H A = xH v + (l-x)H x (17) 

where H v and H x are the enthalpy of the saturated vapor and liquid at T A . This 
permits computing the changes in enthalpy. A//, and AS for the turbine, i.e., A// = 
H a — H 3 and AS = .S 4 — S 3 . 


The turbine exhaust enters the condenser, and heat is removed, converting all 
of the vapor to liquid at a constant pressure. The Erst law of thermodynamics is: 


Ql = AW 


(18) 


The change in enthalpy, A H, is determined from thermodynamic data tables as 
the difference in the enthalpy of saturated or subcooled liquid leaving the con¬ 
denser, //], and the enthalpy of the stream entering the condenser, H A . If T x is the 
temperature leaving the condenser, then A H is given by the following equation: 

AH = H x -H a = C p (T x - T a ) + xAH vap (19) 


In this equation the sensible heat is small and usually the quality x is greater than 
0.9. Therefore, a reasonable approximation is to have A// equal to xAH vap for the 
condenser. Also, Q L is negative since heat is removed from the system, i.e., A H = 
-A H vap . 


The thermal efficiency of the cycle is the ratio of the net work produced by 
the cycle divided by the heat added to the boiler, i.e., 


'I Rankine 


^turbine ^pump _ Qh ~ Ql 


( 20 ) 


Qh Qh 

Typically, the thermal efficiency of this cycle is about 0.40. The upper limit is 
given by the Carnot cycle which is: 
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Figure 8-2. Reheat Cycle Modification of the Rankine Cycle. 
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*1 Carnot = 1 ~ 


( 21 ) 


A typical value of the efficiency of the Carnot cycle is 0.6. 

Referring to the T-S diagram in Figure 8-1, an analysis of the Rankine cycle 
shows that if the exhaust pressure of the turbine P 4 is decreased, then the net work 
will increase. However, the moisture constant will increase, and erosion of tur¬ 
bine blades becomes serious when the moisture content exceeds 10 percent. 
Superheating the steam will increase the work and increase the efficiency. How¬ 
ever, the temperature of the boiler must increase to produce superheated steam 
and the quality of the steam leaving the turbine decreases. In addition, if the inlet 
pressure of the turbine is increased, then the work and efficiency are increased. 
However, the boiler temperature must increase, and the quality of the steam 
leaving the turbine decreases. These are all part of design considerations to 
optimize the performance of the cycle. 

The reheat Rankine cycle is a modification of the Rankine cycle to improve 
the thermal efficiency. A diagram of this cycle is shown in Figure 8-2 where a 
two stage turbine is used, and the steam is reheated between the high and low 
pressure stages. The main advantage of the reheat cycle is to decrease the mois¬ 
ture content in the low pressure stage of the turbine. 

For the reheat cycle the pressure and temperature, P 3 and r 3 , entering the tur¬ 
bine are known, along with the exit pressure, P A . The work produced by the high- 
pressure stage of the turbine, assuming an isentropic expansion, is: 

^s,high,rev — ~ ^^rev ~ — H Arev (22) 

where // 3 is known from the entrance conditions, and saturation temperature 
^ 4 ,rev * s located in the steam tables corresponding to S 3 and P A . The quality is 
computed using the following equation: 

Si = S 4 = xS v + (1 - jc)Si (23) 

Then the enthalpy at point 4, H Arev is computed knowing the quality x and the 
values of H v and // 1 at T A by the following equation: 

H Arev = xH v + {\-x)H x (24) 

Using Eq. (22) with H Arev the shaft work W shigh>rev is computed; and if a tur¬ 
bine efficiency, rip is known, it is used to compute W s h igh = rj, W shighrev and A H 
= r\£H rev . Then H A = H 3 + AH/C p . 

The heat added to the steam in the boiler is computed by the following 
equation: 

Qrehea'=W = H 5 -H A (25) 

where H 5 is evaluated from the temperature T 5 and pressure P 5 of the steam leav¬ 
ing the boiler and entering the high-pressure stage of the turbine. 
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Figure 8-3. Regenerative Cycle with an Open Feedwater Heater. 
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The shaft work for the low-pressure stage is computed by the same 
procedure as the high-pressure stage. Then the efficiency of the cycle is given by 
the following equation: 


Preheat 


W + W -W 
rf s,high fW sJow ww pump 

Qh + Qreheat 


(26) 


which is comparable to Eq. (20) for the Rankine cycle. Adding the reheat cycle 
gives a small increase in the efficiency and a reduced moisture content in the 
low-pressure stage of the turbine. 


The regenerative Rankine cycle is an important variation of the Rankine 
cycle which uses feedwater heaters. An example of the regenerative cycle with 
one open feedwater heater is shown in Figure 8-3, and the purpose of heating the 
feedwater with steam from the turbine is to raise the average temperature at 
which heat is added to the boiler. This raises the thermal efficiency of the plant. 

The equations that describe the steps in this cycle are the same as the ones 
used for the other cycles. However, less work is produced by the turbine because 
part of the mass flow rate of steam at point 6 is sent to the feedwater heater. The 
work from the low-pressure stage of the turbine Eq. (22), is modified as follows: 

W sJow = -A// = - (H 7 - H 6 )( 1 - m) (27) 

where m is the fraction of steam flowing to the feedwater heater, and (1 - m) is the 
fraction flowing to the low-pressure stage of the turbine based on a unit of mass 
leaving the high-pressure stage of the turbine at point 6. 

Entering the feedwater heater are liquid from the pump at point 2 and steam 
from the turbine at point 6. The amount of steam selected to mix with and heat 
the water is determined by having the water leave the feedwater heater at the 
saturation temperature, point 3. (See the T-S diagram in Figure 8-3.) The enthalpy 
of the water leaving the feedwater heater is computed by the following equation 
from the first law of thermodynamics, A H = 0 (Q = 0, W = 0): 

H 3 = mH 6 + (1 - m)H x (28) 

The saturation temperature of the water leaving the feedwater heater, T 3 , is the 
saturation temperature, T 6 , corresponding to the discharge pressure of the high- 
pressure stage of the turbine, P 6 . The enthalpy, H 3 , is for a saturated liquid at T 3 . 
Consequently, the only unknown in Eq. (27) is m, the mass fraction of steam split 
at the exhaust of the high-pressure stage of the turbine, and it is determined by 
this equation. 

The thermal efficiency of this cycle can be computed as was done previously 
with Eq. (20). The work from the two pumps must be subtracted from the turbine 
work in this equation. 

In a typical power plant four feedwater heaters are usually employed. Open 
feedwater heaters as described above have better heat transfer and are less expen- 
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Figure 8-4. Vapor Compression Refrigeration Cycle. 
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sive, but require a pump. Closed feedwater heaters use a heat exchanger where 
the two streams transfer heat but do not mix. This equipment is more expensive, 
but the two streams can be considerably different pressures, and a pump may not 
be required. Power plants will use a combination of open and closed feedwater 
heaters. 

Vapor-Compression Refrigeration Cycles 

Vapor-compression refrigeration cycles are used to maintain the tempera¬ 
ture below the surroundings. This is accomplished by extracting heat with an 
evaporating liquid, and then discharging heat by condensing the vapor back into 
a liquid. The vapor-compression cycle shown in Figure 8-4 is a modification of 
the Rankine cycle. At point 1, saturated vapor leaves the evaporator to be com¬ 
pressed adiabatically to point 2. If the compressor operates essentially isentropi- 
cally, then thermodynamic property tables or graphs of the working fluid can be 
used to compute the shaft work for the compressor from the first law of thermo¬ 
dynamics, i.e., 

W s<rev =-AH rev = H x -H 2rev (29) 

The value of H x is known at the temperature and pressure of the saturated 
vapor leaving the evaporator. The value of H 2>rev is located in the tables or graphs 
at the exit pressure of the compressor, P 2 , and the entropy 5, = S 2 . If the compres¬ 
sion is not isentropic, an efficiency is used to determine the shaft work by the 
following equation: 

W, = W SJ Jr\ c (30) 

Also, H 2 is calculated using the efficiency and A H rev by the following equation: 

H 2 = H l + AH r Jr] c (31) 

Then, the values of T 2 and S 2 are located at the values of P 2 and H 2 in the table or 
on the chart. 

In the condenser, heat is removed from the working fluid at constant pres¬ 
sure, and the fluid leaves the condenser as saturated liquid as shown in Figure 8- 
4. From the first law of thermodynamics: 

Q„ = AH = H 3 -H 2 (32) 

where H 3 is determined from the thermodynamic data as that of saturated liquid 
at the temperature and pressure of the condenser. 

The expansion valve shown in Figure 8-4 is a device that reduces the tem¬ 
perature and pressure of the saturated liquid to that of the evaporator to allow it 
to absorb heat. An expansion value is a throttling process which operates at con¬ 
stant enthalpy, and H A = H 3 . Then, the quality x of the liquid in the two-phase re¬ 
gion at point 4 is calculated by the following equation: 

H 3 = xH v + (1 - x)H x (33) 
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where H v and H x are values of the enthalpy of the saturated vapor and liquid 
obtained from the thermodynamic data at the temperature and pressure of the 
evaporator. This provides the information to compute the entropy at this point by 
the following equation: 

S 4 = S 3 + xS vap + (1 -*)S, (34) 

where S vap and S t are the entropy of the saturated vapor and liquid obtained from 
the thermodynamic data at the temperature and pressure of the evaporator. 

The heat absorbed in the evaporator is given by the following equation: 

Q l = AH = H,-H 4 (35) 

Both values of the enthalpy are known so Q L is computed directly. 

The performance of a refrigeration cycle is the ratio of the heat absorbed by 
the evaporator to the work of the compressor, i.e., 

p = ^ (36) 

W s 

where p is called the coefficient of performance, and typical values of p are in the 
range of 3.0 to 5.0. 

In summary, the computational procedure to evaluate vapor power cycles and 
vapor refrigeration cycles have been given. This included the equations to evalu¬ 
ate the heat transferred and work done at each stage for isentropic and real 
processes. Also, the efficiency of vapor power cycles was given, as was the 
coefficient of performance of vapor refrigeration cycles. Diagrams of the cycles 
were presented along with the path of the working fluid shown on entropy- 
temperature diagrams. 
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Step-by-Step Solutions to 
Problems in this Chapter, 

“Vapor Power and Refrigeration Cycles” 


THE RANKINE CYCLE 


• PROBLEM 8-1 


Calculate the heat supplied, the turbine work, and the pump 
work per kg of steam in a Rankine cycle where steam leaves 
the boiler at 4 MPa, 400°C,and the condenser operates at a 
pressure of 10 kPa. Also, compute the cycle efficiency. 

Assume the processes in the turbine and pump to be reversible 
and adiabatic. 



Solution : Assume all the processes to be steady-state, 

steady-flow and consider a control surface around each of the 
components under analysis. (Refer to the figure.) 
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First consider a control surface around the pump. Since the 
pump is adiabatic, from the first law 

w p - h 2 - h 1 (1) 

Assuming a reversible pump, from the second law 

s 2 = s x 

To obtain the enthalpy change in a reversible adiabatic 
process in a liquid, use the general property relation 

Tds = dh-vdP 


Since ds = 0 


Ah = vAP 


or 


w p = h 2 - h 1 = v x (P 2 - P 2 ) 

= 0.00101(4000-10) 


= 4 kJ/kg 


and 


h 2 = h f = 191.8 
h 2 = 191.8 + 4 = 195.8 kJ/kg 


Now consider the boiler. Since no work is done, 

q in = h 3 - h 2 (2) 

From the steam tables 

h 3 = 3213.6 kJ/kg 
Thus from Eq. (2) 

q in = 3213.6-195.8 

= 3017.8 kJ/kg 

For the reversible adiabatic process in the turbine 

w t = h 3 - h„ (3) 

and 
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From the steam tables 


s 3 = 6.7690 kJ/kg-°K 

With this value, the state at 4 lies in the mixture region 
(at the pressure of 10 kPa) and hence the quality must be 
calculated. Therefore 

*4 


The enthalpy at state 4 is then computed as 

h 4 = h f - x„h fg 

= 191.83 - (0.8159X2392.8) 
= 2144.1 kJ/kg 


_ s 4 - s f 
S- 

fg 

6.7690-0.6493 

7.5009 

= 0.8159 


Substituting the values of h 3 and h 4 into Eq. (3) gives 

w t = 3213.6 - 2144.1 
= 1065.5 kJ/kg 


The efficiency of the Rankine cycle is given as 

w 


th 


net 


"in 


where 


w net = W T + W P 
= 1069.5-4 
= 1065.5 kJ/kg 


Then 


1065.5 
n th 3017.8 


0.353 


or 


= 35.3% 


(4) 
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• PROBLEM 8-2 


In a Rankine cycle, steam at 6.89 MPa, 516°C enters the 
turbine with an initial velocity of 30.48 m/sec and leaves 
at 20.68 kPa with a velocity of 91.44 m/sec. If the mass 
flow rate of the steam is 136,078 kg/hr,compute the thermal 
efficiency of the cycle and the net power produced in horse¬ 
power . 



Solution : The figure shows the Rankine cycle on a T-s 
diagram. The efficiency of the Rankine cycle is given as 


where w net is the sum the work produced by the turbine 
and the work used by the pump. Hence 

w ^ = Zw = + w (2; 

net t p 

q^ n is the heat added to the system in the boiler, or 


<*in = h 2 - h i 


First consider the turbine. From the first law of 
thermodynamics 

V 2 2 - V 3 2 

w t * (h 2 - h 3 ) + -g- (4) 

From the steam tables at P 2 , obtain 

h 2 = 3449.3 kJ/kg 
s 2 = 6.8538 kJ/kg-°K 
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Process 2+3 is isentropic, hence 


Furthermore,the state at 3 is a mixture of vapor and liquid. 
Thus,the quality at 3 is found as 


Then 


6.8538-0.8403 

7.0578 

= 0.8522 

h, - h ( t X,h fg 

= 254.19 + 0.8522(2356.67) 
= 2262.54 kJ/kg. 


From Eq. (4),then 


w t = (3449.3-2262.54) 

(30.48) 2 -(91.44) 2 
2x1000 

= 1183.0 kJ/kg 


Now consider the pump. The pump work is 

~ W p = V 1 AP " V 1< P 4 - P l> 

= 0.001018(6890-20.68) 
= 6.993 kJ/kg. 


From Eq. (2), then 


Zw = 1183-6.993 = 1176 kJ/kg 


Next consider the boiler. Since no work is done it can be 
written 

q. = h 2 - h, 

2 1 

= 3449.3-261.44 
= 3187.86 kJ/kg 
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Finally, using Eq. (1) obtain 


1176 

^th 3187.86 


0.368 


or 


n th " 36.89% 


The net power produced is 


W 


mw 


net 


= 136,078(1,176) 
= 160,027,728 W 
= 59,590 hp 


• PROBLEM 8-3 


1. Compute (a) the work input to the pump, (b) the heat 
added in the boiler, (c) the work produced by the turbine, 

(d) the heat transferred from the condenser, and (e) the 
thermal efficiency of the open Rankine cycle described in 
Fig. 1, if the pump and turbine are both adiabatic and 
their isentropic efficiencies are 60% and 80% respectively. 
Assume steady-state, steady-flow conditions and negligible 
kinetic and potential energies. 

2. Compare the efficiency of the Rankine cycle with that of 
a Carnot cycle operating between the same temperature limits. 


P 3 * 100 psia 
sat. vapor 
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Fig. 1. A simple open Rankine cycle. 


Solution: (a) Using the energy balance for the pump yields 

w p = h 2 - h x 

where Wp = total shaft-work input for each unit of mass 
handled by the pump. 

Treat water as an incompressible liquid. Using the equation 
h 2 - h 1 = c(T 2 - T x )+ (P 2 - P x )v (I] 

Wp for an ideal adiabatic pump is 

w = v(P - P 1 ) (isentropic process) 


From the steam tables v = 0.0161 ft 3 /lbm. 

.\ w = 0.0161 x (100 - 14.7) x 


= 0.253 Btu/lbm 


.*. The pump requires 


w ps 

w =- 

P n G 


0.253 

0 . 6 " 

= 0.42 Btu/lbm 

h 2 is determined from the equation 


h 2 = h, + w 
2 1 p 

= 48.06 + 0.42 


= 48.48 Btu/lbm 


403 


T 2 may be found from Eq. (1) as 


T 2 = T x + (h 2 - h x ) - v(P 2 - P x ) 

c 

. 0.42 - 0.25 
" 80 + lTo 

= 80.2°F 

(b) From the steam tables, h 3 = 1187.2 Btu/lbm. Doing an 
energy balance on the boiler, 

q b = h 3 - h 2 

= 1187.2 - 48.48 
= 1138.7 Btu/lbm 

Here is the energy transferred as heat to the boiler per 
lbm of water. 



Fig. 2. Process representation on the h-s plane. 

(c) Next consider an energy balance on the turbine. 

W t = h 3 - h 4 

To determine state 4, first fix state 4s. 

From the steam tables 

s 3 = 1.6026 Btu/lbm-°R 

s* = 0.3120 Btu/lbm-°R 

s~ = 1.7566 Btu/lbm-°R 

& 4 

s« = s - s„ 

^&4 g4 f 4 
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1.4446 Btu/lbm-°R 


Since s,„ = s, 

4 S 3 


s 4S = (1 - X 4S ) s f4 + x 4s S gh 


= S f„ + X 4S S fg 4 

= 1.6026 - 0.3120 
s 1.4446 

= 0.893 


From the steam tables 


h- = 180.07 Btu/lbm 

I 4 

h fg ^ = 970.3 Btu/lbm 

h s 4 = h f 4 + X 4 h fg 4 

= 180 + (0.893 x 970.3) 


= 1046 Btu/lbm 


from which 


= h, - h 


= 1187 - 1046 


= 141 Btu/lbm 


W t = W ts 


= 141 x 0.8 


= 112 Btu/lbm 


h 4 = h 3 - w. 


= 1187 - 112 


= 1075 Btu/lbm 


The actual discharge quality is 


h u - 

4 f 4 


1075 - 180 
970 


= 0.922 
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One attractive feature of a vapor power plant is that the 
part of the turbine work required to drive the pump is only 
a very small fraction of the turbine-work output. Here the 
back-work ratio (bwr) is 


bwr 


= !!e 


= HiA 
112 

« 0.004 

(d) Since P x = P 4 ,we can have a closed cycle by adding a 
condenser. By this,the efficiency of the system will not 
change if states 1 and 2 are kept fixed. The energy 
transferred as heat from the condenser is obtained by taking 
the overall energy balance. 


= 1139 - 111.6 
= 1027 Btu/lbm. 

The series of processes is shown in Fig. 2. This plot shows 
the back work ratio as the respective enthalpy changes for 
the pump and turbine processes. 

(e) The energy conversion efficiency of the plant is 



112-0.4 

1139 

= 0.099 



Fig. 3. Comparison with a Carnot cycle. 
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2. For the Carnot cycle operating between the same 
temperature limits , 


n 


540 

788 


= 0.315 


The difference in efficiency is due to the fact that the 
temperatures at which energy is transferred as heat to and 
from the working fluid are more widely separated for the 
Carnot cycle. (Ref. Fig. 3.) 


Summarizing the results: 


1 . 


(a) 

w t = 

112 Btu/lbm 

(b) 

w = 
p 

0.4 Btu/lbm 

(c) 

q b" 

1139 Btu/lbm 

(d) 

♦a 

o 

II 

1027 Btu/lbm 

(e) 

n = 

0.099 


2. n = 0.315 


THE REHEAT CYCLE 


• PROBLEM 8-4 


Steam at 3MPa, 300°C leaves the boiler and enters the high 
pressure turbine (in a reheat cycle) and is expanded to 
300kPa. The steam is then reheated to 300°C and expanded 
in the second stage turbine to lOkPa. What is the 
efficiency of the cycle if it is assumed to be internally 
reversible ? 
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Solution : The efficiency n can be obtained from the 

following equation; 


n 


V/ + vl - w 


Ll- 


t 2 


Q + 0 
b r 


( 1 ) 


To calculate W ti assume that the turbine is adiabatic and 

neglect kinetic and potential energy changes. Applying the 
first law to the turbine, 

W tl = «h(h 2 - h 3 ) 

From the steam tables, 

h 2 = 2993.5 kJ/kg 
s 2 = 6.5390 kJ/kg-°K 
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To find h 3 , for the internally reversible adiabatic pr 
2+3 

s 2 = s 3 = 6.5390 kJ/kg-°K 

At state 3, 


S f3 = 1.6718 

kJ/kg-°K 

h f3 

= 561.47 

kJ/kg 

i- = 5.3201 

fg3 

kJ/kg-°K 

h. 

fg3 

= 2163.8 

kJ /kg 

s = 6.9919 

g3 

kJ/kg-°K 

h 

g 3 

= 2725.3 

kJ/kg 


s = s = s« + x s*. 

2 3 f3 3 fg 3 


6.5390 = 1.6718 + x 3 (5.3201) 
x 3 = 0.915 


h 

3 

h 3 
h 3 


h t. + *= h fg, 

561.47 + 0.915 (2163.8) 
2542 kJ/kg 


—^ = h 2 - h 3 
m 

= 2993.5 - 2542 
= 452 kJ/kg 
Similarly,to find W^ 2 

W t2 = m(h 4 - h 5 ) 


From the steam tables, 

h 4 = 3069.3 kJ/kg 
s 4 = 7.7022 kJ/kg-OR 
To find h 5 , note that 

S 4 = S s 


At state 5 


s fs = 0.6493 kJ/kg-°K 
h fs = 191.83 kJ/kg 
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"fgs 

*fg5 

S g5 


g 5 
Sk 


X 5 


h 5 

h 5 


7.5009 kJ/kg-OK 

2392.8 kJ/kg 
8.1502 kJ/kg-°K 
2584.7 kJ/kg 

5 fs 5 fg 5 
0.949 

h « s + x!h f B5 

191.83 + 0.949(2392.8) 
2463 kJ/kg 


W 



= 3069.3 - 2463 


= 606 kJ/kg 

* . . 

To obtain W , assume that W = mv^Pj - p 6 ) 

From the steam tables, v fi = 

6 f 6 


Thus 


= 1.0102 xlO" 3 m 3 /kg. 

W 

= 1.0102 (30-0.1)10 5 x ] 
m 

= 3.0 kJ/kg 


To obtain Q^, use 


— m(h 2 ~ h^) 

W 

h i = h 6 + 

IT) 

= 191.8 + 3.0 


= 194.8 kJ/kg 

Q h 

—P = 2993.5 - 194.8 
rfi 
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= 2799 kJ/kg 


To find Q 

r 

= ih(h 4 - h 3 ) 
Qr 

— = 3069.3-2542 
m 

= 527 kJ/kg 

From Eq. (1) then 

452 + 606 - 3 
n 2799 + 527 

= 0.317 


• PROBLEM 8-5 


In the reheat cycle shown in Fig. 1, steam is supplied to 
the high pressure turbine at 1100 lbf/in 2 , 740°F and is 
expanded to 200 lbf/in 2 . After the expansion the steam is 
reheated to 720°F and is then expanded in the low pressure 
turbine to 1 lbf/in 2 . (a) Determine the enthalpy and 
entropy of the successive states of steam and plot them on 
an h-s diagram, (b) compute the low and high pressure 
isentropic turbine work, and (c) calculate the thermal 
efficiency and the rate of steam of the cycle. Assume the 
turbines and pump to be adiabatic. 



Fig. 1. A simple reheat cycle 
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Solution ; The pump work is 


w p * Vl (P 2 - P x )/J 

= 0.01614 x144(1100-1) 

778 

= 3.29 Btu/lbm 

(a) From the steam tables at 1 psia 

h 1 = h f = 69.1 Btu/lbm 

At state 2 then, the enthalpy is 

h 2 = 69.1 + 3.29 = 72.39 Btu/lbm 

Now, using the value for h 2 and the steam tables (or Mollier 
chart) the values of the enthalpy and entropy at the success¬ 
ive states of the cycle are obtained and plotted on the h-s 
diagram, shown in Fig. 2. 

Figure 2 h-s diagram 



(b) Considering the high pressure turbine we have 

-w hp = h„ - h, 

= 1179-1345.8 
= -166.8 Btu/lbm 
For the low pressure turbine 

-w lp = h 6 - h 5 
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THE REGENERATIVE CYCLE 

• PROBLEM 8-6 



Steam at 300 psi abs. and 700°F leaves the boiler and enters 
the first stage of the turbine, which has an efficiency of 
80%. Some of the steam is extracted from the first stage 
turbine at 30 psi abs. and is rejected into a feedwater 
heater. The remainder of the steam is expanded to 0.491 psi 
in the second stage turbine, which has an efficiency of 75%. 

(a) Compute the net work and the efficiency of the cycle. 

(b) Compare this cycle with one having no heater. Refer to 
the figure. 





Solution ; (a) Assume that the liquid leaving the coil of 

the heater and the drip leaving the heater are both at the 
temperature corresponding to the saturated state at the 
pressure of the extraction stage. Also assume that 
compression in the pumps is isentropic and that the turbines 
are adiabatic. 

Using the steam tables, at the different states 

Saturation temperature at 30 lb/in. 2 250.3 °F 

Enthalpy of condensate leaving condenser, h d 47.05 Btu/lb 

Entropy of condensate leaving condenser, s^ 0.0914 Btu/lb°F 

Entropy of liquid entering heater, s lc 
Pressure of liquid entering heater 
Enthalpy of liquid entering heater, h lc 

The liquid leaves the heater coils at 
300 lb/in! and 250.3 °F 
Enthalpy of liquid leaving coils, h 2c 

Enthalpy of drip from heater, h 2c 
In figure 1. 

P = 300 lbf/in. 2 
a 

T = 700 °F 
a 

Pj = 30 lbf/in 2 

h a = 1368.3 Btu/lbm 

hj = 1146.9 Btu/lbm 

s = 1.6751 Btu/lbm-°R 
a 

Sj = 1.6751 Btu/lbm-°R 

Therefore, from the definition of the efficiency of the first 
stage turbine 


0.0914 Btu/lb°F 
3001b/in. 2 
47.95 Btu/lb 

219.4 Btu/lb 
218.8 Btu/lb 


h le = h a - 0.80 (h a -h.) 
= 1191.2 Btu/lbm 


Using the equation 


y = 


h - h 

2 C 1C 


h + h - h 
2 e 2 c i c 


ie 


y - 0.15 


For the work delivered by the turbine 
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w t = h a - h ie + (1_y) °- 75 (h ie " V 

assuming velocities at a and le are negligible. 

State k is described by the pressure 0.491 psi, and by the 
entropy,which is that of state le 

s fc = 1.7361 Btu/lbm-°R 

From the steam tables, obtain 


h k = 933.4 Btu/lbm 

By substituting, obtain 

Wj. = 341.3 Btu/lbm 

The negative work of the cycle is 

W P 1 + W p 2 = (1 " y)(h ic - V + y(h i - h 2e } 


Using the steam tables 

w + w = 0.9 Btu/lbm 
Pi P 2 

The net work of the cycle is 

w , = w, - (w + w )= 340.4 Btu/lbm 
net t pi p 2 

Let = the heat added to the fluid in the steam generator 
per pound of steam generated, or 

a = h (1-y) h - yh. 

4 g a J 2 c J i 

= 1368.3 - 0.85 x 219.4 - 0.15 ><219.6 

= 1148.9 Btu/lbm 

For every kilowatt-hour of work delivered, the heat supplied 
is 


1148.9 


„ 3412.8 
340.4 


= 11,520 Btu/kw-hr 
and the cycle efficiency is 


n 

340.4 

1148.9 
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= 29.6% 


(b) If no steam was extracted for feedwater heating then the 
whole quantity of liquid fed to the steam generator will be 
in a state corresponding to section lc. Then the heat added 
to the fluid per pound of steam generated would be 

h - h lr , = 1368.3 - 47.95 
a 

= 1320.3 Btu/lbm 

The work done when each pound of fluid passes through the 
turbine would be 

h a " h b = h a " h ie + °’ 75 < h ie " h k > 

= 177.1 + 193.3 
= 370.4 Btu/lbm 

The total work of the cycle = the work delivered by the 
turbine - feedpump work 

w net - 370 ‘ 4 - (h ic - V 
= 370.4 - 0.9 
= 369.5 Btu/lbm 

The heat supplied per kilowatt hour of work delivered would be 

1320.3x3412.8/369.5 = 12,195 Btu/kw-hr 

When extracted steam was used to heat the feedwater, the heat 
supplied was 11,520 Btu/kw-hr. 

Therefore the saving due to regenerative heating is 

12,195 - 11,520 
12,195 

= 5.5% 


• PROBLEM 8-7 


A vapor power cycle operates between the upper and lower 
limits of 3.45 MPa and 14 kPa respectively. Steam at 
371°C enters the high pressure turbine and leaves at 
690 kPa, at which point some of the steam is extracted and 
rejected to an open feedwater heater. The remaining 
steam is expanded in the low pressure turbine to 14 kPa. 
Assuming the processes in the turbines and pumps to be 
isentropic, calculate the thermal efficiency of the cycle. 
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Boiler 



Condenser 



Fig. 1. Regenerative cycle with one open feedwater heater. 


Solution ; This cycle is shown in the figure. Since at least 
one open feedwater heater is employed, it is a regenerative 
steam cycle. The efficiency of the cycle is 


_ Wnet 
n th Q h 


where 


( 1 ) 


Wnet = W t + W p 

Q h = heat added in the boiler 


Assuming the processes in the turbines and pumps to be 
adiabatic, we can write for the turbines 

w t = m 1 (h 1 -h 2 ) + m 3 (h 2 -h 3 ) (2) 

and for the pumps 

-w = m 4 (h 5 -h 4 ) + m 7 (h 7 -h 6 ) (3) 

In the boiler, since no work is done 

Q h = m 1 (h 1 -h 7 ) (4) 


Substituting Eqs. (2), (3), and (4) into (1) yields 


^th 


nijChj- h 2 ) + m 3 (h 2 -h 3 ) - m 4 (h s -h 4 ) - m 7 (h 7 -h 6 ) 
m i(h ! - h 7 ) 
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Therefore,evaluating the different mass flow rates and the 
enthalpies at the different states and substituting them into 
Eq. (5) gives the efficiency of the cycle. 

For isentropic expansion in the turbine 

S i = S 2 = S 3 

Using the Mollier diagram, obtain 

h x = 3198.25 kJ/kg 
h 2 = 2777.24 kJ/kg 
h 3 = 2174.81 kJ/kg 
h 4 = 218.62 kJ/kg 

Consider the low-pressure pump, which raises the pressure of 
the water coming out of the condenser from 14 kPa to 690 kPa. 
Therefore 


h 5 -h 4 = v 4 (P 5 -P 4 ) 

= 0.001007(690-14) 
= 0.6807 kJ/kg 


Hence 

h 5 = 218.62 + 0.6807 = 219.3 kJ/kg 
Assuming the open feedwater heater to be ideal 

P 2 = P 5 “ P 6 

Also, at point 6 we assume saturated liquid conditions to 
exist. Then from the steam tables (at 694 kPa) 

h 6 = 694.1 kJ/kg 

For the high-pressure pump 


= 0.001107(3450-690) 
= 3.055 kJ/kg 


Thus 


h 7 = 694.1 + 3.055 = 697.15 kJ/kg 

Now the mass flow rates must be evaluated. For this consider 
the open feedwater heater. Let m be the extraction mass. 
Then let m 1 = 1. Hence 


m 2 = m 


418 



m 3 = m 4 = m 5 = 1-m 
m 6 = m 7 = m x = 1 

The energy balance on the feedwater heater is 

mh 2 + (l-m)h 5 = l(h 6 ) 

Substituting the numerical values for the enthalpies 

(2777.24)m + (219.3)(l-m) = 694.1 

Solving for m gives 

m = 0.1856 kg extracted/kg total flow 

Then m 2 = 0.1856, m 3 = m 4 = m 5 = 0.8144 

Finally, substituting all the numerical values into Eq. (5) 
yields 

n th - 3198.25-897. ' 15 [1(3198.25-2777.24) ♦ (0.8144) 

(2777.25-2174.81)-( 0.8144)(219.3- 
218.62)-(l)(697.15 - 694.1)] 

908.03 

2501.1 

= 0.3631 

or 

n th = 36 - 31 % 


• PROBLEM 8-8 


The regenerative feedwater heating cycle shown in the figure 
employs one open and one closed heater operating at 10 psia, 
and 50 psia respectively. If steam is supplied at 400 psia, 
500°F and leaves the condenser at 2 in.Hg. abs., calculate the 
thermal efficiency of the ideal cycle, neglecting pump work. 


1 lbcn 
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£ 


A/Wp br " 


Jr 


1 lbinl 


(1-m -m ) 
2 3 


Solution : In solving this problem, first calculate the 

enthalpies at all the states noting that 


and using the given information. Note that 


P = 50 psia 

P 3 = 10 psia 

P 4 = 2 in Hg = 0.9823 psia 

Using the steam tables,all the values are obtained and 

plotted on the h-s diagram shown in the figure. Next, assume 
that 1 Ibm enters the turbine, and make an energy balance on 
the closed heater. 


m 2 h 2 + m 6 h 6 = m 7 h 7 + m 8 h ( 

However, because the heater is closed 

m 0 = m. 


m c = m Q = 1 lbm 

b o 


Therefore Eq. (1) becomes 


m 2 ^ 2 ® 2^7 ^8 — ^6 


Solving for m yields 


_ _ h B - h, 

h 2 - h 7 

= 250-161.17 
1078-250 

= 0.1075 lbm/lbm 


( 1 ) 
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Considering the open feedwater heater, write the energy balance 
as 

m 2 h 7 + (l-m 2 -m 3 )h 5 + m 3 h 3 = m 6 h 6 


or 

0.1075(250) + (1-0.1075-m 3 )(69) 

+ m 2 (974) = 1(161.17) 

Solving for m 3 yields 

m 3 = 0.0802 Ibm/lbm 
The thermal efficiency is 


n th hi - h 0 

The work done is 

-w = m 1 (h 2 -h 1 ) + (m 1 -m 2 )(h 3 -h 2 ) 

+ (m 1 -m 2 -m 3 )(h 4 -h 3 ) 

= 1(1078-1245) + (1-0.1075)(974-1078) 
+ (1-0.1075-0.0802)052-974) 

= -359 Btu/lbm 

Substituting in Eq. (2) gives 

= 359 

n th 1245-250 

= 0.361 

= 36.1% 


( 2 ) 


• PROBLEM 8-9 


The flow diagram for a steam power cycle with two stages of 
open regenerative feedwater heating is illustrated below. 
Using the information given, compute the mass flow rates of 
the extraction steam (at the two extraction points) per unit 
mass flow through the boiler, i.e., compute (a) m 2 lm 1 and 
(b) mj/m,, assuming the isentropic efficiency of all three 
pumps to be 80%. 


P x = P 10 = 5 MPa 

T x = 500°C 

h, = 3433.6 kJ/kg 


P 2 = P 8 = P 9 = 1 MPa 
T 2 = 300°C 
h 2 = 3051.2 kJ/kg 


P 3 = P 6 - P 7 = 

100 kPa 

h 3 = 2675.5 kJ/kg 
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h s = 137.8 kJ/kg T 9 = 179.91°C ^ P * 5 kPa 

(sat. liq.) h„ = 2200 kJ/kg. 

T 7 = 99.63°C 

(sat. liq.) 



Heater Heater 


Solution ; (a) First consider the high pressure feedwater 
heater alone, and write the equations that apply to this 
control volume. 

Continuity: m 0 = m 9 - m 2 (m 9 = m l ) (1) 

First law: m 8 h 8 = m 9 h 9 -m 2 h 2 (2) 

Dividing (1) and (2) by the mass flow at 1 (through the 
boiler) one gets 


= _ 

m i mi 

and 


(3) 
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h 8 - h 9 


(5) 


m 2 

m i k8 “ ^2 

Now that the mass flow rate has been expressed in terms of 
the enthalpies, all that is needed to be done is to determine 
the enthalpies at the different states, using the information 
given and the steam tables. 

State 2: h 2 = 3051.2 kJ/kg (given) 


State 8: At this state the pressure of the steam is the only 
known property. But for a pump,the difference in enthalpy 
between the entering and the leaving stream is almost the 
same, differing only by the amount of the work done by the 
pump. Assuming the fluid to be incompressible, it can be 
written (for an isentropic pump) 


h 


exit 


h in + 


vdP 


( 6 ) 


But this is not an isentropic pump, and irreversibilities are 
involved, making the work required to drive the pump more 
than that in the isentropic case. Since the efficiency is 
known, Eq. (6) can be written as 


h 


h? + V7(P * - P7) 
n pump 


At state 7, h 7 


h f = 417.48 kJ/kg and 
v f = 0.001044 m 3 /kg 


Substituting in the above expression 


. _ „„ . 0.001044(1000-100) 

he - 417.48 + -O- 

= 418.65 kJ/kg 

State 9: h 9 = h f = 762.82 kJ/kg (saturated liquid) 

Substituting into Eq. (5) 


m 2 _ h 8 - h 9 
ro i h e - h 2 

= 418.65 - 762.82 
418.65 - 3051.2 

= 0.1307 

(b) Now the second mass flow rate will be calculated in a 
similar way. Consider a control volume around the low 
pressure feedwater heater and write the equations that apply. 

Continuity: m 6 = m 7 - m 3 (7) 
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First law: 


m 3 h 3 


( 8 ) 


nighg — m 7 h 7 — 


From continuity it is known that m 7 = m 0 = m x - m 2 and 
m 6 = m i - m 2 - m 3 (considering a control volume around the 
turbine,since m 6 = m 5 = m*). Taking the above into 
consideration,Eq. (8) takes the form 


(mi - m 2 - m 3 )h6 = (mi - m 2 )h7 - m 3 h3 
Dividing by m 1 (mass flow through the boiler) gives 


(1 


Solving for — 

mi 


m 2 m 3\u _ m 2 \ l 

— “ — ) h 6 "" (1 - ~T“ ) h 7 “ —-h 3 

mi mi mi mi 


_ (1 - ^)(h 7 - h 6 ) 

m3 _ _nil_ 


mi 


(h 3 - h 6 ) 


(9) 


The enthalpies at the different states must then be 
calculated. 


State 3: 


h 3 = 2675.5 kJ/kg 


(given) 


State 6: This is the same process as the one at state 7. 
Recalling from part (a) and using Eq. (6) one gets 


h 6 = h 5 + 


V 5 (Ps - Ps) 
11 pump 


( 10 ) 


At state 5, h 5 = 137.8 kJ/kg (given) 

v 5 = v f = 0.001005 

Substituting into Eq. (10), obtain for the enthalpy at 
state 6 


. „ 7 „ . 0.001005(100-5) 

he = 137.8 + - 0^3 - 

= 137.92 kJ/kg 

State 7: h 7 = 417.48 kJ/kg (from part (a)) 

Substituting into Eq. (9) yields 

m 3 _ (1-0.1307H417.48-137.92) 
m x (2675.5-137.92) 

= 0.0958 
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Summarizing, 


~ = 0.1307 

mi 

jjjf 1 = 0.0958 

mi 


OTHER VAPOR POWER CYCLES 


• PROBLEM 8-10 


A power cycle using steam as the working fluid involves one 
stage of reheat and one stage of regeneration as shown in 
the figure. The efficiencies for the high and low pressure 
turbines are 87% and 86%, respectively. Neglecting pump 
work and assuming the steam leaving the condenser and the 
open feedwater heater to be saturated liquid, determine 
the cycle efficiency for the following conditions. 

T 1 = T 3 = 400°C, P x = P 8 = 4.0 MPa,P 2 = P 3 = P 6 = P 7 = 0.4MPa 

and P 4 = P 5 = lOkPa. 
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Solution : The efficiency of the cycle is given by the 

equation 


w 

n = net 

q H 


(l) 


where 


w 


net 


w t 


H.P. + w t 


L.P. 


( 2 ) 


and is the heat added to the boiler. In order to solve 

this problem, w net and q^ will have to be evaluated. 

First,consider the high pressure turbine alone and write the 
equations that apply. 


Continuity: 

iik = m^ (i = in, e = exit) 

(3) 




1st Law: 

X+m.h. =mh + w 
ii e e 

(4) 

Second Law: 

s. = s 
l e 

(5) 


The state of the steam has to be found, at the entrance and 
exit states. 

State 1 is in the superheated region, and from the super¬ 
heated steam tables and given conditions 

h x = 3213.6 kJ/kg, Si = 6.7690 kJ/kg-°K 


State 2 is in the mixture region,and thus the quality will 
have to be calculated as 


x 2 


s 


s 


f 

f 


with values s 2 = Si = 6.7690 kJ/kgK, and 
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s f = 1.7766 kJ/kg-V S g = 6.8959 kJ/kg-°K 

. 6.7690 - 1.7766 

ltlus X 2 6.8959 - 1.7766 

= 0.9752 

Now that the quality is known, the enthalpy at state 2 can 
be calculated. From the steam tables, h f = 604.74 kJ/kg and 

h g = 2738.6 kJ/kg. Thus 


h 2s = h f + x 2 (hg - h f ) (6) 

= 604.74 + 0.9752(2738.6 - 604.74) 

= 2685.7 kJ/kg 


Note that this is the enthalpy for the reversible process 
(isentropic) in the turbine. Since this is an irreversible 
process and since the efficiency is known,the work for this 
process can be obtained using the equation 


nt 


W a m 1 (h 1 - h 2 ) 


W s 


m 2< h l “ h 2 s ) 


(7) 


From Equation (3) and upon substitution of obtained values, 
solving for h 2 gives 


h 2 = hi - n(hi - h 2g ) 

= 3213.6 - 0.87(3213.6 - 2685.7) 
= 2754.3 kJ/kg 

From Eq. (4), solving for the work per unit mass 


It 

mi 


H.P. 


hi - h 2 


= 3213.6 - 2754.3 
= 459.3 kJ/kg 

A similar process is used for the low pressure 

turbine. The equations that apply here are the same as 

before, with continuity being the only exception, written as 



m 3 = m 

where 

m 3 = m 


The first law is written (per kg of steam entering) as 


42 ? 



( 8 ) 


w t 


L.P. 





The mass ratio will have to be calculated as well as the 
enthalpies, in order to solve for the work of the low 
pressure turbine. 

Noting that there is the feedwater heater where the 
different mass flow rates meet, take a control volume around 
it and write the equations that apply. 

Continuity: m 7 = m + m 6 (9) 

a 

First Law: m 7 h 7 = m h + m 6 h 6 (10) 

a a 

Note that m 6 = m 3 , m 7 = m x , and h = h 2 . With this in mind, 

m ^ 

Eq. (9) becomes (solving for a ) 

m 7 



m 7 mi n^i 

and Eq. (10) becomes (solving for h ? ) 

h 7 = 

From Eq. (11) 

m_3 

m x 

Substituting into Eq. (8) get 



m 


m, 


— h 2 + — 
m, 4 m. 


( 11 ) 


(1 - jSl) h 2 + jjfi h 6 

mi mi 


= (h 7 ~ h 2 ) 
(h 6 - h 2 ) 


Neglecting pump work and using the steam tables, obtain 
State 3: h 3 = 3273.4 kJ/kg, s 3 = 7.8985 kJ/kg-°K 
State 6: h 6 = h s = h f = 191.83 kJ/kg 
State 7: h 7 = h^ = 604.74 kJ/kg 

State 4: This is in the mixture region,so the quality has 
to be calculated first with s f = 0.6493 kJ/kg-°K 

s = 8.1502 kJ/kg-°K 
g 
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S 4 S f 


= 7.8985 - 0.6493 
8.1502 - 0.6493 

= 0.9664 


The enthalpy at state 4 with 

h f = 191.83 kJ/kg, h g = 2584.7 kJ/kg 

is then 

h 4 S = h f + M h g - hf) 

= 191.83 + 0.9664(2584.7-191.83) 

= 2504.3 kJ/kg, 

remembering that this is the isentropic enthalpy. For the 
irreversible process with an efficiency of 86%, for the low 
pressure turbine 


h 4 = h 3 - n(h 3 - h 4g ) 


Hence 


= 3273.4-0.86(3273.4-2504.3) 
= 2611.9 kJ/kg 


W* 


m. 


L.P 


= f 604. 
|^191. 


74 - 2754.3 
83 - 2754.3 


] 


(3273.4 - 2611.9) 


= 554.91 kJ/kg 


From Eq 


W 

(1) - ne -- can be calculated as 

mi 


W 


net 


mi 


459.34 + 554.91 


= 1014.25 kJ/kg. 

Next, or rather Qjj/m, will have to be evaluated. To do 

that, consider the boiler alone,and write the equations that 
apply. 


First Law: Qjj + m 8 h 8 + m b h 2 = m 3 h 3 + nijhj (W=0) 


or 


% 


mi 


m 3 

(hi - h 8 ) + — (h 3 - h 2 ) 
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substituting the calculated values yields 
Qii 

— = (3213.6 - 604.74) + 0.8389(3273.4 - 2754.3) 

mi 

b 

= 3044.3 kJ/kg 

Now, substitution of all the needed information into 
Eq. (1) gives 

= 1014.25 
n cycle 3044.3 

= 0.3332 
or 


n cycle 


33.32% 


• PROBLEM 8-11 



Consider the combined reheat and regenerative cycle shown 
in the accompanying figure. Assuming that the processes in 
the pumps and turbines are reversible and adiabatic,compute 
the thermal efficiency of the cycle. Assume that the 
working fluid is steam with the following properties known: 

Pi = 6.20 MPa, P 2 = 2.1 MPa, T 6 = T 7 = 65°C 

T x = 460°C, P 3 = 620 kPa, 

P 5 = 207 kPa, 

States 7, 9, 11, 13 are saturated liquid. 
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Solution ; Because 14 different states occur in this cycle, 
it is efficient to calculate the enthalpies and entropies 
at these states before starting the problem. 

Using the steam tables along with the given information,the 
following are obtained. 


Table 1 



P 

T 

h 

s 


(kPa) 

( C) 

(kJ/kg) 

kJ/kg-k) 

1 

6200 

460 

3323.05 

6.7343 

2 

2100 

299 

3014.50 

.6.7343 

3 

620 

160 

2756.31 

6.7343 

4 

2100 

443 

3356.42 

7.8209 

5 

207 

282 

3030.78 

7.8209 

6 

25.03 

65 

2618.75 

7.8310 

7 

25.03 

65 

272.06 

0.8935 

8 

207 




9 

207 

121 

509.19 

1.5414 

10 

620 




11 

620 

160 

676.05 

1.9438 

12 

2100 




13 

2100 

214 

919.87 

2.4698 

14 

620 





Note that the enthalpy and entropy at states 8, 10, 12, and 
14 cannot be calculated directly from the steam tables. 


The efficiency of the cycle is given as 

W_ 
n = 


net 


Q. 


where 


W 


net 

Q in 


= IW. + ZW 
t p 

^b + ^r 


( 1 ) 


( 2 ) 

(3) 


However,because of the number of pumps and the number of 
streams leaving the turbines, can be calculated from 

an overall energy balance around the cycle. Hence 

"net - «b + «r * «c <4 > 

Because of the number of streams involved, the work and heat 
will be calculated per 1 kg through the condenser. 

First consider an energy balance around the condenser. 

q c = h 6 - h 7 (5) 
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2618.75 - 272.06 


= 2,346.69 kJ/kg 

Consider next an energy balance around the boiler 

Qj^ ni j h j ~ ni j ^ h ^ ^ 

or per l kg through the condenser 

% = Sr hi ~ Sr 1 h i- << 

b m 7 m 7 1H 

Then consider the reheater. An energy balance gives 

Q r = m4h 4 — m4h 3 

or per 1 kg through the condenser 

m, m 

= — ti-- h o ('J 

m 4 m 3 

7 7 

To evaluate Eqs. (6) and (7), the mass flow rates and the 
unknown enthalpies must first be computed. Let 

m » _ kg. through part-equipment 
kg. through condenser 


Consider an energy balance around preheater 1. 

m*h +m'h =m'h 

8 8 5 5 9 9 


A mass balance gives 


ra; + m; = m; 


Substituting Eq. (9) into into Eq. (8) and solving for m' 


gives 


j h 9 h 8 

m « = “•Up-E; 


but m* = 1, hence 


ho - h 


5 h 5 - h 3 


The enthalpy at 8 (h 8 ) is obtained from the pump work as 


-w = Ah = h a -h.= vdP 

P 8 7 J 


= v 7 (P 8 - P 7 > 

= 0.001011(207-25.03) 


= 0.184 kJ/kg 
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or 


h 8 = 272.24 kJ/kg 
Substituting intoEq. (10) 


, _ 509.19-272.24 

m s 3030.78 - 509.19 

= 0.0940 kg/kg through cond. 

m 9 = 1 + 0.094 = 1.094 kg/kg through cond 

The enthalpy at 10 (entering preheater 2) is 

Ah = h 10 - h 9 

= V 9 (P 10 ‘ P 9> 

= 0.001061(620-207) 

= 0.4382 


or hiQ = 509.63 kJ/kg 

Consider an energy and mass balance around preheater 2. 


m io h io + m 3 h 3 = m ii^n 


and 


m' + m* = m' 

10 3 11 


Solving for m' gives 


A 

m 3 - 


^11 ^10 


h 3 - h ny 


But 


(ID 


Therefore 


m* = m' = 1.094 

10 9 


m » = l Q94( —509.63 

m 3 ± 2756- 31-676.05 


= 0.087 kg/kg through cond. 

and from Eq. (11) 

m\ 1 = 1.094 + 0.087 

= 1.181 kg/kg through cond. 


The same procedure is followed for preheater 3. 



= 0.001105(2100-620) 


= 1.6354 kJ/kg 


or 


Then 


= 677.68 kJ/kg 


mi 2 hi2 + m^h 2 = mj 3 h 13 


m* 


1 3 


= m' 


1 2 


+ m* 


( 12 ) 

(13) 


Solving for in Eq. (12) gives 


m 


1 = m* l 

2 1 2 \ 


h - h 

13 12 

h 2 * h n, 


but 

Thus 

m' 

2 

and from Eq. (13) 
m" 


m* 


1 2 


= m' = 1.181 


1.181 


[919.87-677. 
^3014.5-919. 


68 

87, 


= 0.136 kg/kg through cond. 


1 3 


= m', = 1.181 + 0.136 


= 1.317 kg/kg through cond. 


The enthalpy of the liquid entering the boiler is obtained 
by considering the work of pump 4. 

“ w p = h i4 - h 13 

= V 1 3 (P 1 4 " 

= 0.001180(6200-2100) 

= 4.838 kJ/kg 

or h i4 = 924.71 kJ/kg 

The mass flow rate through the reheater is obtained by 
considering a mass balance around the low pressure turbine. 

m* = m* + m 1 

4 6 5 

= 1.0 + 0.094 

= 1.094 kg/kg through cond. 
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The different mass flow rates are shown in Table 2. 


Table 2 


State 

m' 

(kg/kg through cond.) 

h 

(kJ/kg) 

1 

1.317 

3,323.05 

2 

0.136 

3,014.50 

3 

0.087 

2.756.31 

4 

1.094 

3,356.42 

5 

0.094 

3,030.78 

6 

1.000 

2.618.75 

7 

1.000 

272.06 

8 

1.000 

272.24 

9 

1.094 

509.19 

10 

1.094 

509.63 

11 

1.181 

676.05 

12 

1.181 

677.68 

13 

1.317 

919.87 

14 

1.317 

924.71 


Using Eq. (5) and values from Table 2 obtain 

= 1.317 [3323.06 - 924.7l] 

= 3158.63 kJ/kg through cond. 

From Eq. (6) and values from Table 2 obtain 
= 1.094 [3356.42 - 2756.3l] 

= 656.52 kJ/kg through cond. 

Substituting the numerical values of Eqs. (5), (14), 
(15) into Eq. (4) gives 

w' = 3158.63 + 656.52 - 2346.99 
net 

= 1468.16 kJ/kg through cond. 

From Eq. (3) 

Q! = 3158.63 + 656.52 
in 

= 3815.15 kJ/kg through cond. 
Finally,from Eq. (1) 

1468.16 
n 3815.15 

= 0.3848 

= 38.48% 


(14) 


(15) 


and 
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• PROBLEM 8-12 


Steam leaves the boiler in a steam turbine plant at 2 MPa, 

300°C and is expanded to 3.5kPa before entering the 

condenser. Compare the following four cycles: 

1. A superheated Rankine cycle. 

2. A reheat cycle, with steam reheated to 300°C at the 
pressure where it becomes saturated vapor. 

3. A regenerative cycle,with an open feedwater heater 
operating at the pressure where steam becomes saturated 
vapor. 

4. A regenerative cycle, with a closed feedwater heater 
operating at the pressure where steam becomes 
saturated vapor. 



Fig. 1. Rankine Cycle 


Solution : 1. Referring to Figure (1), the steam tables 

show that 

h 4 = 3025 kJ/kg 
s„ = 6.768 kJ/kg-°K 

At P = 3.5 kPa 

s g = 8.521 kJ/kg-°K 
s f = 0.391 kJ/kg-°K 
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Since s 5 = s 4 , steam at 5 is a mixture of liquid and vapor. 
The quality is found as 


x 


5 


S 5 “ S f 

s fg 


Therefore 


6.768 - 0.391 
8.130 

0.785 


hence 


Now 


h 5 = h f + x s hfg 

= 112 + 0.785(2438) 
= 2023 kJ/kg 

W 4 5 = ^4 " ^5 

= 3025-2023 
= 1002 kJ/kg 


w 12 = - h 2 

= v f (p i - p 2 ) 

= 0.0010(0.0035 - 2) x io 3 kJ/kg 
= -2 kJ/kg 

Therefore the net work output is 

w=w 45 +w 12 = 1000 kJ/kg 

Heat input is 

q 42 = h 4 - h 2 

But 


therefore 


h 2 = h i - w 12 = 112 + 2 = 114 kJ/kg 


q 42 = 3025 - 114 = 2911 kJ/kg 


Thus, 


n = _5!_ = 1000 = o 344 

q 4 2 2911 
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Also 


Specific Steam Consumption = 


3600 

w 


3600 

1000 


3.6 kg/kW h 



Fig. 2. Reheat Cycle 


2. Refer to Fig. 2, 


and note that since 


s 5 = Sg at = s„ = 6.768 k«J/kg-°K 


the pressure at reheat point 5 can be found using the 
steam tables. Interpolating between 0.55 MPa and 0.6 MPa 
gives 

P 5 = 0.588 MPa 


Then 


b 5 


= 2753 + 


0.588 

0.60 


0.55 

0.55 


(2757 - 2753) 


= 2753 + - 9-aP38 x 4 
0.05 

= 2756 kJ/kg 

As 6 and 5 are on the same isobar, by interpolation 
h 6 = 3065 + °q 5 |% ~ (3062 - 3065) 

= 3065 + ^ - 8 - (- 3) 

= 3062.4 kJ/kg 

sg = 7.460 + 0.88 (7.373 - 7.460) 

= 7.460 + 0.88 (- 0.087) 
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= 7.384 kJ/kg-°K 
At P = 3.5 kPa 


s g = 8.521 kJ/kg-°K 
s f = 0.391 kJ/kg-°K 


Since s 7 = s 6 , the quality at 7 is found as 


x 7 


7.384 -0.391 
8.130 


0.86 


Then 

h 7 = 112 + 0.86(2438) 

= 112 + 2095 = 2207 kJ/kg 
The net work output is given by 

W = W4 5 + w 6 7 + Wl 2 

= (3025 - 2765) + (3062.4 - 22< 
= 1122.4 

The heat incut is 

<1 = <*42 + <*65 

= 2911 + (h 6 - h 5 ) 

= 2911 + (3062.4 - 2756) 

= 3217.4 


Therefore 


1122.4 
n 3217.4 


0.349 


and 


s. s. c 


3600 _ 3600 

w 1122.4 


3.2 kg/kW h 
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T 


2-/ L r X 

2 / y kg > 


(1-y) kg 


Fig. 3 Regenerative cycle. 


3. Refer to Figures 3(a) and 3(b). The work is as in (b) 

w 4 5 = 269 kJ/kg 

Next determine the amount of steam bled off at 5. Consider 
an energy balance for the open feedwater heater with 

h 2 , = yh g - (1-y )h 2 


which gives 


h 2 • " h 2 
h 5 - h 2 


To find the value for h^, enter the steam tables. At 5 the 
pressure is known (P = 0.588 MPa) and the state of the steam 
is given as saturated vapor. Therefore by interpolating 
between the values of 0.5 MPa and 0.6 MPa, obtain 


h 2 , = 656 + 


0.588 - 0.55 


(670 - 656) 


_ . 0.038 

" 656 + ~^05 x 14 


= 666.6 kJ/kg 


666.6 

2756 

552.6 

2642 


= 0.209 
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Hence 
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T f 


4 



s 


(b) 


Fig. 4. A Regenerative cycle with closed heater. 


4. Refer to Figures 4(a) and 4(b). The work is as in 
part (b) 

w 45 = 269 kJ/kg 

Heat balance for the heater as a closed system gives 
1 - h u + y h 9 = 1 * h 2 + y h s 

giving 



Now in finding the enthalpies in the feed line, it is 
usual to make the following assumptions: 

i. Neglect the feed pump term. 

ii. Assume the enthalpy of the compressed liquid to be 

the same as that of the saturated liquid at the same 
temperature. 

iii. Assume the states of the condensate extracted from the 
turbine, before and after throttling, to be the same 
as that of the saturated liquid at the lower pressure 
of the throttled liquid. 
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Using these assumptions 


whence 


h 2 h i 


h 11 - h , 


h 9 h x 0 h 1 


h 8 k i 
h 5 - h 'i 


666.6 - 112 
2756 - 112 


= 0.209 kJ/kg 


Therefore 


w 5 6 = 580 kJ/kg 


W = w 45 + W 5 g + w 12 


= 269 + 580 - 2 = 847 kJ/kg 


Heat input q = 2358.4 kJ/kg 


- w _ 


= 0.360 


s.s.c. = = ' ^PPP - 4.25 kg/kW h 

w 847 


• PROBLEM 8-13 


In a simple power plant, steam leaves the boiler at 87 psia, 
560°F and is expanded adiabatically in the turbine to a 
final pressure of 15 psia. Determine the ratio of the net 


work produced to the heat added in the cycle 


te> 


f the 


cycle is (a) an ideal Rankine cycle, (b) an irreversible 
Rankine cycle with an increase in entropy of 0.0500 Btu/ 
lbm-°R during the expansion in the turbine, (c) a Carnot 
cycle operating between the same maximum and minimum 
temperatures. (d) Compare the cycles in (a) and (b) to the 
Carnot cycle. 
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Solution : (a) For the Rankine cycle, the heat added 

during the process of heating the water in the boiler 
is 


q in = h 3 - h 2 (1) 

where h 3 and h 2 are the enthalpies of the working fluid 
after and before the boiler respectively. From the steam 
tables 


h 3 = 1310.2 Btu/lbm 
h 2 = 181.1 Btu/lbm 

Substituting into Eq. (1) 

q in - 1310.2 - 181.1 

= 1129.1 Btu/lbm 

The net work for the cycle is given as 
w net = = w t + w p 


( 2 ) 


Consider the turbine 


w t = h 3 - h 4 (3) 

where h 3 and h 4 are the enthalpies before and after the 
turbine, respectively. From the steam tables 

h 4 = h g = 1150.8 Btu/lbm (P = 15 psia) 

s 4 = s = 1.7550 Btu/lbm-°R 
g 

Substituting into Eq. (3) 

w t = 1310.2 - 1150.8 

= 159.4 Btu/lbm 


For the pump 


w « Vx(P 2 - Pi) 

P 


0.01672(87 - 15) x144 
“ 778 

= 0.22 Btu/lbm 

(Note that w^ << w^., and in many cases Wp is neglected.) 
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Substituting into Eq. (2) 


w - 159.4 - 0.22 
net 

= 159.18 Btu/lbm 


Then 


w 


net 


l in 


159.18 

1129.1 


0.141 


(b) For the cycle with the increase in entropy, the heat 
added during the cycle is the same as in part (a), since 
the entropy increase happens during the expansion in the 
turbine. However,for this cycle 

s l = s 4 + As 

= 1.7550 + 0.05 
= 1.8050 Btu/lbm-°R 

With this increase in entropy,and P = 15 psia, at the exit 
of the turbine the steam is slightly superheated. From the 
superheated steam tables obtain 

h* = 1186.3 Btu/lbm 


and 


w t = h 3 - 

= 1310.2 - 1186.3 
= 123.9 Btu/lbm 


The turbine work is as in part (a). Therefore 


w . = 123.9 - 0.22 = 123.68 Btu/lbm 
net 

Hence 


w 


net 


in 


123.68 

1129.1 


0.110 


(c) For the Carnot cycle 


w T - T . 

net _ max mm 

q . T 

M in max 


where 


T = temperature after the boiler 
max ^ 
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560 + 460 = 1020°R 


Hence 


T . = temperature in the condenser 

mm 


= 213 + 460 = 673°R 


net _ 1020 - 673 _ „ 
cf - 1020 0.340 

in 


(d) Comparing as ratios, 


Ideal Rankine _ 0.141 
Carnot 0.340 


= 0.415 


Irrev. Rankine _ 0.110 
Carnot 0.340 


= 0.324 


• PROBLEM 8-14 


A steam turbo-generator having an efficiency of 98% receives 
steam at 10.34 MPa, 538°C and expands it to 6.89 kPa with 
the exhaust steam leaving at a velocity of 122 m/sec. When 
the mass flowrate is 137,000 kg/hr, 40,000 kW of power are 
produced and mechanical losses in the turbine total to 
447.6 kW. Compute (a) the rate of steam, based on shaft 
output, (b) the internal engine efficiency, (c) the 
enthalpy of the exhaust steam , and (d) the amount of excess 
heat that must be removed in the condenser because of losses 
in the turbine. 


Solution : (a) Since irreversibilities are involved, the 

shaft output is 


p 

Shaft output = - 

n 

= 40,000 
0.98 

= 40,816.33 kW 


The steam rate is 


steam rate = _m_ 

Shaft output 
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= 137,000 

40,816.33 

= 3.36 kg/shaft kw-hr 



(b) Referring to the figure and using the steam ta 
h 2 = 4,465.97 kj/kg 
s 3 = s 2 = 6.6993 kJ/kg-°K 
State 3 is in the mixture region. Hence 

s f = 0.5520 kJ/kg-°K 
s g = 8.2865 kJ/kg-°K 

Therefore, solving for the quality at 3 


Hence 



- 6.6993 - 0.5520 

8.2865 - 0.5520 

= 0.7948 


h 3 = h f + x 3 (h g - h f ) 


44 ? 



161.23 + 0.7948(2571.55 - 161.23) 
2,076.95 kJ/kg 


The internal engine efficiency is given as 


_ w int 
T ' int w th 

The internal work is 

w int = ne * 
m 

= (40,000 + 447.6) * 3,600 

137,000 

= 1,062.85 kJ/kg 


( 1 ) 


The theoretical work is 

W th = h 2 “ h 3 

= 3,465.97 - 2,076.95 
= 1389.02 kJ/kg 

Substituting into Eq. (1) yields 

1062.85 


n. 


int 1389.02 


= 0.7652 


or 


"int ‘ 76 ' 52 * 

(c) To find the enthalpy at the exhaust of the turbine, 
write an energy balance for the turbine. 


h 2 h a’ + w int + 2 x 1,000 


Solving for h 


h ’ = 3465.97 - 1062.85 - J 12 .V nn 

3 2 X 1000 

= 2395.68 kJ/kg 

(d) The excess heat to be removed from the condenser is 

Q = A(h* - h ) 

^exc 3 3 


where 


h* = stagnation enthalpy at exit 
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h * = h 3 ' + 2 x 1000 

= 2395.68 + 7.442 
= 2403.12 kJ/kg 

Therefore 

Q = 137,000 (2403.12 - 2076.95) 
exc 

= 44,685,564.15 kJ/hr 
= 12,412.66 kJ/sec 


• PROBLEM 8-15 


Saturated mercury vapor at 538°C flows into the mercury 
turbine in a mercury steam power plant and leaves it 
at 316°C. Cooling water for the steam condenser is 
available at 16°C,and saturated steam at 316°C is supplied 
to the steam turbine after it has been heated in the 
mercury condenser,which serves as the steam boiler. 
Neglecting pump work and assuming the mercury and steam to 
undergo a Rankine cycle with reversible processes f 
calculate the thermal efficiency of the combined plant. 


3 
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(b) 


Solution : To solve this problem,consider the two cycles 

separately. Refer to the figure and consider the mercury 
cycle first. Using the mercury tables, the enthalpy of the 
mercury vapor entering the turbine is 

h 3 = 361.28 kJ/kg (mercury) 

and the entropy is 

s 3 = 0.5024 kJ/kg-°K (mercury) 


At the exit of the mercury turbine,the state lies in the 
mixture region. The quality at that state is 

s 4 - s f 


0.5024 - 0.1047 
0.6029 - 0.1047 

= 0.7983 

The enthalpy at state 4 is then found to be 

h 4 = h f + x 4 (h g - h f ) 

= 43.13 + 0.7983(336.43 - 43.13) 
= 277.27 kJ/kg (mercury) 

Also from the mercury tables 

hi = h f = 43.08 kJ/kg (mercury) 
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Next consider the steam cycle. From the steam tables at 
316°C 

h = 2711.62 kJ/kg (steam) 
c 

s = s , = 5.5714 kJ/kg-°K (steam) 

C Cl 

At the exit of the steam turbine ,the steam is in the mixture 
region. Hence 



5.5714 - 0.2324 
8.7705 - 0.2324 

= 0.6253 


The enthalpy at the exit of the turbine is then found to be 
(T = 16°C) 

h d = h f + x d (h g - h f ) 

= 67.18 + 0.6253(2530.74 - 67.18) 

= 1607.64 kJ/kg (steam) 

Also from the steam tables 

h = h = 65.27 kJ/kg 
a f 

The thermal efficiency for the binary-vapor heat cycle is 


m« 


'th 


(h 3 h 4 ) + mm (h c 




( 1 ) 


h 3 - hi 


m 


w 


where — is yet to be determined. Assume a flow of 1 lbm 

% 

of mercury and write an energy balance for the mercury 
condenser (or steam boiler). 


m h. + m h,= m h. + m ¥ h 
m 4 wb m 1 wc 


Dividing by m m gives 


m m 

h + h = h + ^ h 
4 m m b 1 m m c 
m m 


Solving for 


m 


w 


m 


m 


gives 
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h 4 - hi 

= h - h 
c a 

= 277.27 -43.08 
2711.62 - 65.27 

= 0.0885 kg steam/kg mercury 


Substituting into Eq. (1) 


_ (361.28 - 277.27) + 0.0885(2711.62 - 1607.64) 


361.28 - 43.08 


181.71 

318.20 

= 0.5711 

= 57.11% 


THE VAPOR CARNOT CYCLE 


• PROBLEM 8-16 


Assuming that the efficiency of the Carnot cycle is a 
function of the temperature limits only, derive the 
expression for the thermal efficiency of this cycle as 



Refer to the accompanying figure. Assume ideal gas 
behavior. 
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Solution: The thermal efficiency is by definition 


'th 


= } 


<5v^ = 

Q in Q in 


( 1 ) 


From the first law 


6 W = 


60 = Q. - Q ^ 
* ^in ^out 


( 2 ) 


Substituting Eq. (2) into Eq. (1) gives 


or 


Q. 

in 


- Q 


out 


'th 


‘in 


'th 


1 


% 

q h 


where Q. or Q„ and Q , or Q T stand for the total heat 
m ii our Lj 

transferred from the reservoir at T„ to the engine and from 

n 

the engine to the reservoir at T^, respectively. All the 

heat added to the working fluid during the cycle is added 

during the isothermal expansion 1-2, during which the 

temperature of the working fluid is T„ (or lower than this 

n 

by only an infinitesimal amount). Applying the first law 
to the system during the reversible isothermal expansion 
1 - 2 , 


Q r = U 2 - Ui + W 


For an ideal gas, internal energy is a function of 
temperature only; therefore AU = 0 for an isothermal 
process. Also, for a reversible process of a closed system, 


w = pdV 


% - 


0 + 


p dV 


Substituting for p from the ideal-gas equation of state, and 
noting that m, R, and T are constant for this process, 


Q H 




mRT H 


In 


V 2 

V! 


By the same reasoning, 


Q L = U 3 


u„ 


w 


0 


' 4 

pdV 

3 


-mRT^ln 


V 4 

V 3 


mRT^ln 


V 3 

V 4 
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Substituting these values for and Q L into the expression 
obtained above for thermal efficiency, 


Q l mRT L ln(V 3 /V 4 ) T L ln(V 3 /V 4 ) 

Qjj = 1 mRT H ln(V 2 /Vi) 1 T R ln(V 2 /Vi) 


For the reversible adiabatic processes 2-3 and 4-1 of the 
ideal-gas working substance, at least if the ratio of 
specific heats is constant, 


V 3 

V 2 


t 2 


i/(k-i) 


H 


i/(k-1) 


and 


V 4 


xV/Ck-o 


Vi 


i / (k-i) 


Therefore 

V 3 V 4 
V 2 Vi 


and 


V 3 _ V 2 
V 4 V 1 


Hence the expression for thermal efficiency reduces to 


n 


l- 


H 


Note that the thermal efficiency of a Carnot cycle using an 
ideal gas as a working fluid increases as the ratio of T R 

to T t increases. Writing the efficiency expression as 
L 


n 


L H 


T 


L 


T 


H 


shows that, for a given temperature of either reservoir, 
the efficiency is increased by increasing the temperature 
difference between the reservoirs. 
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• PROBLEM 8-17 


In a Carnot engine, using 0.05 kg of air as the working 
fluid, the maximum cycle temperature and pressure are 
940°K and 8.4 MPa respectively. What is the maximum 
cylinder volume if the minimum temperature during the cycle 
is 300°K and the addition of heat to the air is 4.2 kJ? 
Assume ideal gas behavior. 



Solution: From the accompanying figure note that the 

maximum temperature and pressure occur at state 1, and the 
maximum volume occurs at state 3. Following process 1-2-3, 
the maximum cylinder volume (V 3 ) can easily be obtained. 
First,at state 1 


_ mRT i 

v i - — 

0.05(0.287X940) 

8.4 x 103 

= 1.606 x 10 _3 m 3 

Since the heat added to the air is known we can write 


Q. 


PiVxIn 


Ya 

Vj 


or 


4.2 = 8,400(1.606 x 10 ) In 


1.606 x 10" 3 


455 





Solving for V 2 obtain 


V 2 = 2.193 x 10 3 m 3 


T, = T = 940°K 


Since process 2-3 is reversible and adiabatic 


V 3 /t 2 


v 2 \ Tj 


i/(k-i) 


V. = VJ — 


i/(k-i) 


-3/940 


= 2.193 x 10 


= 3.811x10 2 m 3 


i/(i.**-1) 


• PROBLEM 8-18 


The source and sink temperatures of a Carnot steam cycle are 
316°C and 16°C respectively. Assuming the internal engine 
efficiency of the turbine to be 80% and that of the 
compressor to be 60%, determine the thermal efficiency of 
the cycle and the ratio of turbine work to compressor work. 



k5 6 



Solution ; Referring to the figure, the thermal efficiency 
of the cycle can be written as 


(h 2 - h lt ) - (h 3l - h 4 ) 
n th = h 2 - 


( 1 ) 


where h lt and h 3 * are the enthalpies for the irreversible 
processes at states 1 and 3. To obtain these enthalpies, 
first the enthalpies for the isentropic processes must be 
evaluated. 


For the isentropic turbine, using the steam table obtain 


h 2 = 2711.2 kJ/kg 
s 2 = s 3 = 5.5714 kJ/kg-°K 


At 3, s f < s 3 < s g . 


Therefore, the quality at 3 is 
s 3 - s- 


x, = 


"fg 

5.5714 


0.2324 


8.5381 
= 0.625 


Hence 

h 3 = h g (1 - X 3> h fg 

= 2530.7 - (1-0.625)(2465.3) 

= 1,606.2 kJ/kg 

Since the internal engine efficiency of the turbine is 80%, 
the actual enthalpy leaving the turbine is 


1 3 * 


= h 2 - 


n int (h2 - 


h 3 ) 


= 2711.2 - 0.8(2711.2 - 1606.2) 
= 1827.2 kJ/kg 

Similarly, for the isentropic compressor, using the steam 
tables 


h 1 = 1435.1 kJ/kg 
Si = s 4 = 3.4043 kJ/kg-°K 


At 4, s f < s„ < s g . Therefore, the quality at 4 is 

s„ - s* 


x 4 = 


’fg 
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3.4043 - 0.2324 
8.5381 


= 0.372 


Hence 


h 4 = h g - (l-x 4 )h fg 

= 2530.7 - (1-0.372X2465.3) 
= 982.5 kJ/kg 


For the actual enthalpy after compression 

hi, = h 4 + (hi - h 4 ) 

n int 

= 982.5 + (1435.1 - 982.5) 

= 1736.8 kJ/kg 


The internal work done by the turbine is 

= h 2 " 11 3 • 

= 2711.2 - 1827.2 
= 884 kJ/kg 


The internal work done by the compressor is 



= 1736.8 - 982.5 
= 754.3 kJ/kg 

The work ratio is 


w t _ 884 

w 754.3 

c 


1.17 


From Eq. (1), the thermal efficiency of the cycle is 

(2711.2 - 1736.8) - (1827.2 - 982.5) 
n th 2711.2 - 1736.8 


129.9 

974.4 

= 0.13 
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VAPOR REFRIGERATION CYCLES 


• PROBLEM 8-19 


A refrigeration plant is to operate with an evaporator 
saturation temperature of 0°F while removing 10,000 Btu/hr 
from a cold room. The condenser is to be cooled by water 
so that the saturation temperature can be kept at 76°F. 

The refrigerant is ammonia. 

(a) Assuming the plant works on a cycle like that in the 
figure, find its coefficient of performance and compare this 
with the coefficient of performance for a Carnot 
refrigerating machine to do the same job. 

(b) If the volumetric efficiency of the compressor is 
70 percent, how much piston displacement per minute will be 
needed? 




Fig.. 1 Vapor-compression refrigerator cycle. 


Solution : (a) Referring to the figure, on a basis of one 

pound of fluid the heat transferred in the evaporator is 

q e = h x - h 4 Btu/lb 

The net work to the cycle is the compressor work, given by 

w c = h 2 - hi Btu/lb 

The enthalpy values are obtained from the ammonia tables: 

hi = h at 0°F = 611.8 Btu/lb 
1 g 

h 2 = h at Sj and p 2 

St = s at 0°F = 1.3352 Btu/lb°R 
1 g 

p 2 = saturation pressure at 76°F = 143.0 psia 
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704.4 Btu/lb 


h 3 = h f at 76°F = 127.4 Btu/lb 


h„ = h 3 = 127.4 Btu/lb 


(CP) = 


hi - h„ 


h 2 - hl 


484.4 _ „ 
92.6 9,23 


For a Carnot refrigerator 


(CP) « 


= 6.05 


Ti - T 2 


(b) The piston displacement required is given by 


(PD) = 


where w is the refrigerant flow rate, lb/min. The flow rate 
is found from the time rate of heat flow to the refrigerant, 
and the value of q e : 

w = 10 Jg - |° - ^P = 0.344 lb/min 

v, = v at 0°F = 9.116 cu ft/lb 
1 g 

(0.344) (9.116) , ^ , . 

(PD) = --0 70-" = 4 * 48 cu ft/mm 

A refinement sometimes used for refrigeration through a wide 
range of temperature is a cascade arrangement in which the 
condenser of one plant is the evaporator of another, so the 
heat-pumping process takes place in two stages. This is the 
reverse of the binary vapor power cycle process. 


• PROBLEM 8-20 


A simple compression refrigeration cycle, as shown in the 
figure, is operating with Freon-12 as the working fluid 
under the following given conditions. 

Pi = P 4 = 100 kPa P 2 = P 3 = 1.20 MPa 

T 2 = 80°C T ^ = 30°C 

State Is saturated vapor. 

Determine the coefficient of performance of this 
refrigerator. 


460 





Solution : The coefficient of performance (6) for a 

refrigeration cycle is given as 


C.O.P. = 6 



( 1 ) 


To calculate B, the heat transferred to the evaporator and 
the work input to the compressor must be calculated. 
Assuming an adiabatic and reversible compressor, from the 
first law of thermodynamics 



mihi 


m 2 h 2 + w ±n 


or on a unit mass basis 


w 


in 


c. v. 


h 2 - h x 


( 2 ) 


From the Freon-12 tables, at state 1 (saturated vapor) 
h 1 = hg = 174.076 kJ/kg 

and at state 2 (superheated vapor) 

h 2 = 230.398 kJ/kg 

Substituting into Eq. (2) obtain 

w in = 230.398 - 174.076 

= 56.322 kJ/kg 

To find q L , consider the evaporator and write an energy 
balance for the control volume. 

Q c y + m 4 h 4 - m 1 h 1 
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or on a mass basis 


q. = -q = hi - h 4 

H c.v. 1 4 

From the Freon-12 tables, at state 4 (saturated liquid) 

h 4 = h 3 = h f = 64.539 kJ/kg 

Substituting into Eq. (3) yields 

q. = 174.076 - 64.539 
m 

= 109.537 kJ/kg 

Substitution in Eq. (1) then gives 


6 


109.537 

56.322 


1.945 


• PROBLEM 8-21 


The working pressure of the evaporator, in the vapor 
compression refrigerator shown in the figure, is 16 psia 
with Freon-12 as the working fluid,leaving the evaporator 
at -17.78°C and entering the compressor at -12.2°C. The 
refrigerant leaves the condenser as saturated liquid at 
21°C and enters the expansion valve at 20°C. Heat losses 
from the compressor amount to 1.8 Btu/lbm while the work 
input to the compressor is 23 Btu/lbm. If 10 tons of 
refrigeration are produced and 0.5 Btu/lbm of heat are lost 
in the piping between the compressor and condenser, compute 
the heat rejected from the condenser per minute. 



Fig. 1. Schematic representation 
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Solution ; To find the heat rejected from the condenser per 
minute, first find the heat rejected from the condenser per 
pound of mass, using 

q H = h 7 - h 8 ( 1 ) 

Then find the heat absorbed in the evaporator (the 
refrigeration) per pound of mass, using 

q^ = h 4 — h 3 ( 2 ) 

Since we know that 10 tons of refrigeration are produced, 
we can find the mass flow rate as 

^ 10 tonsx 12,000 Btu/hr 

m = --—*- (3) 


After all this information has been obtained we can find the 
heat rejected from the condenser per minute by using 

Q h “ (4) 



Fig. 2 


The numerical solution is as follows. First sketch the 
cyclic process on a T-s diagram as shown in Figure 2. Then, 
referring to Figure 2,enter the Freon-12 tables and obtain 
the various properties at the different states. 


State 4: P 4 = 16 lbf/in 2 , T 4 = 0°F 

State 4 is found to be superheated vapor, hence 

h 4 = 78.58 Btu/lbm 

State 5: P 5 = 16 lbf/in 2 , T 5 = 10°F 


463 



State 5 is superheated vapor, hence 

h 5 = 79.94 Btu/lbm 

State 6: To find the enthalpy at state 6, note that 
the enthalpy increase due to compression work is 

Ah=h 6 -h 5 =q-w 


or 


h 6 - h 5 = -1.8 - (-23) 
= 21.2 Btu/lbm 


Solving for h 6 , obtain 

h 6 = 21.2 + 79.94 
= 101.14 Btu/lbm 


State 7: To find the enthalpy of the fluid entering 
the condenser, note that 0.5 Btu/lbm of heat are lost in 
the piping between the compressor and condenser. 


Therefore 


State 8: 


State 1: 


State 2, 3: 


h 7 = h 6 - 0.5 
= 101.14-0.5 
= 100.64 Btu/lbm 
T 8 = 70°F, saturated liquid 
he = h f = 23.9 Btu/lbm 

Ti = 68°F, saturated liquid 
hi = 23.43 Btu/lbm 
Throttling process 
h 3 = h 2 = hi = 23.43 Btu/lbm 


Now that all the information needed has been obtained, we can 
solve the numerical part of the problem. Substituting into 
Eq. (1), obtain 


q fl = 100.64-23.9 


= 76.74 Btu/lbm 


From Eq. (2) 


q L = 78.58 - 23.43 
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= 55.2 Btu/lbm 


The mass flowrate of refrigerant is, from Eq. (2), 


m 


10 x 12000 
55.2 

2,173.91 lbm/hr 
36.3 lbm/min 


Finally, from Eq. (3) 

Q h - *q H 


= 36.3 (76.74) 

= 2785.6 Btu/min 


• PROBLEM 8-22 


The vapor compression refrigeration system shown in the 
figure uses Freon-12 as its working fluid. The pressures 
before and after the compressor are 28 lbf/in 2 and 
130 lbf/in 2 , respectively. State 3 is saturated liquid and 
there is 20°F of subcooling before the fluid is throttled. 

(a) Determine the coefficient of performance of this cycle, 

(b) determine the coefficient of performance of the cycle 
without subcooling, and (c) compute the increased 
refrigerating effect and the increased work of the cycle 
with subcooling. 



(a) 



Entropy s 


(b) 
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(c) 


Solution : The accompanying figure shows the cycle 

representation on the T-s and P-h diagrams. On these 
diagrams there are two cycles depicted. Cycle 1-2-3-4-5-6, 
which involves subcooling, and cycle 1-2 1 -3-5 1 -6,which is 
the cycle without subcooling. 

The coefficient of performance is given as 


(a) In order to find the C.O.P. of the refrigeration cycle 
using subcooling, the enthalpies at all the states must 
first be calculated. Begin at state 3 since it is known 
that we have saturated liquid at P = 130 lbf/in 2 . Hence 

h 3 = h f = 30.859 Btu/lbm 

The saturated temperature of the liquid at state 6 is 99°F, 
hence the subcooled temperature at state 4 is 

T . = T . - 20°F = 79°F 

sub sat 


At T 4 = 79°F 

h 4 = h f = 26.132 Btu/3Liii 
Process 4-5 is a throttling process. Hence 
h 5 = h 4 = 26.132 Btu/lbm 

At the exit of the evaporator the fluid is saturated vapor. 
Thus at P 6 = 28 lbf/in 2 

h 6 = h = 78.06 Btu/lbm 

o 

To find the enthalpy at state 1, write an energy balance for 
the subcooling heat exchanger. 

m(hi - h 6 ) = m(h 3 - h 4 ) 
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Solving for hi gives 


hi = h 6 + (h 3 - h 4 ) 

= 78.06 + (30.859 - 26.132) 

= 82.787 Btu/lbm 

State 1 is in the superheated region. From the superheat 
Freon-12 tables 


si = 0.17760 Btu/lbm-°R 


Assuming the processes in the compressor to be reversible, 
s 2 = si = 0.17760 Btu/lbm-°R 

At P 2 = 130 lbf/in 2 and s 2 >obtain from the Freon-12 tables 

h 2 = 95.4 Btu/lbm 


Then 


and 


w = h 2 - hi 
c 2 1 


= 95.4 - 82.78 
= 12.62 Btu/lbm 


q . = h fi - he 

6 5 


= 78.06 - 26.13 
= 51.93 Btu/lbm 

Substituting into Eq. (1) yields 

51.93 


B * 


12.62 


= 4.11 


(b) For the cycle without subcooling 

h 5 . = h 3 = 30.859 Btu/lbm 
s 2 1 = s 6 = 0.16818 Btu/lbm-°R 
h 2 i = 89.5 Btu/lbm 

Then 

w c = h 2 , - h 6 

= 89.5 - 78.06 
= 11.44 Btu/lbm 
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and 


q in = h * * h *. 


= 78.06 - 30.859 


= 47.20 Btu/lbm 


Substitution into Eq. (1) yields 


0 47 .20 - 4 14 
P 11.44 4,14 


(c) The increase in refrigeration effect is 


R.E. = ^ x 100 


= 51.93 - 47.2 


x 100 


The increase in work is 


w , - w . 

I.W. = ——-— X 100 

St 


12.62 - 11.4 


x 100 


= 10.87% 


• PROBLEM 8-23 


A standard vapor compression refrigeration cycle uses 
Freon-22 as the working fluid to provide 3 tons of cooling 
capacity. If the condenser operates at 140°F and the 
evaporator operates at 50°F,compute (a) the mass flow rate 
of the Freon-22, (b) the horsepower required for the 
compressor, and (c) the heat transferred in the condenser. 
Assume the compression process to be reversible and 
adiabatic. 
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Solution : Since the process has been assume to be reversible 

and adiabatic, it will also be isentropic. Assuming the 
throttling process to be adiabatic, then it is also 
isenthalpic (constant enthalpy). Furthermore,assume that 
the condenser and evaporator operate at constant pressure. 
Then this cycle can be plotted on a P-h diagram as shown in 
Figure 1. 

The values of the various properties at the different states 
shown in Figure 1 are taken from the P-h diagram for 
Freon-22, as shown in Figure 2. The procedure is as follows. 



Fig. 2. Pressure-enthalpy diagram for "Freon"-22 refrigerant. 
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At state 3* the temperature is known to be 140°F,and the 
state is saturated vapor. Therefore, from Figure 2 

P 3 , = P 3 = 350 psia 

At state 4 

P 4 = P 3 . = 350 psia 
T 4 = T 3I = 140°F 

Hence h 4 = 52 Btu/lbm 

At state 1,since process 1-4 is isenthalpic 

hi = h 4 = 52 Btu/lbm 

At state 2 the temperature is known to be 50°C, and the 
state is saturated vapor. Hence from Figure 2 

P 2 = 100 psia 

h 2 = 109 Btu/lbm 

s 2 = 0.218 Btu/lbm-°R 


State 3: Process 2-3 is an isentropic process and state 3, 
due to the compression, lies in the superheated region. 
Furthermore, P 3 = P 3l = 350 psia. Hence 

s 3 = s 2 = 0.218 Btu/lbm-°R 

h 2 = 109 Btu/lbm 

From Figure 2 

h 2 = 123 Btu/lbm 
T 2 = 180°F 

Now that the values of the various properties have been 
obtained, we can solve the problem. 


(a) Consider the evaporator,and write an energy balance 
around it to find the heat absorbed by the Freon-22. 
Neglecting potential and kinetic energies,we can write 

q L = h 2 - hi 

= 109 - 52 
= 57 Btu/lbm 

It is known, however, that the evaporator is to absorb 
3 tons or 36,000 Btu/hr. Hence, the required mass flow rate 
is 
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m 


q L 

36,000 
57 

= 631.58 lbm/hr 

(b) Consider the compressor, and write an energy balance 
around it, neglecting potential and kinetic energies. 

-w = h 3 - h 2 

= 123 - 109 

= 14 Btu/lbm 

or w = -14 Btu/lbm 

The total work production is 

W = mw 

= 631.58 (-14) 

= -8842.12 Btu/hr 

However, 1 hp = 2545 Btu/hr, and hence the compressor will 
need 


8842.12 

2545 


3.48 hp 


(c) The heat load of the condenser can be computed in two 
ways: either by writing an energy balance around it, or by 
writing the overall energy balance around the refrigerator. 
Here the second way is used. Hence 

w = q h + Q l 


Solving for Q„ gives 
xi 

= * - *L 

= -8842.12 - 36,000 
= -44842.12 Btu/hr 

The heat transferred per unit mass is 

= 

q H A 

= -44842.12 
631.58 

= 71 Btu/lbm 
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• PROBLEM 8-24 


The vapor compression refrigeration cycle shown in the 
figure uses Freon-12 as its working fluid, and operates 
under the following given conditions. 

p i = p 4 = p s = p e = 308.6 kPa 

P 2 = P 3 = 1.2 MPa 

T 3 = 30°C, state 1 is saturated vapor 

Assuming that the adiabatic compressor's efficiency is 80%, 
determine the compression work required per kJ of 
refrigeration. 



Solution : This problem is solved by computing both the work 
input to the compressor and the heat added in the evaporator. 
First consider the compressor and write the first and second 
laws of thermodynamics for the reversible process. 


First law: 

m h = m 9 ho + w 
a a 2 2 a -2 

(i) 

Second law: 

S y = s 

2 a 

(2) 


From the steam tables,obtain the properties at the different 
states. 

State 1: saturated vapor (given), = 308.6 kPa 

h * h x = h = 187.397 kJ/kg 
a g 

s = Si = s = 0.6960 kJ/kg-°K 
a 1 g 
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State 2: superheated vapor (P 2 = 1.2 MPa, s 2 = s ) 

a 


h 2 = 211.52 kJ/kg 


W 

Solving for - 
m 


in Eq. (1),obtain 


w 

m 


comp. 


h 2 - h 
z a 


= 211.52 - 187.397 


= 24.123 kJ/kg 

However, this is the work that would be needed if the process 
in the compressor was reversible. Since irreversibilities 
are involved, the equation involving the adiabatic 
compressor efficiency can be used. 


n 

comp 


w 


s 


w 


a 


Solving for the actual work per unit mass gives 

w . - 

..llP x-i- 
n n 

24.123 
0.80 

= 30.154 kJ/kg 


w 

a 

m 


comp 


Now consider the evaporator. From the first law, get 

Q r + m 5 h s = mihi (3) 


or 


However 


Si 

m 


hi 


h s 


h 6 = h x = 187.397 kJ/kg 


h 3 =h 4 = h 5 = 64.539 kJ/kg 


(4) 


Substituting into Eq. (4) yields 

§ = 187.397 - 64.539 

m 

ev 

= 122.858 kJ/kg 
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Hence 


W/m = 30.15 

Q/m 122.858 


0.2454 


W = 0.2454 kJ/kg of refrigeration. 


• PROBLEM 8-25 


Freon-12 enters the compressor of a refrigeration power 
cycle at a pressure of 261 kPa dry saturated, and leaves at 
961 kPa. After leaving the condenser, the fluid is then 
subcooled to 20°C, and is throttled before entering the 
evaporator. Sketch the P-h and T-s diagrams for the cycle, 
and calculate the coefficient of performance of the 
refrigerator. 



Qin 

Fig. 1. Schematic Representation. 



First compute the enthalpies at states 1 and 2. From the 
Freon-12 tables at P = 261 kPa, T gat = 268.15°K, 






h, = h = 185.38 kJ/kg 
1 g 

Si = s g = 0.6991 kJ/kg-°K 

At state 2, P 2 = 961 kPa and s 2 = Sj . Hence the state is 
superheated. (s 2 > s g ) 

h 2 = 208.51 kJ/kg 


Next find the enthalpy at state 5 as follows. 


h 5 - h 4 

since process 4+5 is a throttling process. Then for a 
subcooled liquid 


h . - h . 
sub sat 


V f^ P sub 


" P sat> 


Hence 


h 4 - h 3 = v 3 (P 4 - P 3 ) 


(4) 


From the Freon-12 tables at T = 20°C 

P 3 = P = 567.3 kPa 
3 sat 

At P 4 = 961 kPa 

h 3 = h gat = 74.59 kJ/kg 
v 3 = Vj = 0.000789 m 3 /kg 


Substituting into Eq. (4) yields 

h 4 = 74.59 + 0.000789 (961-567.3) 
= 74.90 kJ/kg 


Thus h s = h 4 = 74.90 kJ/kg 

Substituting Eqs. (2) and (3) into Eq. (1), 

_ h i - hs 
6 = h 2 - hi 

185.38 - 74.90 
208.51 - 185.38 

= 4.78 
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Now that all the information is known,the P-h and T-s 
diagrams can be sketched as shown in Figure 2. 


• PROBLEM 8-26 


In the refrigeration cycle shown in Figure 1, Freon-12 is 
used as the working fluid. The heat exchanger uses the 
cold vapor leaving the evaporator to cool the liquid 
entering the expansion valve. The working temperature of 
the evaporator is -25°C,with Freon-12 leaving the evaporator 
as saturated vapor at -25°C. The fluid leaves the heat 
exchanger at 20°C and is compressed in the compressor to 
1.2 MPa. Liquid leaves the condenser at 1.2 MPa, 45°C. 
Calculate (a) the work input to the compressor, (b) the heat 
transfer in the evaporator, and (c) the coefficient of 
performance of the cycle. Assume the compression process to 
be reversible and adiabatic. 
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1 -► 

s 

Fig. 2 T-s diagram for the process. 


Solution ; (a) Assume the condenser, the evaporator, and the 

heat exchanger to be constant pressure devices. Therefore, 
referring to Figures 1 and 2, 

Pi = P 2 = P 6 

P 3 = P 4 = P 5 = 1.2 MPa 

Consider a control volume around the compressor. From the 
first law of thermodynamics, we can write on a per mass basis 
(neglecting potential and kinetic energies) 


Since the process is adiabatic 


w 


c. v 


h 2 - h 3 


( 1 ) 


Next find the enthalpies at states 2 and 3, as follows. 
State 1 is saturated vapor, and from the saturated Freon-12 
tables at -25°C 


P x = 0.1237 MPa 

hi = h g = 176.352 kJ/kg 

However,P 2 = Pi and T 2 = 20°C. From the Freon-12 tables 
we see that state 2 lies in the superheated region. 

Hence from the superheated Freon-12 tables,by interpolation 

h 2 = 203.34 kJ/kg 
s 2 = 0.8134 kJ/kg-°K 

Since the process has been assumed reversible,s 3 = s 2 . From 
the superheated Freon-12 tables at s 3 = 0.8134 kJ/kg-°K and 
P 3 = 1.2 MPa, 
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h 3 = 253.19 kJ/kg 


T 3 = 110.3°C 
Substituting into Eq. (1),obtain 

w c = 203.34 - 253.19 
= -49.85 kJ/kg 

The negative sign indicates that work was done on the control 
volume (compressor). 

(b) Consider a control volume around the evaporator. 
Neglecting potential and kinetic energies, and noting that 
there is no work done on the control volume, write 

q L - h 1 - h 6 (2) 

The enthalpy at state 1 is known from part (a) to be 

hi = 176.352 kJ/kg 

To find the enthalpy at state 6 , proceed as follows. Consider 
a control volume around the heat exchanger. 

h 4 — h 5 = h 2 — hi (3) 

The fluid at state 4 is saturated liquid. From the 
saturated Freon-12 tables at T 4 = 45°C, 

h 4 = h f = 79.647 kJ/kg 

Then from Eq. (3), solving for h 5 

h 5 = h 4 — h 2 + hi 

= 79.647 - 203.34 + 176.352 

= 52.64 kJ/kg 

Process 5-6 is a throttling process. Hence 

h 6 = h 5 = 52.64 kJ/kg 
Substituting into Eq. (2), obtain 

q L = 176.352 - 52.64 

= 123.71 kJ/kg 

(c) The coefficient of performance of the cycle is defined 
as 


6 


q 


L 


w 


c 
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123.71 

49.85 


= 2.48 


• PROBLEM 8-27 


Compute the ratio of mass flow rate through the power loop 
to that through the refrigeration loop required such that 
the turbine will produce just enough power to drive the 
compressor in the ideal dual-loop cycle shown in the figure. 
Take Freon-12 as the working fluid with the following known 
conditions. 

State 1: T = 110°C, saturated vapor 
State 3: T = 50°C, saturated liquid 
State 8: T = -15°C, saturated vapor. 



Solution : Consider a control volume consisting of both the 
compressor and the turbine. Since the turbine must produce 
just enough power to drive the compressor, we can write 


4?9 




or 


*l h l 

— A 2 h 2 

— A g h 9 — 

A 0 h 0 


or 





ihihi 

+ A 0 h 0 

= A 2 h 2 + 

m 9 h 9 

(i) 

From continuity 

A x = 

A 2 = A. 

P 



and 

A 8 = 

An = A 
* r 



Eq. (1) then becomes 





A hj 
P 

+ A h 0 
r 8 

= A h 2 + 

P 

A ho 
r y 


Solving for if) /A 
p r 

A 

_£ = 

h 9 - h 0 


( 2 ) 


A 

r 

hi - h 2 



From the Freon-12 tables,obtain the following: 
At Ti = 110°C, saturated vapor 

Pi = P 5 = 3.9784 MPa 
hi = h g = 196.484 kJ/kg 

si = s g = 0.6064 kJ/kg-°K 

At T 3 = 50°C, saturated liquid 

p 3 = p 2 = p 9 = 1.2193 MPa 
P 4 = Ps = P 3 = 1.2193 MPa 
h 7 =h 3 =h f = 84.868 kJ/kg 

At Te = -15°C, saturated vapor 

Ps = P? = 0.1826 MPa 
h 8 = 180.846 kJ/kg 
s 8 = s g = 0.7046 kJ/kg-°K 

At the exit of the compressor 

P 9 = 1.2193 MPa 
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s 9 = s 8 = 0.7046 kJ/kg-°K 

From the superheated Freon-12 tables, by interpolation 

T 9 = 60.16°C 
h 9 = 214.61 kJ/kg 
At the exit of the turbine 

P 2 = 1.2193 MPa 
s 2 = Si = 0.6064 kJ/kg-°K 

The state is in the mixture region. From the saturated 
Freon-12 tables 

s f = 0.3034 kJ/kg-°K 
s f = 0.3758 kJ/kg-°K 

The quality at state 2 is found as 

S 2 - S f 

X2 = - 

fg 

0.6064 - 0.3034 
0.3758 

= 0.8063 

Then the enthalpy at state 2 can be found as 

h 2 = h f + x 2 h^ 

I fg 

= 84.868 + 0.8063(121.430) 

= 182.78 kJ/kg. 

Substituting the numerical values into Eq. (2), obtain 

j = 214.61 - 180.85 

m 196.48 - 182.78 
r 

= 2.4642 


• PROBLEM 8-28 


The two-stage cascade refrigeration unit shown in Figure 1 
is used to maintain a room at a temperature of -160°F. 
Freon-503 is used in the low temperature cycle (cycle II) 
and Freon-22 is used in the high temperature cycle 
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(cycle I). The working temperatures of the evaporator and 
condenser are -180°F and 100°F,respectively. The 
temperature at the entrance of the expansion valve in 
cycle II is -30°F and the temperature at the exit of the 
expansion valve in cycle I is -50°F. Assuming the processes 
in the compressors to be reversible and adiabatic,compute 
the compressor horsepower for both cycles if the refrigerator 
absorbs 28,000 Btu/hr from the room. 





State 4: T 4 

P- 

h 4 

State 2: T 2 

P 2 

h 2 
s 2 

State 1: h x 
State 3: s 3 

h 3 

T 3 

The heat absorbed 
is 


= -30°F, saturated liquid 
= 150 psia 
= 3 Btu/lbm 

= -180°F, saturated vapor 
= 2.1 psia 
= 48 Btu/lbm 
= 0.198 Btu/lbm-°R 
= h 4 = 3 Btu/lbm 
= s 2 , P 3 = P 4 
= 88 Btu/lbm 
= 110°F 

in the evaporator per lbm of refrigerant 


q L = h 2 - h x 


= 48-3 


= 45 Btu/lbm 


Since 28,000 Btu/hr are absorbed from the room, the mass flow 
rate of refrigerant in cycle II is 



28,000 

45 


= 622 lbm/hr 

The work done by the compressor per lbm of refrigerant is 

-w c = h 3 - h 2 

= 88-48 
= 40 Btu/lbm 

The total load is 


-W = rh(-w ) 
c c 

= 622(40) 

= 24,880 Btu/hr 
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or 


-W = 


24,880 

2545 


= 9.8 hp 



Enthalpy (Btu per lb m above saturated 
liquid at -40°F) 


Fig. 4 Pressure-enthalpy diagram for "Freon" refrigerant. 


To find the heat rejected in the low-temperature condenser , 
proceed as follows . 

-q H = h 3 - h 4 
= 88-3 

= 85 Btu/lbm 

and 

-Q h = m(-q H ) 

= 622(85) 

- 52,870 Btu/hr 
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Now consider the high-temperature cycle (cycle I) using 
Freon-22. Plotting the P-h diagram as shown in Figure 3 and 
using Figure 4,obtain 


State 8: 


State 6: 


State 5: 


State 7: 


T = 100°F 
8 

P 8 = 220 psia 
h 8 = 39 Btu/lbm 

T 6 = -50 0 F 
P 6 = 14 psia 
s 6 = 0.243 Btu/Ibm-°R 
h 6 = 99 Btu/lbm 

T 5 = -150°F 
P 5 = 14 psia 
h 5 = 39 Btu/lbm 

P 7 = 220 psia 
s 7 = s 6 = 0.243 Btu/Ibm-°R 
h 7 = 133 Btu/lbm 
T 7 = 200 n F 


In this cycle, however, the total heat absorbed in the high 
temperature evaporator equals the heat discharged by the 
low-temperature condenser.which was found to be 52,870 
Btu/hr. Therefore,the mass flow rate of refrigerant in the 
Freon-22 cycle is 



52,870 
99 - 39 

= 881 lbm/hr 

The work for the high temperature cycle is 

-w c = h 7 - h 6 

= 133-99 
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34 Btu/lbm 


and 

-W = -w ih 
c c 

= 34(881) 

= 29,954 Btu/hr 

or 

• = 29,954 

c 2545 

= 11.8 hp. 

The total power needed to drive both compressors in the 
system is the sum of the works from both cycles, which is 
21.6 hp. 
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CHAPTER 9 


AIR-STANDARD POWER AND 
REFRIGERATION CYCLES 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 487 to 
604 for step-by-step solutions to problems. 


Many engines use a working fluid that is a gas throughout the cycle. These 
include internal combustion engines and gas turbines, and there is a change in 
composition of the working fluid from the combustion of fuel and air to products 
of combustion. The working fluid does not go through a complete thermody¬ 
namic cycle even though the engine operates on a mechanical cycle, and it is said 
that these engines operate on an open cycle as compared to the closed cycle of a 
steam power plant using a version of the Rankine cycle. 

Air-Standard Cycles 

In order to analyze these open cycles, an air-standard cycle was devised, as 
shown in Figure 9-1, and it uses the following assumptions and restrictions. A 
fixed amount of air as an ideal gas with constant fluid properties is the working 
fluid. There is no inlet or outlet, and an amount of heat is transferred from an 
external source that would be equivalent to heat generated by combustion in an 
actual cycle. The cycle is completed by heat being transferred to the surround¬ 
ings, and all of the steps are reversible. Also, work for one cycle is found as the 
product of the mean effective pressure in the cylinder and the displacement 
volume. The mean effective pressure is the actual work done by the piston 
divided by the displacement volume. It is an average pressure action on the 
piston during the entire power stroke. 

Carnot Cycle 

The air-standard Carnot cycle is composed of four reversible steps as shown 
in Figure 9-1: isothermal heat addition at T H (1 to 2), isentropic expansion (2 to 
3), isothermal heat rejection at T L (3 to 4), and isentropic compression (4 to 1) 
executed in a closed system (a piston cylinder device). The Carnot cycle is the 
most efficient cycle that can operate between a thermal energy source at T H and sink 
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Figure 9-1. Diagram of the Air-Standard Carnot Cycle, 
at T l , and its thermal efficiency is: 

*1 Carnot = 1 ~ (1) 

This equation shows that the thermal efficiency increases with increased tem¬ 
perature, T H , of the thermal energy source or with a decrease in temperature, T L , 
of the thermal energy sink. 

For the addition of heat, Qfj, from 1 to 2 in Figure 9-1, Tjj = Tj = T 2 ; the first 


487-B 







law for a closed system for the step is: 

Qh~W ( 2 ) 

because AU = C v AT = 0. To compute P 2 and V 2 from P t and V u the following 
equation is used for an isothermal process: 

Qh-W- RT h ln^j - RT h ln(-|) (3) 

since P\/P 2 = V 2 /V^ from the ideal gas law. Also, the change in entropy is given 
by the following equation: 

S 2 = S,+Q h IT h (4) 




For the isentropic expansion from P 2 to P 3 , S 2 = S 3 ; T 3 is computed by the fol¬ 
lowing equation: 

v (*-i)/* 

(5) 


( 6 ) 


t 2 \p 2 

and the ideal gas law is used to evaluate V 3 , i.e., 
V 3 = RTJP, 


The same equations used for heat addition are applicable for the isothermal 
discharge of heat Q L at T L = T 3 = T 4 . Eqs. (3), (4) and the ideal gas law are used 
to compute P 4 , V 4 , and S 4 . Also, Eqs. (5) and ( 6 ) used for the isentropic compres¬ 
sion from point 4 to point 1 are used to evaluate the variables from point 2 to 
point 3. 


Otto Cycle 

The air-standard Otto cycle is the ideal cycle that represents spark-ignition 
internal combustion engines. The P-V and T-S diagrams are shown in Figure 9-2. 
The piston begins at bottom-dead-center at point 1, and the air is compressed 
adiabatically and isentropically to point 2. Then heat Q H is added at constant vol¬ 
ume from point 2 to 3, and this corresponds to the combustion of the fuel in the 
cylinder. Following this, air undergoes an adiabatic and isentropic expansion 
from point 3 to 4, and then heat Q L is discharged at constant volume from point 4 
to 1 . 


Knowing the conditions at point 1, P u V u T u U u S u the conditions at point 2 
for the isentropic compression to P 2 are computed using the following equations, 
since Q = 0 and A U = - W with S ) = S 2 : 



v 2 = rt 2 /p 2 

U 2 =Ui+ C v (T 2 - T t ) 
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(9) 





Figure 9-2. Diagrams for Pressure-Volume and Temperature-Entropy 
of the Air-Standard Otto Cycle. 



For the constant volume heat addition from point 2 to 3, the conditions at 
point 3 are computed for specified Q H = At/ with W = 0, and V 2 = V 3 using the 
following equations: 


Z 3 - t 2 + q h /c v 

( 11 ) 

P 3 = RT3/V 3 

( 12 ) 

u 3 = u 2 + &u=u 2 + q h 

(13) 

S 3 = S 2 + C p ln(T 3 /T 2 ) - R ln(/yP 2 ) 

(14) 


Eqs. (7) through (10) for the isentropic compression are used for the isen- 
tropic expansion from point 3 to 4. Eqs. (11) through (14) for the constant 


487-D 



volume heat addition are used for the constant volume heat rejection from point 4 
to 1 . 

The thermal efficiency for this cycle is given by the following equation: 

Qh~Ql =1 _( 7 4~ 7 i) (15) 

Qh ( h~T 2 ) 

Also, the compression ratio (3) is given by: 



which can be combined with Eq. (15) to give an equation relating the efficiency 
with the compression ratio, i.e., 

r) = 1 — l/r* _/ (17) 

and the efficiency, r|, increases with increasing compression ratio, r. Also, the mean 
effective pressure, MEP, is given by (Q H - Ql)/(V 2 - V)). 

Some of the deviations by actual spark-ignition engines from the ideal cycle 
include heat transfer between the gas and the cylinder walls and varying gas 
composition and thermodynamic properties. Also, lost work in gas inlet and 
exhaust are other irreversibilities associated with the cycle. 

Diesel Cycle 

The air-standard Diesel cycle is the ideal cycle that represents the Diesel en¬ 
gine. The P-V and T-S diagram are shown in Figure 9-3 for this cycle. The piston 
begins at bottom-dead-center at point 1, and the air is compressed adiabatically 
and isentropically to point 2. Then heat Qh is added at constant pressure from point 
3 to 4, and this corresponds to combustion of the fuel. This is followed by air 
undergoing an adiabatic and isentropic expansion from point 3 to 4. Then heat Q h 
is discharged at constant volume from point 4 to 1. 

Knowing the conditions at point 1 and the pressure at point 2, Eqs. (7) 
through (10) are used to compute the conditions at point 2 for the isentropic 
compression. 

The Diesel cycle and the Otto cycle differ from points 2 to 3 where Q H is 
added at constant pressure in the Diesel cycle, rather than at constant volume in 
the Otto cycle. To evaluate conditions at point 3 from point 2 specifying Q H , the 
first law of thermodynamics for a closed system is A U = Q - W; for constant 
pressure At/ = Q - PisV. This gives Q = A H, and the following equations are used 
to compute the conditions at point 3 where P 3 = P 2 and A H = Q H : 


T 3 = T 2 + ah/c p 

(18) 

V 3 = RT-JP 3 

(19) 

S 3 = S 2 + ah/t 3 

( 20 ) 
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s 

Figure 9-3. Diagrams for Pressure*Volume and Temperature*Entropy 
for the Air*Standard Diesel Cycle. 

From point 3 to 4 there is an isentropic expansion, and the relations used to 
evaluate the conditions at point 4 are Eqs. (7) through (10). Also, Eqs. (11) 
through (14) are used to confirm the conditions at point 1 from point 4 for the 
constant volume heat addition of Q L . 

The net work for the cycle is given by W net = Q H - Q L , and the efficiency tj = 
W„JQh■ Also the mean effective pressure is W net /(V 2 - VO for the cycle. 

Brayton Cycle 

The air-standard Brayton cycle is the ideal cycle for the simple gas turbine. 
The jP-V and T-S diagrams are shown in Figure 9-4 for this cycle. Starting at 
point 1 the air is compressed in an isentropic compressor to point 2. Then heat 
Q h is added at constant pressure from point 2 to 3. This is followed by an 
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Figure 9-4. Diagrams for Pressure-Volume and Temperature-Entropy 
for the Air-Standard Brayton Cycle. 

isentropic expansion through a turbine from point 3 to 4, and there is heat rejec¬ 
tion Q l from point 4 to 1. 

Starting with the conditions known at point 1 along with the pressure at point 
2, P 2 , Eqs. (7) through (10) are used to compute the other conditions at point 2 
for the isentropic compression. Then Eqs. (18) through (20) are used to compute 
the values of the variables at point 3 for the constant pressure heat addition Q H . 
Also, Eqs. (7) through (10) are used for the isentropic expansion from point 3 to 
4, and Eqs. (18) through (20) are used for the constant pressure heat rejection Q L 
from point 4 to 1. 

If efficiencies t] comp and r\, urb for the compressor and turbine are known, then 
the following equations are used to compute the enthalpies at points 2 and 4, H 2 
and H 4 : 
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( 21 ) 


*)comp 


H 2 ,e V -H, 

h 2 -h i 


*]turb 


n*-Ht 

- f^4,rev 


( 22 ) 


To use Eqs. (21) and (22) to evaluate H 2 and H 4 , it is necessary to compute 
H 2>m and H*sev , which are evaluated from the isentropic expansion using: 

H 2trev = H x + C p {T 2 , ev -T x ) (23) 

H^ = H 3 + C p (T^ rev -T 3 ) (24) 

where T 2rev and T 4rev are computed by Eq. (7) knowing T u P x and P 2 or T 3 , P 3 
and P 4 as specified temperatures and pressures for inlets and pressure for the 
exhausts of the compressor and turbine. Then having computed H 2 and // 4 from 
Eqs. (21) and (22), temperature T 2 and T A are evaluated using the following equa¬ 
tions: 


T 2 = T 1 + (H 2 -H i )/C P (25) 

and 

T 4 = T 3 + (H 4 -H 3 )/C p (26) 

The values of the specific volume are computed using the ideal gas law, Eq. 
(8); and the values of the entropy are computed by Eq. (14) for the isentropic 
compression and expansion. Also, the net work is: 

w na = w mrb - W comp = -(H 4 - H 3 ) + (H 2 - H x ) (27) 

which is the difference in enthalpy for the turbine and for the compressor from 
the first law for a steady state flow system, A H = - W*. Also, the efficiency for the 
cycle is v\ = W nel /Q H . 

Jet Propulsion 

The air-standard cycle for jet propulsion has the same temperature-entropy 
diagram as that for the gas turbine cycle. Figure 9-4, and the cycle is designed so 
the work done by the turbine is equal to that required to drive the compressor. 
Thus, the exhaust pressure of the turbine will be above the surroundings; the 
high-pressure gas is sent to a converging-diverging nozzle which converts it into 
a high-velocity stream exiting the nozzle at the pressure of the surroundings. This 
high-velocity gas provides thrust for the aircraft. 

Starting at point 1 of Figure 9-4, there is an isentropic compression to point 2 
consuming work, W J;Comp . This is followed by constant pressure heat addition Q H 
from point 2 to 3. Then the isentropic expansion through the turbine produces 
work, W s mrb , required to drive the compressor. Consequently, P 4 is computed to 
satisfy this requirement (W scomp = W s turb ) by the following equation using the first 
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Figure 9-5. Diagrams for the Air-Standard Refrigeration Cycle, 
law of thermodynamics for a steady-state flow system with A H c = - W s comp and A H, 

~~ Ws'turb • 


T 4 = T 3 + AH c /C p (28) 

and P 4 is computed by the following equation for the isentropic expansion through 
the turbine: 
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( 29 ) 


-«[£) 

\t 3 ) 


k/(k-t) 


For an isentropic expansion through a converging-diverging nozzle, the first 
law of thermodynamics is used, where A H = u 2 /2, with no potential energy change 
and shaft work to give: 

u = [2C p (T 4 -T 5 )]'* (30) 


where T 5 is computed using the following equation, knowing the pressure of the 
surroundings, P 5 : 


T s 



(31) 


Then if the mass flow rate is known, the thrust produced by the engine can be 
computed. 


Refrigeration Cycle 

The air-standard refrigeration cycle is used for the liquification of air and 
other gases, and it is essentially the reverse of the Brayton cycle. A diagram of 
this cycle is shown in Figure 9-5. In this cycle the temperature T x is below ambi¬ 
ent as the air enters the compressor going from point 1 to 2. Then heat Qh is re¬ 
jected in a constant pressure heat exchanger from point 2 to 3. This is followed 
by an isentropic expansion from point 3 to 4, and absorption of heat from the 
surroundings Q L from 1 to 4 as shown in the diagram. 

Knowing the conditions at point 1 and the pressure at point 2, P 2 , Eqs. (7) 
through (10) are used to determine the other variables at point 2 for the isentropic 
compression. For the constant pressure heat removal Q H , Eqs. (18) through (20) 
are used to determine the conditions at point 3 from those at point 2. Then for the 
isentropic expansion from point 3 to 4, Eqs. (7) through (10) are applicable to 
compute the values of the variables at point 4, having P 4 specified. Finally, Eqs. 
(18) through (20) are used for constant heat removal Q t to confirm the values at 
point 1 from those at point 4. 

This refrigeration cycle’s coefficient of performance is given by the follow¬ 
ing equation: 

P = Ql/W^, (32) 

where is the difference work added by the compressor and the work done 
by the expander. 

In summary, equations and computational procedure have been given to ana¬ 
lyze and design several air-standard power and refrigeration cycles. Also, proce¬ 
dures were given to extend the analysis to actual cycles. 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Air Standard Power and 
Refrigeration Cycles” 


AIR - STANDARD CYCLES 


• PROBLEM 9-1 


A certain air cycle is designed such that air is first heated 
at a constant volume until its pressure is twice the initial 
value. The air is then heated at constant pressure until its 
volume is doubled. The cycle is completed by cooling first 
at constant volume and then at constant pressure. If, for 
7 

air>k = ■= (where k = C /C ), calculate the thermal efficiency 
of the cycle. P V 


, 


2 


3 


4 


v 




Solution : The cycle is represented on the P-v diagram as 
shown in the figure. 

Process 1-2 is the constant volume heat addition process. 
Process 2-3 is the constant pressure heat addition process. 
Process 3-4 is the constant volume cooling process and 
Process 4-1 is the constant pressure cooling process. 
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The thermal efficiency of the cycle is 


Q s “Q r 

*«, -- 1 - r 

s s 

where Q = heat supplied 
s 

Q r = heat rejected 

Q and Q are 
s r 

Q s * C y (T 2 -T 1 ) + Cp(T 3 -T 2 ) (2) 

Q r = C v (T 3 -T 4 ) + C (T 4 -T x ) (3) 

where C v and C p are specific heats at constant volume 
and constant pressure, respectively. 


Process 1-2 is at constant volume. Hence from the ideal gas 
relations, 



but, given P 2 = 2P lf 
therefore, 

T 2 = 2T 1 (4) 

Process 2-3 is at constant pressure. 


Hence 


or 


v 2 v 3 

T7 = Tl 


T 3 


t 2 


v 3 

vT 


but, v 3 = 2 v 2 . 


Therefore, 


T 3 = 2T 2 


= 4Ti 


Process 4-1 is at constant pressure 


Hence, 


Vi v 4 
tT = ¥h 


( 5 ) 
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or 


T 4 = T, — 


v 4 

but, — = 2 , 

Vi 


Therefore, 


T u = 2Ti 


Substituting equations (4), (5) and ( 6 ) into equations (2) 
and (3), 

Q s = C y (2T 1 -T 1 ) + C p (4T 1 -2T 1 ) 

= C v T x + C p (2T X ) 

Q = T X (C + 2C ) 
s 1 v p 


Q r = C y (4T 1 -2T 1 ) + C (2T 1 -T 1 ) 

= T X (2C + C ) 

1 v p 

Substituting the values into equation (1), 


T,(C d * 2C V ) 
n th T,(2C + C ) 

1 p V 


= 1 - 


k + 2 
2 k + 1 


Substituting k = ^ 


, a n_ 

" th Wf)*i 


= 1 _ 11 _ A 

x 19 19 


• PROBLEM 9-2 


In an air-standard cycle, air at 70°F and 14.7 psia is 
initially heated at constant volume till the pressure is 
30 psia, and then heated at constant pressure till the 
temperature is 1600°F. The cycle is completed by first 
expanding isentropically to 14.7 psia and then cooling 
at constant pressure. Determine the thermal efficiency of 
the cycle. 
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Solution : Referring to the figure, processes 1-2 and 2-3 

are heat addition processes, and process 4-1 is the heat 
rejection process. 

Given, state 1: 


T x = 70°F 
= 530°R 


Pj = 14.7 psia 

Since the process 1-2 is a constant volume process. 



and hence. 


Therefore, state 2: 


State 3 is given as 


= T, 


P 2 

Pi 


■ 530 (tit?) 

= 1082°R 


T 2 = 1082°R 
p 2 = 30 psia 


T 3 = 2060°R 
P 3 = P 2 = 30 psia 


Consider the isentropic expansion process 3-4. 
The temperature at state 4 is given by 


k-i 
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1 * 4-1 


= 2060 



1. 4 


= 1680°R 


Therefore, state 4: 

T 4 = 1680°R 
= 14.7 psia 


The heat added during the cycle is 

q A = C v (T 2 -Ti) + C p (T 3 -T 2 ) 

= 0.171(1082-530) + 0.24(2060-108 
= 329 Btu/lbm 

The heat rejected during the cycle is 

q R = cyr.-Ta) 

q = 0.24(1680-530) 

R 

= 276 Btu/lbm 

The thermal efficiency of the cycle is defined as 

n th = 


or n tb = 




*R 


1 - 


276 

329 


0.16 


16% 


491 



THE CARNOT CYCLE 


• PROBLEM 9-3 


Temperature, pressure and volume of air at the end of 
isentropic compression in an air standard Carnot heat engine 
cycle are 600°F, 275 psia and 4 ft 3 , respectively. If the 
ratio of isothermal expansion r^ = 3 and the ratio of 

isentropic compression r^ = 6, calculate 

(a) the pressure and temperature at the other states of the 
Carnot cycle, 

(b) the heat supplied and rejected by the cycle, 

(c) the efficiency of the cycle, and 

(d) the mean effective pressure. 



T 


i 


1 


t 


2 


4 


3 


s 




Solution : Consider the figure. The processes 1-2 and 3-4 

are isothermal while 2-3 and 4-1 are isentropic processes. 

The isothermal expansion ratio is defined as 

V 2 V 3 


and the isentropic compression ratio is defined as 


Given state 1 is 


K 


V 3 V 4 

v; = vr = 6 


Tj = 600°F = 1060°R 
P x = 275 psia 
V x = 4 ft 3 


492 




(a) The temperature at state 2 is same as that at state 1, 
because the process 1-2 is isothermal. 

Therefore, T 2 = T x = 600°F. 

For the isothermal process 1-2, the pressure at state 2 is 
given by 


P 2 


Pi 


V, 

v7 



= 91.67 psia. 


For the isentropic process 2-3, 


P 3 

T 3 



k 



k-i 


where k = C /C and 
P v 


k 


1.4 for air 


Substituting the values, 

P 3 


/ .1.4 

91.67 (1) 


= 7.46 psia 


T, = 1060 


\ 6 / 


0.4 


or, 


517.67°R 
57.7°F 


The temperature at state 4 is same as that at state 3, 
because the process 3-4 is isothermal. 

Therefore, T 4 = T 3 = 57.7°F 


For the isothermal process 3-4, the pressure at state 4 is 
given by 

P 4 = P 3 

= 7.46 x 3 
= 22.38 psia 
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The calculations can be verified by finding out the temper¬ 
ature and pressure at state 1, by considering the isentropic 
compression process 4-1 and the previously obtained state 4 
properties. The temperature and pressure at state 1 should 
coincide with the given values. 

The four states of the Carnot cycle are: 


State 

Temperature 

Pressure 

1 

600°F 

275 psia 

2 

600°F 

91.67 psia 

3 

57.7°F 

7.46 psia 

4 

57.7° F 

22.38 psia 


(b) Heat is supplied to the cycle during process 1-2 and is 
rejected during process 3-4. 

Heat transferred during process 1-2 is given by 


Q 


s 


mRTi 


J 


In 


V 2 

vT 


PiVi 

~T~ 


In 


V 2 

v7 


Substituting the values, 


Q 


s 


275 x 144 x 4 
778 


In (3 ) 


= 223.7 Btu 


Heat rejected during process 3-4 is 


% 


mRT 3 

J 


In 


V„ 

vT 


or 


PiViTa /V„ 
= JTx ln l VT 


Q _ 275 x 144 x 4 x 517.7 [ 1^ 

778 x 1060 n \3j 


= -109.2 Btu 

The negative sign indicates that heat is rejected from 
the system. 






(c) The thermal efficiency of the cycle is given by 


Tj-Th 
n th = ~T7 

1060-517.7 _ 
-1060- 51X 


(d) The mean effective pressure is given by 


where 


Therefore, 


W 

mep Va-Vi 


W = EQ = 223.7-109.2 
= 114.5 Btu 

V 3 = 3V 4 from the expansion and 
compression ratios 

= 18 x V x 
= 72 ft 3 


mep 


114.5 x 778 
(72-4) 144 


= 9.1 psia 


• PROBLEM 9-4 


A Carnot heat engine cycle using steam as the working fluid 
operates between the temperatures 560°F and 70°F. All the 
processes are steady-state steady-flow. The fluid states 
at the beginning and end of the isothermal heat-addition 
process are saturated liquid and saturated vapor, respectively. 
Calculate the thermal efficiency of the cycle and the ratio 
of turbine work to compressor work. 


Solution : Consider the figure. The process a-b is a 

reversible isothermal heat-addition process. The temperature 
during this process is 560°F, i.e., 1020°R, and is constant. 

The process b-c is the reversible isentropic expansion 
process. Here the temperature drops from 560°F to 70°F. 

This process takes place in a turbine to produce work. 
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The process c-d is the reversible isothermal process where 
heat is rejected at a temperature of 70° F (530 C R). 

The process d-a is the reversible isentropic compression 
process• This process takes place in a compressor, so work 
is being done on the working fluid. Here the temperature 
rises to 560°F. 

The thermal efficiency of the Carnot cycle is given by 

- T 1 -T 2 
n th ~ Ti 

where = isothermal heat-addition-temperature 
T 2 = isothermal heat-rejection-temperature 
Substituting the values, 

1020-530 
n th 1020 

= 0.48 

i.e., n t h 48% 

Referring to the figure and from steam tables, the condition 
of steam at state b is 

(enthalpy) h fe = 1187.7 Btu/lbm 

(entropy) s^ = 1.3757 Btu/lbm-°R 

During the process b-c, the entropy remains constant. 
Therefore, s = s. = 1.3757 Btu/lbm-°R. 

C D 

The quality of steam at the state C is given by 



where s c = entropy at state C 

s f = saturated liquid entropy at 70°F 
s fg - evaporation entropy at 70°F 
x c = quality of steam of state C 


Substituting, 


_ 1.3757-0.0745 
1.9900 

= 0.654 
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Therefore, the enthalpy of steam at state C is 

h = h« + x h» 
c f c fg 

where h f = enthalpy of saturated water at 70 c F 

hj,g = enthalpy of evaporation at 70°F 

Substituting the values, 

h - 38.052 + 0.654 * 1054 
c 

= 727.37 Btu/lbm 

The work produced by the turbine is given by W^uTb = 

i.e., W. = 1187.7-727.37 

turb 

= 460.33 Btu/lbm 

The condition of steam at state a is 

h = 562.4 Btu/lbm 
a 

s = 0.7625 Btu/lbm-°R 
a 

During the process d-a, the entropy remains constant. 

Therefore, s, = s = 0.7625 Btu/lbm°R. 
d a 

The quality of steam at state d is given by 


Substituting the values, 

0.7625-0.0745 
x d 1.9900 

= 0.346 


Therefore, the enthalpy of steam at state d is 

b a - h f * x a h fg 

= 38.052 + 0.346 * 1054 
= 402.74 Btu/lbm 


The work done by the compressor is (h a -h d > 


i.e.. 

Substituting, 


W 

comp 


= V h 


d 


w _ = 562.4-402.74 

comp 
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159.66 Btu/lbm. 


Therefore, the ratio of turbine work to compressor work is, 

w^ 


w 


turb _ 460.33 
159.66 


comp 


= 2.88 


• PROBLEM 9-5 


A Carnot cycle engine using steam as the working fluid 
works between the pressures of 962.75 psia and 2.89 psia. 
The steam consists of saturated vapor at the end of iso¬ 
thermal expansion and saturated liquid at the end of 
isentropic compression. Determine the thermal efficiency, 
turbine and pump work, net work, heat rejected and the work 
ratio for the cycle per lbm of water, assuming (a) all the 
processes to be reversible, (b) the adiabatic efficiency 
of the turbine and pump to be 80%. Compare the reversible 
and irreversible cycles. 
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Solution ; For a Carnot cycle operating on steam, the 
pressures are constant during the isothermal processes for 
the condition given in the problem. The corresponding 
saturation temperatures are found from steam tables. 

Ti - 540°F = 1000°R (isothermal expansion) 

T 3 = 140°F = 600°R (isothermal compression) 


(a) Since the temperatures of the two reversible isothermal 
heat-transfer processes are known, the thermal efficiency 
of the cycle can be found as 


nth T H 

= 1000-600 
1000 


= 0.4 


= 40% 


The turbine work can be found as 


, = W 0 = -(h -h ) 

turb. 2—3 3 2 ' 


and the pump work as 


W = W 

pump 4-1 


-(h x -h 4 ) 


( 1 ) 


( 2 ) 


In order to evaluate eqs. (1) and (2), it is necessary to 
find the enthalpies at states 1, 2, 3, and 4. Using the 
steam table at T = 540°F, we obtain 

Si = s 4 = s f = 0.7374 Btu/lbm-°R 


h 1 = h f = 536.6 Btu/lbm 


s 2 = s 3 = s = 1.3942 Btu/lbm-°R 
g 

h 2 = h = 1193.2 Btu/lbm 
g 


However, at state 3, T 3 = 140°F and 


s f = 0.1984 Btu/lbm-°R 


s = 1.8895 Btu/lbm-°R 
g 


Because 


s f < s 3 < s g . 


it is necessary to find the quality. 
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Hence 



1.3942-0.1984 

1.8895-0.1984 

= 0.7072 


The enthalpy at state 3 can now be found from the expression 

h 3 = h f + x 3 h fg 

with h f = 107.89 Btu/lbm 


h 




h 3 


1014.1 Btu/lbm 

107.89 + 0.7072(1014.1) 
825.06 Btu/lbm 


Similarly, at state 4, 


X 4 


s 4 “ s j? 


0.7374-0.1984 

1.8895-0.1984 

0.3187 


The enthalpy at 4 is 


h f + x 4 h f g 


= 107.89 + 0.3187(1014.1) 
= 431.08 Btu/lbm. 


From eq. (1), for the turbine work, 

W, , = -(825.06-1193.2) = 368.14 Btu/lbm 

turb. 

and from eq. (2), for the pump work, 

W = -(536.6-431.08) = -105.52 Btu/lbm 

pump 


The net work of the cycle is the algebraic sum of the turbine 
and pump works. Therefore, 


£W 


" W turb 


+ W 


pump 


= 368.14 - 105.52 
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= 262.62 Btu/lbm 


Note that the net work of the cycle can also be found using 
the relation 


EW = n th (Q a } (3) 

which relates the net work and heat added to the system 
through the thermal efficiency. 

Heat is added to the system during the boiler process and 
can be found as 

Q a = Qi ->2 = h 2 - hi = Tjj( s 2 - Si) 


or 


Q a = 1193.2-536.6 
= 656.6 Btu/lbm 


As a check, using eq. (3), 

ZW = 0.40 (656.6) = 262.64 Btu/lbm 

The work ratio is defined as the ratio of the net work 
produced by the system to the total net positive work 
produced (the turbine work), or 


R 


w 


ZW 


ZW 


turb. 


262.64 

368.14 


= 0.7134 



Fig. 2. Basic Carnot cycle with irreversible processes. 
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(b) Assume that states 1 and 3 are those affected by the 
irreversibilities, while states 2 and 4 remain the same as 
in (a). 


Fig. 2 shows the process depicted on a temperature entropy 
diagram. The dotted lines indicate an irreversible process 
between the equilibrium and states 2 and 3a, and 4 and la. 
The enthalpies at the new states, due to the irrevers¬ 
ibilities, can be found from the definition of adiabatic 
efficiency: 


and 


n ad W (for a work-producing process) 
s 

W 

n ad = AT ( for a work-absorbing process) 


Therefore 


0.80 


h 

_2 

h 2 


h 

h 


3a 

3 


1193.2- h 

3 & 

1193.2- 825706 


or 

h = 898.69 Btu/lbm 
3a 


Then the actual turbine work is 


W 


turb. 


- -<»,a - V 


= -(898.69 - 1193.2) 
= 294.51 Btu/lbm. 


Similarly , 


0.80 



- h 


4 


4 


536.6-431.08 

h lo - 431.08 
i a 


or 


h = 562.98 
ia 


Then the actual pump work is 


W 


pump 


= -(h la - h 4 > 
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= -(562.98 - 431.08) 


= -131.90 Btu/lbm 
The net work of this cycle is 

ZW = 294.51 - 131.90 
= 162.61 Btu/lbm 


The work ratio is 


, _ 162.61 
w 294.51 


0.5521 


The heat added is 


= 1193.2 - 562.98 
= 630.22 Btu/lbm. 


Since this is not a reversible cycle, the thermal efficiency 
of the cycle cannot be found from the temperatures of the 
cycle alone. However, from eq.(3), 


n th 


ZW 


162.61 

630.22 


x 100 


= 25.80% 



— 

Reversible 

Irreversible 

r, th 

40.0% 

25.80% 

W turb 

368.14 Btu/lbm 

294.51 Btu/lbm 

W 

pump 

-105.52 Btu/lbm 

-131.90 Btu/lbm 

Iw 

262.64 Btu/lbm 

162.61 Btu/lbm 

e A 

656.6 Btu/lbm 

630.22 Btu/lbm 


0.7134 

0.5521 


The two cycj.es are compared as shown in the table. 
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• PROBLEM 9-6 


An air standard Carnot cycle has a constant highest 
compression ratio R c and lower temperature T 1 . If the 
isentropic compression ratio r is variable, determine the 
required condition for the maximum work in terms of this 
ratio. 







or vi _ v 4 

V 2 V 3 

p 

1 p Vi Vi Vi 

__ = JLi. x —i = —-i 

r v 3 v 2 v 2 

The work done during the cycle is given by 

* - «s - Q r 

where W = work done 

Q = heat supplied 
s 

Q r = heat rejected. 

Heat is supplied during the isothermal process 3-4. 
given as 



Heat is rejected during the isothermal process 1-2. 
given as 

Q = 

^r J 


(vi\ 

\V 2 / 

- STi ln In) 

J ^v 2 J 


Substituting into equation (5) , 

T 3 In (z±) - T 2 In 


w _ R 
W " J 


Substituting equations (3) and (4) > 

w = 3 T 3 In - T 2 in 


fr) - T ’ &) 

4) . 

(H \ (R\ 

— - T 2 In 1—1 

\ r / * \ r / 

*3 ln (t)( t -- t ') 


From equation (1), 


T. = T, 


fc) 


k-i 


= T 2 (r) 


k-i 


(3) 

(4) 


(5) 


It is 


It is 


Therefore, (T 3 -T 2 ) = T 2 (r k 1 -1). 

But T 2 = T x from isothermal process 1-2. 
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Therefore, (T 3 -T 2 ) = Ti(r k-1 -1) 

Substituting (T 3 -T 2 ) = T!(r k-1 -1) into the simplified form 
of equation (5), 



In this equation, only r is a variable, and all other terms 
are constants. 

Differentiating with respect to r, the condition for maximum 
work is 



Multiplying by r, 

(k-l) r k-1 in (^) - r k_1 + 1 = 0 
k— 1 

Dividing by (r ), 

(k-i) i„ (^) + nfer - i " 0 

' ' r 

This is the required condition for maximum work for the given 
conditions (in terms of r). 


THE OTTO CYCLE 

• PROBLEM 9-7 

1. One kilogram of air at 101.35 kPa, 21°C is compressed 
in an Otto cycle with a compression ratio of 7 to 1. During 
the combustion process, 953.66 kJ of heat is added to the 
air. Compute (a) the specific volume, pressure, and 
temperature at the four points in the cycle, (b) the air 
standard efficiency, and (c) the mep (mean effective 
pressure) and hp of the engine, if it uses 1 kg/min of air. 

2. Calculate the efficiency for a Carnot cycle operating 
between the maximum and minimum temperatures of the Otto 
cycle. 
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V 


s 


Fig. 1. Otto Cycle. 


ion ; 1. At state 1, 


Pi = 101.35 kPa 


Ti = 294°K 


The specific volume, vi, is determined by using the perfect 
gas equation of state. 


0.287 (294) 

101.35 

= 0.8325 m 3 /kg. 

At 2, the specific volume can be obtained by using the 
compression ratio. 

V 2 _ 1 

vi 7 


0.8325 

7 

= 0.1189 m 3 /kg 

The pressure (P 2 ) is obtained from the isentropic relation 


- Hit 


= 101.35 


0.83251 

0.1189J 
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= 1,545.6 kPa 


The temperature (T 2 ) is 



= 640.4°K 

At state 3, V 3 = V 2 = 0.1189 m 3 /kg. The temperature here 
can be calculated from the quantity of heat supplied since 

Q in = mc v (T3_T2) 


or solving for T 3 , 


T 3 



+ t 2 


953.66 

1(0.7243) 


+ 640.4 


= 1957.1°K 


The pressure (P 3 ) is 


P 3 


RT 3 

v 3 


0.287(1957.1) 

0.1189 


At 4, 


= 4,724 kPa 


v 4 


Vl 


0.8325 m 3 /kg. 


and the pressure is 


P 4 


P 3 



k 


= 4724 


0.1189^ 1-4 
0.8325 ) 


= 309.7 kPa 


The temperature T 4 is 


T 4 



k-i 


1957.1 


/ 0.1189) 
\ 0.8325/ 


898.5° K 


509 



(b) The efficiency of the Otto cycle is defined as 


n = 


^in~^out 


Q 


x 100 


m 


(1) 


where 


and 


Therefore, 


Q. - 953.66 kJ 
m 


Q out = mc v (T - - Tl) 


(c) The mep is 


where 


= 1(0.7243X898.5-274) 
= 452.3 kJ 


n = 95 - 3 - j£g-g a - - - 3 x ioo 


953.66 


= 53% 


mep = 


W 


net 


Vi - v 2 


W net q in q out 


953.66 - 452.3 
501.36 kJ 


Thus 


= 501.36 

raep 0.8325-0.1189 


= 702.6 kPa 


The horsepower is 

hp = AW „ = 501.36 kW 
net 

= 5.2 hp. 


2. The maximum and minimum temperatures of the Otto cycle 
are 


T = 1957.1°K 
max 


T . 
mm 


294°K 
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The Carnot cycle efficiency is 


n 


T - T 
max min 

T 

max 


x 100 


1957,1-294 

1957.1 


x 100 


= 85% 

which is comparatively higher than the Otto cycle efficiency. 


• PROBLEM 9-8 


An Otto cycle engine has an initial air pressure and 
temperature of 14.7 psia and 60°F. 750 Btu of heat is 

supplied per Ibm of air at the end of compression. The 
compression ratio is 7. Find (a) temperature and pressure 
at all salient points, (b) the thermal efficiency and the 
mean effective pressure for the cycle. Assume ideal 
conditions. 




The air-standard Otto cycle. 


Solution : Consider a piston-cylinder assembly containing 

air. The initial state is at the beginning of the isentropic 
compression. This state is shown in the figure as point 4. 

(a) The compression ratio is defined as 

R - Xl = 
c v 2 Vi 

where = compression ratio 
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Therefore, 


7 


R c - 


Consider the isentropic compression process 4-1. 

k-i 


Ii = (x±) 

T 4 \Vl / 


where 


k = ratio of specific heats 



Therefore, the temperature at state 1 is 



Substituting the values, 

T 4 = (460+60)°R = 520°R 



k = 1.4 for air 

Ti = 520(7) 1# 4-1 

= 1133°R (673°F) 

Similarly, the pressure at state 1 is 



= 14.7 (7) 1 * 4 
= 224 psia 


Consider the constant volume heat addition process 1 
Heat supplied during the process 1-2 is given by 

Q s - C v (T 2 -Ti) 

where Q ■ heat supplied 

s 

c = constant volume specific heat 
v of air (0.171 Btu/lbm°R) 

Substituting the values and calculating for T 2 , 

750 = 0.171 (T2-1133) 
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or 


T 2 = —- 7 - 50 + 1133 

2 0.171 + 1133 


= 5519°R (5059°F) 


The pressure at state 2 is given by 

P2 = Pi 
T 2 Ti 

for constant volume process 1-2. 


Therefore, P 2 = -i? 2 

r i 


224 x 5519 
1133 

i.e., P 2 = 1091 psia 


Consider the isentropic expansion process 2-3. The pressure 
and temperature at state 3 can be found from the isentropic 
relations. 


Therefore, 


P 3 _ V 2 \ k 

P2 \ V 3 j 



P 3 = 71.6 psia 



T 3 = 2534°R (2074°F) 


The calculations can be verified by calculating the pressure 
and temperature at state 4 from the constant volume heat 
rejection process (3-4) relations. 

Therefore, the pressure and temperature at all the salient 
points of the Otto cycle are: 
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STATE 

PRESSURE psia 

TEMPERATURE °F 

1 

224 

673 

2 

1091 

5059 

3 

71.6 

2074 

4 

14.7 

60 


(b) The thermal efficiency of the cycle is given by 

"th - 1 - It 

1 

= 1 - 


<V 


k-i 


Substituting the values, 


*1 JL 

o.. =1- 

tn 1.4-1 

= 0.541 

The mean effective pressure is defined as 

Net work done 


mep = 


Stroke volume 


Net work done = x Q g 


= 0.541x 750 
= 405.75 Btu 

Stroke volume is defined as v 4 -V!. 


v 4 


-v> - ».(* - l) 

= V!(R c -1) 

The volume at state 1 is given from the ideal gas equatic 

RTi 


Vi = 


Pi 


= 53.34 x 


1133 


224 x 144 
= 1.87 ft 3 /lbm 

Therefore, stroke volume is 1.87(7-1) = 11.22 ft 3 /lbm. 
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Substituting into the equation for mep 


mep 


405.75 x 778 
11.22 x 144 


= 195.4 psi 


• PROBLEM 9-9 


Air at 14 lbf/in 2 , 540°R is supplied to an open Otto cycle 
with a compression ratio of 9. The maximum temperature 
for the cycle is 2500°F. Compute the amount of heat 
supplied and rejected per Ibm of air, the total work done 
per Ibm of air, and the thermal efficiency of the cycle. 
Use the air tables to solve the problem. 



Fig. 


A 


T 


3 



(b) 


s 


1 . 


Solution : The air tables result in a more accurate answer 

than the use of the ideal gas equation of state does. This 
is due to the fact that the air tables take into account the 
variation of the specific heats due to the difference in 
temperatures, whereas the ideal gas equation does not. 

From the air tables at Ti = 540°R, 

v = 144.32 
ri 

ui = 92.04 Btu/lbm 
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Process 1-2 is an isentropic process. Therefore, from the 
isentropic relations. 



- i44 - 32 (i) 

'= 16.04 

From the air tables at v =16.04, 

r 2 

T 2 = 1,264.8°R 
u 2 = 221.19 Btu/lbm 
At T 3 = 2500°F = 2960°R, 


v 


r 3 


1.233 


u 3 = 576.1 Btu/lbm 

Process 3-4 is also an isentropic process. Hence 



= 1.233 (9) 

= 11.10 


Then at v = 11.10, the air tables give 
r** 

T 4 = 1443.26°R 
u 4 = 255.32 Btu/lbm 

Heat is supplied during process 2-3 and is rejected during 
process 1-4. For the heat added, 

<? 2 _ 3 = U 3" U 2 


= 576.1-221.19 
= 354.91 Btu/lbm 

The heat rejected is 


-q 4-1 - u 4 - Ul 

= 255.32-92.04 
= 163.28 Btu/lbm 


The net work produced is 


w net 


1 2 — ? 


+ q. 
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354.91-163.28 


= 191.63 Btu/lbm 


The efficiency of the cycle is 


th q. 

4 in 


191.63 

354.91 

= 0.54 

= 54%. 


• PROBLEM 9-10 


An air standard Otto cycle of 48% thermal efficiency has air 
at 25°C and 1 bar at the beginning of the isentropic 
compression. Calculate the temperature and pressure of air 
at the end of the isentropic compression process. 



Solution : The figure shows the Otto cycle on aP-v diagram. 
1-2 is the isentropic compression process. It is necessary 

to know the compression ratio in order to determine the 

state 2 from the isentropic process relations. The 
compression ratio can be obtained from the equation of 
thermal efficiency. 




where n ^ = thermal efficiency 
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= compression ratio 


k = ratio of specific heats (1.4 for air) 


Substituting the values and calculating for R c , 


0.48 


1 


1 


R 


0*4 


R -0.4 = 1-0.48 
c 

R = 5.13 
c 

i.e., = 5.13 

V 2 


For the isentropic process 1-2, 



Therefore, 



Substituting the values, 


P 2 = 1(5.13) 1 * 4 
= 9.87 bars 


For the isentropic process 1-2, 



Therefore, 



= (25 + 273) (5.13) 1 

T 2 = 573°K = 300°C 


Therefore, the temperature and pressure at the end of the 
isentropic compression are 300°C and 9.87 bars, respectively. 
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• PROBLEM 9-11 


An air standard Otto cycle in which the salient points are 
1, 2, 3 and 4 has fixed upper and lower limits of absolute 
temperatures T 3 and Ti , respectively. If maximum work per 
unit mass of air is to be done, show that 

1 

(a) the compression ratio R c = 

(b) the intermediate temperature T2 = T4 = /fT T3 
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Therefore, 


w ne t = C v (T 3 -T 2 ) - C v (T 4 -T 1 ) 


" C v [T 3 -T 2 -T 4 +T!] 


(1) 


For the isentropic compression process 1-2, 



where k = ratio of specific heats 


Therefore, the temperature at state 2, in terms of T 1 and 
the compression ratio (R c ), is 



= T 3 (R c ) k 1 


( 2 ) 


Similarly, from the consideration of the isentropic 
expansion process 3-4, the temperature at state 4, in terms 
of T 3 and compression ratio (R ), is 


T 4 


t 3 



(3) 


Substituting the values of T 2 and T 4 into equation (1), 


W 


net 


= C 


T 3 + Ti - TiR 


k-i 


T 3 


R 


k-i 

c 


Since T 1 and T 3 are fixed for the given cycle, the net work 
is a function of R only. The net work will be maximum 
when c 


d(W . ) 
net 

dR 


0 


Hence, taking the derivative of the above expression. 


d(W net ) k-2 -k 

= -Tx(k-l)R c K * + T 3 (k-l)R c K = 0 


Simplifying, 


Tl R c k ' 2 = T 3 V k 


i.e. , 


R 


2 k- 2 T 3 
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Therefore 


2 ( k-i ) _ Tj_ 


9 


2(k-1) 


(b) The compression ratio for maximum work output is 

1 


R 


= (m) 

\ T i/ 


T \ 2 (k 1 ) 


Equation (2) states that 


T 2 = T^R) 


Substituting the value of R c> 


k-i 


T 2 = T, 


t k-i 


T* 

Ti 


2 (k-i) 


i.e., Tj - Tife 

Similarly, from equation (3), 


k-i 


3 — = T, R 


-(k-i) 


Substituting the value of R c , 


T 4 = T; 




= T 


-<k-i.) 


-* 


2 ( k-1) 


4 


M 

-w 

i.e., T 4 =VtiT3 

Therefore, for maximum work output, 

T 2 - T 4 = -/tiTs 
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THE DIESEL CYCLE 


• PROBLEM 9-12 

Consider an air standard Diesel cycle. At the beginning of 
compression the temperature is 300°K and the pressure is 
101.35 kPa. If the compression ratio is 15 and during the 
process 1860 kJ/kg of air are added as heat, calculate; 

(a) the maximum cycle pressure and temperature, (b) the 
thermal efficiency of the cycle, and (c) the mep. 




= 886.5°K 
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Fig. 1. Diesel Cycle 


Also, 



= 4,495 kPa 

P = P = 4,495 kPa 
max a 9 

The maximum temperature can be obtained as follows• From 
the first law, assuming constant specific heats, the heat 
supplied is 


«in - «ab ' C p < T b - V 


or 


^ab 

T = ao + T 
b c p a 


1860 


+ 886.5 


1.0035 

= 2,740°K 

T „ = T = 2,740°K 
max b 

(b) The thermal efficiency of the Diesel cycle is 

- , <T c - T d > 
n th " k(T, - T ) 


( 2 ) 


523 




T c can be obtained from the isentropic relation 


T. / v 
b / c 


k-i 


(3) 


where 


v .s 

b 


from equation (1) 


= 0.287(2,740) 
4,495 

- 0.1749 m 3 /kg 


Substituting into (3) 

T 


T b _ / 0.8495^ 1 - 4 - 1 
T \ 0.1749/ 


or 


Solving for T c§ 


^ = 1.88 

c 


t = 2,740 
c 1.88 


From Eq. (2), then, 


n th = 1 


= 1,457.5°K 


(1,457.5-300) 

1.4(2,740-886.5) 


1 _ 1.157,5 
2,594.9 

= 0.554 


(c) The mean effective pressure (mep) is defined as 


mep 


W net 


V 

a 


(4) 


where 


W . 
net 


'th 


Q 


in 


= 0.554 (1860) 

= 1030.44 kJ/kg 
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Substituting into (4), 


= _ 1030.44 

mep (0.8495-0.0566) 

= 1299.6 kPa 


• PROBLEM 9-13 

Determine the work output per kilogram mass of air and the 

thermal efficiency of an air-standard Diesel cycle with a 

cutoff ratio (r ) of 2 and r =15, assuming that the inlet 
c v 

conditions are 101.35 kPa and 21°C. 



(a) <b> 


Fig. 1. Cycle diagrams for air-standard diesel cycle 
(a) p-V diagram; (b) T-s diagram. 


Solution ; Referring to the accompanying figure, the 
condition at state 1 is: 

Ti = 21°C = 294°K 

Pi = 101.35 kPa. 

Process 1-2 is isentropic and hence 




But, given that the compression ratio 


thus eq. (1) becomes 


r - ^ « 15 

V V 2 


Ti = (r v ) 


or 


T 2 = 294(15) 


1.4-1 _ 


= 868.5°K 


For the constant-pressure heat-addition process (2-3) f 


V3 = T3 
V 2 T 2 

V, 

But the cut off ratio r is defined as r = ~ 

c c V 2 


( 2 ) 


Hence from equation (2), 


or 


r m h 

r c T 2 
T 3 - T 2 (r ) 


= 868.5 (2.0) 
= 1737°K 


To determine the temperature at the end of the power stroke, 
note that process 3-4 is an isentropic process. Hence from 
the isentropic relation 


lit 

T 3 


t 4 



(3) 


From the figure, Vi = v 4 > hence 

V 3 _ V_3 _ V 3 / V 2 _2_ 

v 4 vi V 1 /V 2 15 


Then from eq. (3), 
T 4 


o \ °. 4 

1737 (A 


776°K 


The work output is defined as 

w = q H - q L 


(4) 
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where q R = heat added during the constant pressure 
process 2-3. 

q, = heat rejected during the constant volume 
process 4-1. 

Assuming specific heats to be constant, eq. (4) can be 
written as 


w = Cp(T 3 - T 2 ) - c y (T 4 - T 1 ) 

= 1.0035(1737-868.5) 

- 0.7165(776-294) 
= 871.54 - 345.35 
= 526.19 kJ/kg 

The thermal efficiency of the cycle is 


or 


_ w 
n th q R 

526.19 

871.54 

= 0.6037 


n th = 60 - 37 ^ 


• PROBLEM 9-14 


An air standard ideal Diesel engine (k for 
operates with a pressure and temperature at 
compression stroke of 14.7 psia and 550°R. 
ratio and clearance volume are 2.5 and 1.0 
calculate 

air = 1.4) 
the start of the 

If the cut-off 
ft 3 , respectively, 

(a) Pressure, temperature and specific volume at the 4 1 

states of the cycle 1 

(b) the clearance 


(c) the thermal efficiency 


(d) mep for the cycle. 



Solution : Referring to the figure, the pressure and 

temperature at state 1 are given as 
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Representation of the Diesel cycle. 


Pi = 14.7 psia 
Ti = 550°R 

Therefore, the specific volume at state 1 can be obtained 
by using the perfect gas equation of state 



Substituting the values, 


53.35 x 550 
V i 14.7 x 144 

= 13.86 ft 3 /lbm 

At state 2, given v 2 = 1.0 ft 3 /lbm. 

Pressure P 2 can be obtained from the isentropic compression 
process relation 


Therefore, 



= 583 psia 


The temperature T 2 is given by 
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Therefore, 



= 1574°R 


At 3, the specific volume is obtained using the cutoff ratio. 


or 


r -^1 = 25 
C V 2 

V 3 - 2.5 V 2 


= 2.5 x 1.0 
= 2.5 ft 3 /lbm 


The temperature at state 3 can be obtained from the constant 
pressure process relation 

t 3 t 2 

or v 3 

T 3 = T 2 — 

V 2 

= 1574 x 2.5 
= 3935°R 

Since the process 2-3 is a constant pressure process, 

p 2 = p 3 = 583 psia 
At state 4, v 4 = Vi = 13.86 ft 3 /lbm. 

The temperature T 4 is obtained from the isentropic relation 



= 1983°R 


The pressure P 4 is 



= 53 psia 


Therefore, the 4 states are: 
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STATE 

PRESSURE psia 

TEMPERATURE °R 

SP. VOLUME ft 3 /lbm 

1 

14.7 

550 

13.86 

2 

583 

1574 

1.0 

3 

583 

3935 

2.5 

4 

53 

1983 

13.86 


(b) The clearance is obtained by using the equation 

v c = Cv D 

where C = clearance 

= clearance volume 

v D = piston displacement volume 

The piston displacement volume is given by 

V D = vi-v 2 


= 13.86-1 

= 12.86 ft 3 /lbm 

Therefore, v 

c = — 

V D 

= 12786 (since v c = v 2 ) 
= 0.078 

i.e., C = 7.8% 


(c) The thermal efficiency can be obtained using the heat 
quantities. Hence 


n 


th 


q in q out 


x m 


x 100% 


where 

q in = C p (T 3 -T 2 ) 

= 0.24(3935-1574) 
= 566.64 Btu/lbm 


530 







and 


Vxt = c v (T 4 - Tl ) 


= 0.173(1983-550) 


= 247.91 Btu/lbm 


Therefore, 


566.64 - 247.91 
566.64 


x 100% 


= 56.25% 


(d) The mean effective pressure (mep) of the cycle is 


mep = 


V l”V 2 


w net q in q out 


= 566.64-247.91 


= 318.73 Btu/lbm 


Therefore, 


318.73 ^ nno 

13786^1 * 778 


= 19282 lbf/ft‘ 


= 134 psi. 


• PROBLEM 9-15 


An oil engine has six cylinders, each of 4.5 in bore and 
5.0 in stroke. They work on a theoretical Diesel cycle. The 
initial pressure and temperature of the air are 14.7 psia 
and 75°F. The clearance volume is 10% of the stroke volume. 
The temperature reached during the combustion is 2700°F. 

Find the following: 

(a) compression ratio 

(b) pressure and temperature at the end of compression 

(c) the thermal efficiency 

(d) the H.P. of engine if the working speed is 2200 rpm. 

Use air tables to solve the problem. 
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Diesel cycle 


Solution : (a) Referring to the P-v diagram, the stroke 

volume or displaced volume is (V 1 -V 2 ) and the clearance 
volume is V 2 . 


Given 


V 2 

V 1 -V 2 


0.1 


i.e. , 



0.1 


But ^ ~ compression ratio (r c > . 

Thus, -~zi = 0.1 

c 

or r -1 = 10 

c 

Therefore, r = 11 . 


(b) Assuming ideal gas behavior, the specific volume at 
state 1 is given by 



53.35 x 535 
14.7 x 144 

= 13.48 ft 3 /lbm 


Thus, the specific volume at state 2 is 


V 


2 


Vl 


r 

c 
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13.48 

11 


® 1.225 ft 3 /lbm 

The pressure and temperature at state 2 can be obtained by 
using air tables as follows. 

From the air tables at T = 535°R , 

v = 147.89 

r i 

p r, * X - 34 
Ui = 91.19 Btu/lbm 


Then, from the compression ratio, 



147.89 

11 

= 13.44 


Corresponding to this value of v from the tables, 

r 2 9 

T 2 = 1348°R 
P„ = 37.19 

r 2 

h 2 = 329.45 Btu/lbm 

The pressure at state 2 is given by the relation 

E* _!r* 


Therefore, 


P 2 = 14.7 


37.19) 
1.34 ) 


= 408 psia 


(c) The thermal efficiency of the cycle is given by 


^th 


1 - 


^out 

q in 


= 1 


Uu ~ Ui 

h 3 - h 2 
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The values of u x and h 2 are known from the previous table 
readings. 

The temperature during the combustion reaches 2700°F, 
i.e., T 3 = (2700 + 460)°R 

= 3160°R 

Corresponding to this temperature, 

h 3 = 837.7 Btu/lbm 

v = 0.995 
r 3 

From the perfect gas law, the specific volume at state 3 is 


= RTj. _ RT 3 
P 3 P 2 


and 


53.35 x 3160 
408 x 144 


= 2.87 ft 3 /lbm 



= 4.67- 


From the air tables at v = 4.67, 

r 4 


the corresponding values are 


T 4 = 1940°R 

u 4 = 355.12 Btu/lbm 

Substituting the values into the equation for thermal 
efficiency, 


n th 


355.12 - 91.19 
837.7 - 329.45 


= 1 


263.93 
k 508.25 


= 0.48 


i.e 


n th 


48% 


(d) The net work output per cycle is given by 

W = mw 
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where m = total mass of air used per cycle in all six 
cylinders 

w = work output of one cylinder per cycle 


w is given by 


w = q in ~ q out 


= 508.25 - 263.93 


w = 244.32 Btu/lbm 


m is given by 


m = 6 x - 1 
v i 


where V 1 = total volume of the cylinder 

= clearance volume + displacement volume 
= 1.lx(displacement volume) 


i * (4.5 

1,1 4 M 12 


= 0.05062 ft 3 


V JL 

) * 12 


Therefore, 


m = 6 x 


0.05062 

13.48 


Therefore, 


= 0.02253 lbm/cycle 


W = 0.02253 x 244.32 


= 5.506 Btu/cycle 


Therefore the H.P. of the engine is 

H.P. = W x IEE 

since there is 1 cycle for every 2 revolutions. 


tt t, _ = „ 2200 „ 60 

H.P. - 5.506 x - x 2545 


= 142.8 hp 
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THE DUAL CYCLE 


• PROBLEM 9-16 


The compression ratio of an air-standard dual cycle is 9. 

The conditions at the beginning of compression are 14.7 psi, 
80°F; and during the process, 450 Btu/lbm of heat are added 
at constant volume , and 350 Btu/lbm of heat are added at 
constant pressure. Determine the maximum temperature and 
pressure, the thermal efficiency and the mep of the cycle. 




Solution ; Referring to the accompanying figure, note that 
the maximum temperature occurs at point 4 and the maximum 
pressure occurs at point 3. However since the only state 
known is state 1, first find the pressure and temperature 
at state 2. 


Process 1-2 is an isentropic process. Hence 



But, the compression ratio is 


Vi 


v 


2 


r = 9 
v 


Therefore , 

p 2 = p^v 1 ' 4 

= 14.7 (9) 1 * 4 
= 318.61 psi 
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The temperature T 2 is 


T 2 


Ti(r y ) 


k-i 


= 540 (9 ) *• **“ 1 
- 1300°R 

Process 2-3 is a constant-volume process. Therefore, for 
the constant volume heating process, 

^ q in^V = c v (T3 “ T2 * 
or 

q in 

T 3 = —— + T 2 
c v 

= —_ + 1300 

0.1715 lc5UU 

= 3924 

The pressure P 3 is 

p * - ”’(%) 

■ 3l8 - 61 (fi U) 

= 962 psi 

P max = P 3 " P - " 962 P si 


To find the temperature at point 4, consider the constant- 
pressure heating process 3-4 . 

‘ V T '- T)> 


or 


^in 

C P 

350 


+ T a 


+ 3924 


max 


0.24 
= 5382°R 
= T 4 = 5382°R 


The thermal efficiency of the dual cycle is 


W „ Q. -Q . 
_ net _ in out 


'th 


e in 


Q. 


(1) 
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where 


Q in = 450 + 350 = 800 Btu (for 1 Ibm air) 


Qout - C V ( T »-T‘) 


The temperature at 5 is 


la = Zjl 


t 4 v s 


Tc = TJe 


Hence 


v 4 _ Ti, 
v 3 T 3 


va = lx = 

V 3 v 2 


= 1.372 


V4 = VjJvj. = 1,372 _ 0>1524 
v 5 V 5 /V 3 9 


From eq. (3), then 


T s = 5382(0.1524) 0-4 - 2536°R 


Substituting into eq. (2), 


Q out = (°- 1715 >< 2536 - 540 > 


= 342.3 Btu 


Finally, from eq. (1), 


800-342.3 


= 0.572 


\h - 57 - 2 * 

The mep (mean effective pressure) is defined as 


mep = 


v 1 - v 2 
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and 


From eq. ( 4 ) , 


53.35(540) 
14.7 x 144 

= 13.61 ft 3 /lbm 


v 2 


_ Vx 

9 


13.61 

9 

= 1.51 ft 3 /lbm 



• PROBLEM 9-17 


At the beginning of compression in an air-standard dual 
cycle, the pressure and temperature of the air are 100 kPa 
and 27°C. During the isentropic compression process, the 
volume of the air is reduced from 0.0708 m 3 to 0.0042 m 3 , 
and during the constant pressure process, the temperature of 
the air is increased from 1149°C to 1593°C. Compute (a) the 
cutoff and compression ratios, (b) the heat added and 
rejected, and (c) the thermal efficiency for the cycle, using 
the air tables. 





Solution: (a) The cutoff ratio is, by definition, 


r cut. 


Yj, 

V 3 


and the compression ratio is 


r 


v 


Vi 

V 2 


( 1 ) 


( 2 ) 


Referring to the accompanying figure and using the given data, 
note that 


and 


T 3 = 1149°C = 1422°K 
T„ = 1593°C = 1866°K 
V 3 = 0.0042 m 3 

P 3 = P * 


Process 3-4 is a constant pressure process and so 



= 0.0055 m 3 


From eq. (1), 


r cut 


0.0055 

0.0042 


and from eq. (2), 


r 


v 


0.0708 

0.0042 


16.86 


(b) In the cycle, heat is added during processes 2-3 and 
3-4, and is rejected during process 5-1 (as shown in the 
figure). The heat added to the system in the cycle is 

Q in = m j(u 3 -u 2 ) + (h 4 -h 3 )J (3) 

Heat is rejected during the constant volume process 5-1 and 
can be found as 


Q out = m<us -ui> 


(4) 
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From the given data, 


T 1 = 27°C = 300°K 
Vi = 0.0708 m 3 

Using the air tables, the relative volume at 1 is 

v = 144.32 
r i 

From the relation 


obtain 


V r 2 _ V 2 


v 


ri 


Vx 



= 8.56 


For this value of v , from the air tables, 

r 2 

T 2 = 875°K = 605°C 
il, = 656.46 kJ/kg 

and from the known values for T 3 and T 4 , 

u 3 = 1133.93 kJ/kg 
h 3 = 1542.14 kJ/kg 
h 4 = 2085.96 kJ/kg 

The mass of air at the beginning of compression is found 
by using the ideal gas equation of state. 


m 


= ZiVi 
RT X 

= 100(0.0708) 
0.287(300) 

= 0.0822 kg 


Substituting the numerical values into eq. (3), 

Q in = 0.0822 J( 1133.93-656.46) 

+ (2085.96-1542.14)] 

= 0.0822(477.47 + 543.82) 

Q. = 83.95 kJ 
in 
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Next consider the heat rejected by the system during the 
constant volume process 5-1. 


At 4, 


the relative volume is found from the air tables to be 
v = 0.812 

1*4 


and since 


V 5 = 0.0708 m 3 , 



= 0.812 


0.0708^ 
0.0055 I 


= 10.45. 


For this relative volume, using the air tables, obtain 

Ts = 819°K 

us = 607.87 kJ/kg 

Ui = 214.09 kJ/kg 


From eq. (4), then 

Q out = 0.0822 (607.87-214.09) 
= 32.37 kJ 


(c) The thermal efficiency of the cycle is 


■th 


^in ^out 
®in 


83.95-32.37 

83.95 

= 0.614 


or 


-«•« 
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• PROBLEM 9-18 


I A dual cycle engine has a temperature and pressure at the 
beginning of isentropic compression of 180°F and 14.7 psia. 
The compression ratio is 10 and the maximum pressure is 
1030 psia. The total heat supplied per Ibm of air is 
720 Btu. Determine the following: 

(a) pressure and temperature at all the salient points 

(b) air standard efficiency. 



Solution : In a dual cycle, the heat is supplied to the 

compressed air partly at constant volume and partly at 
const ant pressure. 

Given, the pressure and temperature of air at the beginning 
of isentropic compression, 

i.e., Pi = 14.7 psia 

T! = 180°F 

= (180 + 460) = 640°R 


The pressure and temperature after isentropic compression 
are 


P 2 



1.4) 


= 14.7 (10) 1 * 4 = 369.25 psia 


T 2 



k-i 
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= 640 (10) 1 - 4 - 1 


1608°R 


The pressure after the constant volume heating is the 
maximum pressure of the cycle. 

Therefore, P a = 1030 psia 

Since 2-3 is a constant volume heat addition process, on the 
basis of the perfect-gas equation, 



= 4485°R 


Assuming constant specific heats, the heat added at constant 
volume is given by 

Qi = C v (T 3 -T 2 ) 

= 0.171(4485-1608) 

= 491.97 Btu/lbm 

Therefore, heat added during constant pressure process is 
the difference between the total heat supplied and the heat 
supplied during constant volume heat addition process. 

i.e., Q 2 (heat added at constant pressure) 

= 720-491.97 

= 228.03 Btu/lbm 


i.e., C p (T 4 -Tc) = 228.03 

Substituting the values of and T 3 and evaluating the 
value of T-, 

0.24 (T 4 - 4485) = 228.03 


T 4 


228.03 

0.24 


+ 4485 


= 5435°R 


Since 3-4 is a constant pressure heat addition process, the 
cut-off ratio is given by 

r = Vh = T4 
cut V 3 T 3 

5435 

4485 
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1.212 


Therefore, the expansion ratio 


since 

But 

Therefore, 


Vs 

V 2 


R 


= Vs . Vs V 3 

v- v 2 x V4 


v 2 = v 3 


Vi 

v 2 


= compression ratio 


R 


e 


10 

1.212 


= 8.251 


Process 4-5 is an isentropi 
pressure and temperature at 
P 5 and T s , are given by the 

p 5 - 


i.e.. 

Ps 

and 

Ts 


t expansion process. Thus, the 
the end of expansion, i.e., 
isentropic relationships 



1030 

(8.251) 1 - 4 
53.67 psia 



5435 _ 

(8.251) 


i.e 


T 5 = 2337°R 


(b) Heat rejected during constant volume heat rejection 
process 5-1 is given by (assuming constant specific heats) 

Q r = C y (T s-Ti. ) 

= 0.171(2337-640) 

= 290.19 Btu/lbm 
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and the heat supplied , 

Q = 720 Btu/lbm 
s 

Therefore, the thermal efficiency of the cycle is 

_ Q s" Q r 
n th <3 


1 290j. 19 

720 

= 0.5969 
= 59.69% 


• PROBLEM 9-19 


A dual cycle oil engine has a compression ratio of 10 and an 
expansion ratio of 5.5. The air pressure and temperature are 
initially 14.7 psia and 540°R. The heat supplied at constant 
pressure is twice the heat supplied at constant volume. If the 
expansion and compression follow the law PV 13 = constant, 
compute the following: 

(a) Pressure and temperature at all salient points 

(b) Mean effective pressure of the cycle 

(c) Efficiency of the cycle 

(d) H.P. of the engine, if there are 500 cycles/min. 

Take the bore of the cylinder to be 10 in and stroke length 
of the piston to be 16 in. 


Solu t io n; Given the pressure and temperature of air at the 
beginning of isentropic compression process to be 

P A = 14.7 psia 

T 1 = 540°R 

the pressure and temperature after compression are 



1.3) 
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and 


= 14.7 (10) 1 - 3 
P 2 = 293.3 psia 



= 540(10) 1 - 3 - 1 
= 1077°R 


Given that heat added during constant pressure process is 
twice that of during constant volume, then, for constant 
specific heats, 


C p (T h -T 3 ) = 2C y (T 3 -T 2 ) 


( 1 ) 


Now consider the constant pressure process 3-4. From ideal 
gas relations, 

lit = Xh = V4 v Vs 

t 3 v 3 v 5 x v 3 


But, since 


Vi = Vs and V 2 = V 3 

and 

Vs 

v. 

= expansion ratio = 



t 4 . v x x V H 

T 3 V 2 V 5 



10 

5.5 



= 1.82 

or 


T 4 - 1.82 T 3 
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Substituting into equation (1), 


0.24 (1.82 T,-T 3 ) = 2x0.17 (T 3 -1077) 
i. e., (0.24X0.82 T 3 ) = 0.34 T 3 - 366.18 

or T 3 = 2557°R 


and from the constant volume process 2-3, 



= 696.35 psia 


For the state 4, 


and 


P «4 = P 3 = 696.35 psia 
T 4 = 1.82 T 3 

= 1.82 (2557) 
= 4654°R 


For the state 5, 


and 



696.35 

(5.5) 1 - 3 


= 75.92 psia 



= 4654 

(5.5) 1 * 3 - 1 

= 2791°R 


(b) 


where 


The mean effective pressure of tne cycle is given by 


mep = 


'V 1 * 


p,(p-l) + 


P 4 P“P5^ 


n-1 


P 2 -PiR c 

n-1 


R c = compression ratio 


P 


cut-off ratio 
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Substituting the values, 


mep 


1 

( 10 . 1 ) 


696.35(1.82-1) 


. 696.35(1.82) - 75.92(10) 
(1.3-1) 


293.3-X4.7(10) 
(1.3-1) 


= 197.47 psia. 


(c) The stroke volume is 


V 

s 



x L 


- i TO 

= 0.7272 ft * 

The work done per cycle is 


W = (mep)(V ) 

s 


197.47 x 144 x 0.7272 
778 

= 26.58 Btu/cycle 

The volume of air at state 1 is given by 

V 1 = V + V 

1 o n 



V 

s 


= ^ (0.7272) 

i.e., Vj = 0.808 ft 3 

Mass of air per cycle is given by the perfect gas equation. 


m 


PiVi 

RTi 


14.7 x 0.808 x 144 
53.35 x 540 


= 0.05937 lbm/cycle. 


The heat supplied per cycle is 



from eq. (1) 


= 3 mC v (T 3 -T 2 ) 


= 3 x 0.05937 x 0.171 (2557-1077) 

= 45.08 Btu/cycle 

Therefore, the thermal efficiency of the cycle is 

= 26.58 
n th 45.08 

= 0.5896 

or n th = 58.96% 


(d) The work done per minute is 

= work done per cycle xnumber of cycles per minute 


= 26.58 x 500 


= 13290 Btu/min 


Therefore 


HP of the engine is 


13290 

42.42 


313.3 HP 


THE BRAYTON CYCLE 


• PROBLEM 9-20 


The adiabatic efficiencies of the compressor and turbine used 
in an air-standard Brayton cycle are 85% and 90%, respectively. 
If the cycle operates between 14.7 and 55 psia and if the 
maximum and minimum temperatures are 1500°F and 80°F, 
respectively, compute the thermal efficiency of the cycle. 
Assume constant specific heats. 


Solution : Use the accompanying figure to refer to the 

different states. The thermal efficiency of the cycle is 
calculated using the formula 


*th 


W 


act 




where 


W — W + w 

act turb. comp. 


( 1 ) 


( 2 ) 
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For this problem, the processes in the turbine and compressor 
are not reversible, and so the work done will be less than the 
work of the processes were reversible. Using the given effic¬ 
iencies, it can be written 


and 


where 


and 


W 


act 


turb. 


n turb. x 


W. u 
theo. 


turb, 


(3) 


W act 


comp, 


W theoJ 

_ 'comp 

^comp 


(4) 


W.. 

theo. 


turb. 


h 3 -h 4 


c p (T 3 -T H ) 


(5) 


W theo, 


— h2 — hj^ — c (T 2 —Ti) 
comp. p 


To find the temperatures at states 2 and 4, use the 
isentropic relation 


T 

a 


k-i 

k 


At state 2 , 


k-i 



= 787.6°R 


( 6 ) 
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At state 4 , 


With these values, 
and (6), 


k-i 



= 1960 


14.71 °- 286 


55 

= 1343.9°R 


and c =0.24 Btu/lbm-°R f 
P 


from eqs. (5) 


w 


theo. 


turb. 


0.24(1960-1343.9) 


= 147.9 Btu/lbm 


and 


w,, 
theo. 


= 0.24 (787.6-540) 

comp. 


= 59.42 Btu/lbm 


Substituting into eqs 
w 


act 


-w 


act 


turb. 


comp. 


. (3) and (4), 

0.90 (147.9) = 133.1 Btu/lbm 

5Q 49 

= 69.9 Btu/lbm 


From eq. (2), then 


w . = 133.1-69.9 = 63.2 Btu/lbm 
a Cl 

The only term unknown in eq. (1) is the heat added to the 
system during process 2-3 (Q R ). However, 


q H 


h -h 
3 2 a 


c (T -T ) 
p 3 2 a 7 


(7) 


where T 2a is the actual temperature at state 2, and can be 
found using the efficiency of the compressor. Hence 


or 


n — T 2 T i _ q o c 

n comp T 2 -T 1 °' 85 


za 


= flizlil + T 

\ 0.85 1 1 


_ / 787. 6-54o\ 
\ 0.85 ‘ / 


+ 540 


552 



831.3°R 



• PROBLEM 9-21 



A regenerator of 75 percent effectiveness is used in an 
air-standard Brayton cycle working between pressures of 
15 psia and 75 psia, as shown in Figure 1. Determine the 
work per pound of air and the efficiency of the cycle if the 
maximum and minimum temperatures of the cycle are 1700°R and 
550°R , respectively. 



Solution : By adding a regenerator or heat exchanger to 

transfer heat from the turbine exhaust gas to the gas leaving 
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Fig. 1 Brayton cycle with regenerator. 


the compressor, the heat supplied externally is reduced, and 
therefore the efficiency of the cycle is increased. To solve 
this problem, first consider the idealized cycle without a 
regenerator. From Fig. 2, the minimum temperature occurs at 
4 and the maximum at 2. Furthermore, the heat added and the 
heat taken out are 


Qin = V T 2 - T i> 


( 1 ) 


and 

= V T a- TO 

For the reversible adiabatic processes 4-1 and 2-3, 

(k-i)/k 


and 


Ti = (pj 
T 4 \ P 4/ 

T 2 = (pA 

Ts \P 3 / 


(k-i )/k 


However, Pi = P 2 and P 3 = P 4 . Then 


From eq. (3), 


Pi _ P 2 _ 75 _ c 
P4 P 3 15 0 

T x = 550(5) ( 1 - 4 ~ 1 ^ 

= 870°R 


( 2 ) 


(3) 


(4) 


55 ^ 




From eq. (4), 


(5) (1-4 “ i) / 1#4 


= 1075°R 


From eq. (1), with c D = 0.24 Btu/lbm- 0 R, 


Q in = 0.24(1700-870) = 199 Btu/lbm 


and from eq. (2), 


Hence 


Q . = 0.24 (1075-550) = 126 Btu/lbm 
out 


W net ^in ®out 


= 199-126 


= 73 Btu/lbm 


When the regenerator is added, the maximum temperature to 
which the cold gas can be heated is the temperature of the 
hot gas entering the exchenger. However, this could be 
achieved only with an infinitely large heat exchanger 
operating reversibly. In a real case the temperature at la 
cannot reach the temperature at 3. To determine the 
temperature at la, the effectiveness of the regenerator is 
used. Therefore , 


T, -T 
ia i 


Since e = 75%, solving for T 1 gives 


T ia = e(T s- T i> + 


= 0.75(1075-870) + 870 


= 1024°R 


To obtain the temperature at 3a, perform an energy balance 
for the regenerator. 

c p (T ia- T i ) = c p (T s- T 3a ) 


T -T = T -T 
i a i 3 3 a 
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Fig. 2 Brayton cycle without regenerator. 


Solving for T 


s a 


? = -(T -T ) + T 

3a la i 3 


= -(1024-870) + 1075 
= 921°R 


Then for the actual cycle , 


«in " c p (T 2 - T ia ) 

= 0.24(1700-1024) 
= 162 Btu/lbm 


and 


The efficiency is 


Q 


out 


W 


net 


c (T -T ) 

p 3 a 4 

0.24(921-550) 

89 Btu/lbm 

162-89 = 73 Btu/lbm. 


W 


n = 


net 


Q* 


= JZJL 

162 

= 0.45 


556 


or 


n = 45% 

Compare this efficiency with 36.7% for the same cycle without 
a regenerator. 


• PROBLEM 9-22 


An internally reversible air-standard Brayton cycle receives 
air at 27°C and 103 kPa. The upper limits of pressure and 
temperature of the cycle are 517 kPa and 316°C. Determine 
the thermal efficiency of the cycle, assuming constant 
specific heats. 




(b) 

Representation of the Brayton Cycle. 
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Solution ; The efficiency of the cycle is defined as 


where 


n = 


net 

^added 


W 

Q 


net 

added 


W t + 


W 


= Q. 

^in 


( 1 ) 


( 2 ) 


Therefore, in order to calculate the cycle efficiency, the 
turbine and compressor work, as well as the heat added to the 
the air, must be determined. Next, consider the compressor 
and turbine to be adiabatic, and since it has been assumed 
that they are internally reversible, the expansion and 
compression processes are isentropic. For the turbine, 


f turb. " h3 ' h4 ' c p (T3 - T -> 


(3) 


and for the compressor, 


W 

compr 


hi-h2 = Cp(Ti-T2> 


(4) 


Using the isentropic relation 


T 

T 


a 

b 


(Y-i )/Y 


the temperature at the end of compression can be found as 

(Y-i)/Y 


T * - T i p- 


p 2 

i 


( 1 . 4-1 )/!.*» 


= 300 
= 475.67°K 


and at the end of expansion. 


T.* 



= 371.47°K 
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From eq. (3), with c p = 1.0035 kJ/kg, 

W. , = 1.0035(589-371.47) 

turb. 

= 218.3 kJ/kg 

From eq. ( 4 ) , 

W = 1.0035(300-475.67) 

compr. 

= -176.3 kJ/°K 


The heat per kg added to the air is 

Qin " h 3- h 2 = c p (T 3 -T 2 ) 
or 

Q in = 1.0035 (589-475.67) 
= 113.73 kJ/kg 


From eq. (2 ) , 

W net = 218.3 - 176.3 = 42 kJ/kg 


Finally, using eq. (1), the cycle efficiency is found to be 


n 


42 

113.73 


0.369 


or 


n = 36.9% 


Note that the efficiency of the cycle could have also been 
found using the formula 


n = l 


p \ (Y-i)/Y 

P2 


= 1 



( l.*-l )/l.4 


= 0.369 


= 36.9%. 
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ANALYSIS OF RECIPROCATING AIR - COMPRESSORS 

• PROBLEM 9-23 


Air is compressed from 15 psia, 80°F, to 90 psia. Compare 
the work done and the heat transferred per pound of air 
according to the following processes: 


(a) 

reversible 

adiabatic, 

(b) 

reversible 

isothermal, and 

(c) 

reversible 

pv 1-3 = constant 



Solution : From the equation of state for air, 

PiVi = RT X 

= (53.34)(540) 

The index for this reversible adiabatic process is taken as 
1.4 (u , k= 1.4 for air). 

The work done during the compression process is given by 


IlA=ll 


\ - ETI ** (ft) 


(53.34)(540) 


(i) “ 


0-4.’"—"[1,15/ 

= (100813X1.67-1) 

= 67,545 ft lb/lb 

For a reversible isothermal process, the work done is 


»t - RT ln K 


= (53.34)(540) In 


= 51.609 ft Ib/lb 


For a reversible pv 1 * 3 = constant process, the work is 
obtained by using n = 1.3. 


w - 44 (53.34X540) 
n U. o 


= (124,816) (1.51 - 1) 
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= 63,656 ft lb/lb 


The heat transfer for an adiabatic process = 0. For the 
polytropic process, the heat transferred is 



= (0.171) ( ^f 1 ^ ) (540)(1.51 - 1) 

= -16.0 Btu/lb. 

The heat transferred from the air is 16.0 Btu/lb. For an 
isothermal process with a perfect gas, the heat transfer is 
equal to the work. In this case, the heat transferred from 
the air is 51,609 ft lb/lb or 66.3 Btu/lb. 

Most tests on reciprocating air compressors with water- 
cooled cylinders show that it is practical to cool the air 
during compression to correspond to a polytropic exponent 
n in the vicinity of 1.3. The usefulness of cooling for a 
work reduction in the compression process is clearly shown 
in this example. 


• PROBLEM 9-24 


A single-stage double-acting air compressor having a 
clearance of 6.25% and a stroke volume of 0.06 m 3 draws in 
air at 100 kPa and delivers it at 700 kPa. The compression 
follows the law PV 1 * 3 = constant. If the compressor 
operates at 400 rpm, calculate the power required and the 
volume of air delivered per second. 
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Solution : A double-acting reciprocating air compressor has 

two delivery strokes per revolution of the crankshaft. Hence 
there are two cycles (i.e., one occurring on each side of the 
piston) per revolution of the crankshaft. 

Referring to the figure, the work required per cycle is given 
by 


W 


cycle 


n 

(n-1) 


Pi(V 1 -V 4 ) 



where n = index of compression 

(V 1 -V 4 ) = volume of air taken in 


From the figure, 

Vl = (V 1 -V 3 ) + V 3 
where Vi-V 3 = stroke volume 

V 3 = clearance volume 
6.25 


V 3 = 


x 0.06 


Hence, 


3 _ 100 

= 0.00375 m 3 
Vi = 0.06 + 0.00375 
= 0.06375 m 3 . 


From the isentropic process 3-4, 

V = v f — 

v - Mp„ 


= 0.00375 
= 0.01675 m 3 

hence, Vi-V., = 0.06375-0.01675 
= 0.047 m 3 


1 

(tOo\T* 
\100l 


Therefore, 

W 


1.3 


cycle (1.3-1) 


(100)(0.047) 


11.54 kNm 


1.3-1 


700 \ 

100 / 


-1 
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The power required to run the compressor at 400 rpm is 


W = 11.54 x 2 x 


= 153.87 kW 


The volume of air delivered per cycle is 

v d = V 2 -V 3 

From the isentropic process relation for the process 1-2, 


V 2 « V x 


= 0.06375 


= 0.01427 m 3 


Therefore, 

V, = 0.01427-0.00375 
d 

= 0.01052 m 3 

Therefore, volume of air delivered per second is 


0.01052 x 2 x 


= 0.14 m 3 / 


• PROBLEM 9-25 


An air compressor takes in air at 14.7 psia and 72°F and 
compresses it isentropically to 55 psia. If the clearance 
volume is Vi6th of the stroke volume, determine 

(a) the stoke volume in cubic feet per minute to compress 
80 ft 3 /min of air at inlet conditions, 

(b) the volumetric efficiency, and 

(c) the power needed to run the compressor. 

Assume the expansion process to be isentropic. 


Solution : The piston displacement or stroke volume may be 
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defined as the volume swept out by the piston as it moves 
from the center of the top to the center of the bottom. 

Referring to the figure, the stroke volume is (V 2 -Vi*) and 
the clearance volume is Vi*. 



Volume of air drawn into the cylinder per minute is 

V 2 -V 1 = 80 ft 3 /min. 

Given, - 

v . - -k ( v *- v . 

or Vi, = — V 2 


From the isentropic compression process 2-3, 


i 


.e. 


i 



14.7 


Va 

V 3 


2.566 


From the isentropic expansion process 4-1, 

Vi = /p%\ s 

v; \Pi) 


i 



(i) 


( 2 ) 


(3) 
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2.566 


(4) 




Substituting equations ( 1 ) and (2) into (4) to calculate V 2 , 


V V - 8 - = 2.566 


JL-I v 2 

l 1 7 / 


Simplifying, 


V 2 = 94.22 ft 3 /min 


From equation (1), Vi = 14.22 ft 3 /min 
and from equation (2j. V•, = 5.54 ft 3 /min. 


Therefore, the stroke volume V 2 -V 4 = 94.22-5.54 

= 88.68 ft 3 /min 

(b) The volumetric efficiency is given as 


V 2 -V 1 

V,-Vu 


94.22- 14.22 

94.22- 5.54 


x 100% 


= 90.2% 


(c) The power required is given by 


w " p.(v.-Vi) pi 


i.e., 


(1.4-1) 


(14.7 x 144)(80) 


55 \ 1 * 4 . 

114 . 7 } 


= 271398 ft-lbf/min. 


= 8.22 hp 


• PROBLEM 9-26 


A reciprocating refrigeration compressor uses Freon-12 as 
the refrigerant. The gas enters at 20 lbf/in 2 , 60°F and is 
compressed to 180 lbf/in 2 . The single cylinder compressor 
has a bore of 2.0 in, a stroke of 2.5 in and a rpm of 1800. 
Calculate the volumetric efficiency of this compressor if 
the mass rate of flow of refrigerant is 2.5 Ibm/min. 
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Solution : The volumetric efficiency of a reciprocating 

compressor may be defined as 

n _ _ actual mass of gas compressed per cycle _ 

mass of gas occupying stroke volume at inlet conditions 


The mass of refrigerant occupying stroke volume at inlet 
conditions is given by the product of stroke volume and the 
density of the refrigerant at 20 psia and 60°F. 


At 20 psia and 60°F , the refrigerant Freon-12 is in the 
superheated region. 

From the tables , its specific volume v = 2.234 ft 3 /lbm 


The stroke volume is given by 


d 2 l 

4 


- 5 (A)W) 

= 4.545 x 10 -3 ft 3 


Therefore, the mass of refrigerant occupying stroke volume 
is 


4.545 x 10' 3 
2.234 


2.03 x10 3 lbm 


The actual mass of refrigerant compressed per cycle is 


2.5 

1800 


1.389 x10 


lbm 


Therefore, the volumetric efficiency is 


1.389 x IQ 
2.03 x 10 


x 100% 


= 68.4%. 
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• PROBLEM 9-27 


A 12 x15 in double acting air compressor 
14 psia and 90°F (point 1 in figure). It 
of 5% f runs at 150 rpm , and discharges 
Compression is taken as polytropic, with 

draws in air at 
has a clearance 
at 50 psia. 
n = 1.3. 


(a) 

Calculate an approximate value for the free air from 
conventional volumetric efficiency. 


(b) 

As air passes through the compressor 
transferred, 

, calculate the 

heat 

(c) 

the change of enthalpy , and 



(d) 

the conventional HP. 



(e) 

Using air tables , calculate the available part of the 

heat for t = 60°F. 
o 

Take 

70°F 

atmospheric pressure and temperature 
, respectively. 

to be 14.7 psia 

and 
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The volumetric efficiency 


n v = 1 + C - C 


= 1.05 - 0.05 


= 0.9169 
= 91.69 % 


The volume drawn in per minute = 


Vi 1 = n„ v r 


= 0.9169 X 294.5 


= 270 cfm 


which is measured at 14 psia and 0O°F at point 1. 
Using subscript o for atmospheric air , 

Po V o PlV ! 1 


The approximate volume of free air is 

PiVx lT 

v = -2 

o Tip 


14 x 270 x 530 
550 x 14.7 

= 247.8 cfm 


(b) To obtain the heat. 


T 2 - Tx 


= 550 


(n-i) 


(i«3-i) 


(If) 


= 738°R 


278°F 


,i = PiVi 1 
RTx 
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14 x 144 x 270 
53.3 * 550 


= 18.57 lb/min 

c v = 0.1714 for air 

k = 1.4 
Then 



0.1714 x (1.4-1.3) 

1-1.3 

= -0.0572 Btu/lb. 

Q = m'c AT 
n 

= 18.57 x (-0.0572) x (738-550) 
= -199.7 Btu/min 

which means that heat is rejected. 

(c) Change of enthalpy for c p = 0.24 is 

AH = m’c p AT 

= 18.57 x 0.24 x (738 x -550) 

= 837.9 Btu/min 

(d) For work, the equation is 

W = - AH + Q 
= -837.9-199.7 
= -1037.6 Btu/min. 


Therefore , 


HP 


1037.6 

42.4 


= 24.5 hp 


{since 42.4 Btu/hp-min} 


(e) From the air tables, Si = 0.60514 

s 2 = 0.67599 
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change in entropy 


As = S 2 - Si - ■? In ^ 
j Pi 

= 0.67599 - 0.60514 - 0.0685 In 

or As = -0.01635 Btu/lb-°R 

i.e., there is a decrease in entropy. 

Unavailable heat, of the total amount of heat is 

E = m* T As 
u o 

= - (18.57)(520)(0.01635) 

= -157.88 Btu/min 

E = -199.7 + 157.88 

Si 

= -41.8 Btu/min 

is the available part of the heat. 


THE GAS TURBINE CYCLE 


• PROBLEM 9-28 

A gas turbine cycle with a stage of reheat and regeneration 
operates under the conditions given below, as illustrated 
in the figure. The turbine efficiencies are 86%, and the 
compressor efficiency is 81%. Furthermore, the work output 
of the high pressure turbine is just enough to drive the 
compressor. Determine the pressure at which the reheater 
operates. 

Ti = T 3 = 1300° K, Te = 3000° K, P x = P 7 = P 8 = 450 kPa, 

P 4 = P 5 = Pe = 100 kPa 


Solution : In solving this problem, note that the pressure 
drop in the reheater is very small, and thus neglected in this 
problem. That means the pressures at states two and three are 
assumed to be equal, and thus only the pressure at state two 
will have to be calculated. 

First consider the compressor alone. For the reversible 
(isentropic, subscript s) process it can be written 
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- 300 ({gf-”*- 
= 461.1°K 

Then, using th'' equation of the compressor efficiency. 

W c mC(T-T ) 

_ _s _ p 7 s 6 

^comp W a mC p (T 7 -T 6 ) 

the temperature and thus the work for the actual process can 
be found as 


T 7 = Tc + 


= 300 + 


T -T 
7S 6 


I 461.1-300^ 
\ 0.81 } 


= 498.9° K 

Since the work output of the high pressure turbine just equals 
the work input to the compressor, then 


turb. 


= W 


H.P. 


comp. 


or 


mC (T 1 -T 2 ) = mC (T 7 -T 6 ) 
P P 

Solving for T 2 , one gets 


T 2 = T 6 -T 7 + Ti 

= 300-498.9 + 1300 

= 1101.1°K 


Now, if the temperature for the isentropic process can be 
found at state two, then the use of the isentropic relation 
given by equation (1) will give the pressure at the entrance 
of the reheater, since the pressure is the same for both the 
reversible and irreversible processes. 

Considering the high pressure turbine alone, and since the 
efficiency of the turbine is known and also given by the 
equation 

_ W a _ mC p (Tl_T2) 

n turb = W“ = mC (T.-T, ) 
s p i 2 s 

the temperature for the reversible process at state two is 
found to be 
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= 1300 + 


1101 . 1 - 


.1-1300 \ 

0.86 ) 


= 1068.7° K. 


Then solving for P, in equation (1) gives: 


P, = P 


T aslk/(k-i) 


'\W 

1068.7\ 1,4 /( 1 * 4 “ 1 ) 


450 1 1300 

= 226.7 kPa. 


• PROBLEM 9-29 


1. In an air standard gas turbine cycle, air at 14.5 psia 
and 70°F is first compressed to 80 psia in a compressor of 
82 percent efficiency. The hot air leaving the combustion 
chamber at 1250°F is expanded back to 14.5 psia in a turbine 
of 85 percent efficiency. 

Determine (a) compressor and turbine work quantities , and 
(b) thermal efficiency of the cycle. 

2. If a regenerator is inserted into the cycle to heat the 
air leaving the compressor to 650°F, determine the thermal 
efficiency of the cycle and the effectiveness of the 
regenerator. 


Solution : Referring to the T-s diagram, points (5) and (6) 

refer to the second part of the problem where a regenerator 
is inserted. 

Using air tables to solve the problem to get better accuracy, 
for the given inlet state 1, 

T x = 70°F = 530°R 
p^ = 14.5 psia 
from the air tables, corresponding, 

p = 1.2983 

r i 

hi = 126.66 Btu/lbm 

The relative pressure at the compressor outlet, that is, at 
state 2, is given by 
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P = p £-2-) 
r 2 


1.2983 


= 7.163 


( 


The enthalpy at state 2s corresponding to p can be 
approximated by interpolation. 2 

h = 206.57 Btu/lb 

2 S 

From the definition of the efficiency of the compressor, 


hi + 


h -h 

2 S 1 


= 126.66 + 


comp 

206.57-126.66 


0.82 


h 2 = 224.11 Btu/lbm 
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Given T 3 = 1250°F 
= 1710°R , 

the corresponding values from the air tables are 

p = 93.156 
3 

h 3 = 425.30 


Hence 



p = 16.88 

r 4 


Again employing the air tables , 

h. = 263.57 Btu/lbm 
**s 

T. = 1090°R 
**s 

From the definition of the efficiency of the turbine, 

h - = h 3 - n turb (h 3- h ,s ) 

= 425.3-0.85(425.3-263.57) 

= 287.83 Btu/lbm 
Therefore , the compressor work quantity is 

hz-hi = 224.11-126.66 
= 97.45 Btu/lbm. 

The turbine work quantity is 

h 3 -h 4 = 425.30-287.83 
= 137.47 Btu/lbm 

(b) The thermal efficiency of the cycle is given by 

_ (h3-hi>) - (h2-hi) 

n th h 3 - h 2 

(425.30-287.83) - (224.11-126.66) 

425.30-224.11 X * 

= 19.89% 
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2. By inserting a regenerator, the net work done by the cycle 
remains unchanged, whereas the heat input is reduced. 

The enthalpy of air at T 6 = 650°F = 1110°R is 

h 6 = 269 Btu/lbm 

Therefore, the net heat transferred to the system is 

q = h 3 - h 6 
= 425.3-269 


= 156.3 Btu/lbm 


Therefore, thermal efficiency of the regenerative cycle is 


n 


th 


137.47-97.45 

156.3 


x 100% 


= 25.6% 


The effectiveness of the regenerator is given by 


i.e. , 


_ h6-h 2 
h 4 -h 2 

269-224.11 

287.83-224.11 

= 0.7044 

e = 70.44 percent. 


• PROBLEM 9-30 


An air-standard gas-turbine engine operates on an overall 
pressure ratio of 4 and between the temperature limits of 
70°F and 1600°F. Assuming constant specific heats, 
evaluate the compressor work, turbine work and thermal 
efficiency for each of the modifications below. Assume 
optimum stage pressure ratios, perfect intercooling and 
perfect reheating. 


(a) 

Ideal cycle . 


(b) 

The efficiencies of compressor and turbine 
and 0.92, respectively. 

are 0.82 

(c) 

To modify (b), a regenerator of effectiveness 0.65 
is added. 

(d) 

To modify (c), a two stage compressor with 
cooler is inserted. 

inter- 
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(e) To modify (c), a two stage turbine with reheater is 
inserted. 

(f) To modify (e), a two stage compressor with inter¬ 
cooler is inserted. 






Solution ; (a) For the ideal Brayton cycle, the temperature 
at the inlet to the compressor, i.e., Tj = 70 C F 

or T x = (70 + 460) = 530°R 


The temperature at the compressor outlet, i.e.. T 2 , can be 
obtained from the isentropic relation 


where 


Thus, 


k-i 



= pressure ratio 

F i 

k = ratio of specific heats 


1.4-1 

T 2 = 530(4) x - 4 
= 788°R 
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The temperature at the inlet to the turbine is 


T 3 = (1600 + 460) 
= 2060°R 


The temperature at the turbine outlet, Ti*, is given 


k-i 



T 4 = 1386°R 


For constant specific heats, the isentropic work doi 
compressor is 


w 

c 


C p (T 2" T l ) 


= 0.24 (788-530) 


w c = 61.92 Btu/lbm 

The isentropic work done in the turbine is 

W t = C p (T 3' T ‘* ) 

= 0.24(2060-1386) 
w t = 161.76 Btu/lbm 


The heat added during the combustion process is 

q A = c p (Ts ~ Tz * 

= 0.24(2060-788) 

= 305.28 Btu/lbm 

Then, the thermal efficiency is given by 


i.e. , 


'th 



c 


161.76-61.92 

305.28 


= 0.327 

- 32 - 7 < 
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(b) Considering the efficiencies of compressor and turbine, 
the corresponding cycle is 1-2'-3-4*-1, as shown in figure 
(a). 

The temperature at the end of compression is given by 

T 2 , = T x + ^(Ta-Ti) 

n c 


= 530 + (788-530) 

T 2 , = 845°R 


The temperature at the turbine outlet is given by 

T , = T - T1JCT -T ) 

4' 3 L 3 4 


= 2060-0.92(2060-1386) 
= 1440°R 


Then, the compressor work is 


w = c (T ,-T ) 
c p 2 1 1 

= 0.24(845-530) 


w = 75.6 Btu/lbm 
c 


The turbine work is 


w t = c p (T 3 -T 4 ’ ) 

= 0.24(2060-1440) 
w^ = 148.8 Btu/lbm 


The heat added during the combustion process 2*-3 is 

*A = °p (T 3- T 2 ,} 

= 0.24(2060-845) 

= 291.6 Btu/lbm 

Then, the thermal efficiency is 



148.8-75.6 

291.6 
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0.251 


i.e., n th = 25.1% 

(c) By adding a regenerator to part (b), the compressor 
work and turbine work are unaffected. Hence they remain the 
same as in part (b) , 


i.e.. w = 75.6 Btu/lbm 

c 

w t = 148.8 Btu/lbm 

The temperature of the air leaving the regenerator and 
entering the combustor is 

T 2 n = T 2 , + e(T 4 ,-T 2 ,) 

= 845 + 0.65(1440-845) 

T 2 „ = 1232°R 

Therefore, the heat added in the combustor is 

q A = C p (T 3 -T 2» ) 

= 0.24(2060-1232) 

= 198.72 Btu/lbm 
The thermal efficiency is 

n th 


i.e., n th 

(d) Figure (b) represents the cycle with two stage 
compression, intercooling and regeneration along with the 
efficiencies of compressors and turbine. 

In order to minimize the compressor work, the pressure ratio 
across each stage must be the same. This requires the 
pressure ratio across each stage to be the square root of 
the overall pressure ratio. 

Thus Pi. = El = /4 

pi pe 

i.e., Es = El = 2 

Pi Pe 


148.8-75.6 

198.72 

0.368 

36.8% 
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For the first stage of compression, consider the isentropic 
process 1-5 . 

Temperature at state 5 is given by 


k-i 



1.4-1 

= 530 (2) 1,4 
= 646°R 

Then for the actual process 1-5', the temperature at state 
5' is given by 


5 • 


= T x + 


(Tj-TV 


= 530 + <646-530) 

= 671°R 

Since the intercooler is ideal, the temperature at the inlet 
of the second stage of compression is T 6 = 530°R, and from 
the conditions of optimum pressure ratio, the temperature 
at state 7*, 

i.e., T ?l = T 5 , = 671°R 

The temperature of the air leaving the regenerator and 
entering the combustor is 

T 7 „ = T ?l + e(T 4l -T ?l ) 

= 671 + 0.65(1440-671) 

i.e., T 7fl = 1171°R 

The compressor work is given by 

w c = c p [(T s ,-Tj) + (T 7 ,-T 6 )] 

= 0.24[(671-530) + (671-530)] 

= 67.68 Btu/lbm 

The turbine work remains unaffected. 

= 148.8 Btu/lbm 

The heat added during the combustion process 7"-3 is 

“a - W T ,"> 
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= 0.24(2060-1171) 


= 213.36 Btu/lbm 
The thermal efficiency is 



148.8-67.68 

213.36 


= 0.38 

i.e. , n th = 38% 

(e) Figure (c) represents the cycle with two stage 
expansion, reheating and regeneration along with the 
efficiencies of the compressor and turbines. 

From the consideration of optimum stage pressure ratios, 


£.3. = Pa ,, = 2 
P8 Pi 0 

For the first stage of expansion, consider the isentropic 
process 3-8. 

Temperature at state 8 is given by 


k-i 



- 2060 (i) 1 ‘ 4 

= 1690°R 

Then for the actual expansion process 3-8*, the temperature 
at state 8 * is given by 

T 8 . =T 3 - n t (T 3 -T 8 ) 

= 2060-0.92(2060-1690) 

= 1720°R 

Since the reheater is ideal, the temperature at the second 
state turbine inlet is T 9 = T 3 = 2060°R, and from the 
conditions of optimum pressure ratio, the temperature at 
state 10 *, 

i.e., T 10 , = T e , = 1720°R 

The compressor work remains same as in part (b). 
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75.6 Btu/lbm 



(f) Figure (d) represents the cycle with two stage 
compression and two stage expansion. 

The compressor work is the same as in part (d), 

i.e., w = 67.68 Btu/lbm 

c 

The turbine work is the same as in part (e), 
i.e., w^ = 163.2 Btu/lbm 

The temperature of the air leaving the regenerator anc 
entering the combustor is 

T 7 , n = T ?l + e(T 10 ,-T 7I ) 

= 671 + 0.65(1720-671) 
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1353°R 


Therefore, heat added is 

*A = c p[< T s“ T 7 -> + (T 9 -T 8 , )] 

= 0.24 [(2060-1353) + (2060-1720)] 
i.e., q A = 251.28 Btu/lbm 

Therefore, the thermal efficiency is 


i.e. , 


n 


th 



c 


163.2-67.68 

251.28 


= 0.38 


n th " 38% 


THE JET PROPULSION CYCLE 


• PROBLEM 9-31 


A turbo-jet unit consists of a single stage compressor, a 
single stage turbine and a nozzle. The pressure and 
temperature at the inlet of the compressor are 7 psia and 
-30°F. The pressure at the outlet of the compressor is 
70 psia. The maximum temperature limit for the engine is 
1800°F. Assuming an inlet velocity of 275 ft/s and the 

compression and expansion processes to be isentropic, 
estimate the thrust for 1 lbm/s of air flow, and the heat 

input per pound mass of air. Assume constant specific heats. 


Solution : Referring to the figure, the compressor inlet 

conditions, i.e., state 1, are 

T 1 = -30°F = 430°R 

P 1 = 7 psia 

velocity of air Vx = 275 ft/s 


The compressor outlet conditions can be determined from 
isentropic relationships. 


584 






Then, since the work of the compressor and that of the 
turbine are equal, 

h 2 -h 1 = h 3 -h 4 

and for constant specific heats, 

T 2 -Ti = T,-T 4 

or T„ = T 3 + T 2 -T 2 

= 2260 + 430-830 
T 4 = 1860°R 

For the isentropic turbine-exhaust nozzle process, 

k-i 



= 1171°R 

Applying the conservation of energy principles for the nozzle, 


Vtl 

2g 


h s + 


Vs_ 

2g 


V 4 is very small compared to V5. Hence. 


neglecting V 4 , 


V s = [2g(h 4 -h 5 )] i 
and for constant specific heats 

Vs = [2gc p ( T 4 - T s )] 4 

= (2(32.2)(0.24)(1860-1171)(778)]* 
= 2878 ft/s 


The thrust is given by 


T = F = | (V x -V 5 ) 

(l)(275-2878) 

32.2 

= -80.84 lbf 

The negative sign shows that the thrust is in the opposite 
direction of the velocity. Assuming that the turbo- jet unit 
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moves with a velocity equal to the inlet air velocity, the 
power developed by the thrust force is 

P = TV X 

= (80.84)(275) 

= 22231 ft-lbf/s 


i.e., P = 40.42 hp 

The heat added per pound mass of air is 


i.e. , 


q = h 3 -h 2 
= c p (T 3 -T 2 ) 

= 0.24(2260-830) 
q = 343 Btu/lbm. 


• PROBLEM 9-32 


A jet-propelled plane is flying with a velocity of 650 ft/s, 
at an altitude of 17,000 ft (p = 7.0 psia, T = 460°H). The 
incoming air has a mass flow rate of 30 lbm/second and is 
decelerated to a negligible velocity in a diffuser of 
pressure coefficient 0.9. After raising the pressure of 
the air by 6 times in a compressor, the air is sent into 
a combustion chamber where the temperature of the combustion 
products is 1850°F. After expanding in the turbine, the 
gases continue to expand in the nozzle to a pressure of 
9 psia. The isentropic efficiencies of the compressor, 
turbine and nozzle are 0.8, 0.84 and 0.9, respectively. If 
the enthalpy of combustion of the fuel Ah° = -20,000 Btu/lbm, 
and assuming that the products of combustion have the same 
properties as air, determine 

(a) the power required to drive the compressor, 

(b) the fuel-air ratio on a mass basis, 

(c) the velocity of gases at the nozzle exit, and 

(d) the thrust and thrust power developed by the engine. 


Solution : (a) In a jet-propelled plane engine, the power 

required to drive the compressor is equal to the power 
developed by the turbine. 

Referring to the figure, the incoming air conditions, i.e., 
at state 1, are 
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T 1 = 460°R 
Pi = 7.0 psia 
velocity of air Vi = 650 ft/s 

From the air tables, corresponding to T 1 = 460°R, 
hx = 109.9 Btu/lbm of air 

As the velocity of air is decelerated to a negligible 
in the diffuser, 

v, 2 

U _ U _ U _i_ V 1 


= 109.9 


(650) 2 

2 x 32.2 x 778 


= 118.33 Btu/lbm of air 

Corresponding to this value of enthalpy of air, 

T 2 = 495.2°R 

P , = P = 1.0252 
T 2 1 r 2 

For isentropic flow in the diffuser, 

k 
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= 9.06 psia 

From the definition of the pressure coefficient of the 
diffuser , 

P 2 . = P x + n d ( p 2“ p i) 


where 


n d 

Therefore, 


pressure coefficient of diffuser 

P 2 , = 7 + 0.9(9.06-7) 

= 8.85 psia 


At the end of the isentropic compression process in the 
compressor, the relative pressure is given by 


P 


r 3 


P 3 

P 2 . 


P 


r 2 


i 


where is the pressure ratio of the compressor 

F 2 I 

Hence P = (6)(1.0252) 

r 3 

= 6.1512 

Corresponding to this value of relative pressure, the 
enthalpy is 


h 3 = 197.76 Btu/lbm of air 


From the definition of isentropic efficiency of the 
compressor, the enthalpy of air at the end of the com¬ 
pression is 

^3“^2i 


= 118.33 + 


/197.76-118.33\ 

I 0.8 ) 


= 217.62 Btu/lbm of air 


Corresponding to this value of enthalpy, the temperature is 

T 3 , = 905.5°R 
P . = P = 6 x 8.85 

3 1 3 

= 53.1 psia 
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The work done on the compressor is given by the change in 
enthalpy , i.e., 


W = h 3>“ h 2* 

= 217.62-118.33 
= 99.29 Btu/lbm of air 

The power required to run the compressor is given by 

m a (h 3 j -h 2 , ) 


where 


m = mass flow rate of air 
a 


Hence power required is 


30(99.29) x 3600 
2545 


= 4214 hp 

or the power generated by the turbine is 4214 hp. 

(b) Applying the first law of thermodynamics to the 
combustion process, and neglecting the kinetic energy terms, 
yields 


m a (h 3l -h°) a + m f (-Ah°) f = (m a +m f )(h 4 -h°) 

where superscript (°) refers to the standard state at 77 C F , 
and subscripts a, f and P refer to air, fuel and combustion 
products, respectively. Assuming that the fuel is introduced 
at 77°F , 

the above equation may be written as 


At T 4 
h 4 
P 

r 4 

At T 
h° 


<h .-- h ' > . + r < -‘ h,> i -(i + 5fJ<h‘-» , > p 

1850°F = 2310°R, the corresponding values are 

591.69 Btu/lbm 

313.84 


77°F = 537°R, 
128.1 Btu/lbm 


Substituting the values into the above equation and noting 
that the properties of the products are the same as those 
of air. . / . X 


m f / m \ . 

(217.62-128.1) + (20,000) = 1 + t 1 (591.69-128.1) 

m \ m„ /' > 
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Solving 



9 


m. 


ni 


0.01915 


The ratio 


m 


m 


ni m +m« 
p a f 


1 


1+0.01915 “ 0,9812 

(c) The work developed in the turbine, in terms of unit mass 
of products, is given # by the product of work developed per 

m 

unit mass of air and 


= 99.29 x 0.9812 
= 97.42 Btu/lbm of products 
Therefore, the enthalpy at the exit of the turbine is 

h 5f * h 4 - 97.42 
= 591.69-97.42 

= 494.27 Btu/lbm of products 

Temperature and relative pressure corresponding to this 
enthalpy are 


T 5i = 1962°R 

, = 161.24 
rs 

For the isentropic expansion process , 



= 475.71 Btu/lbm of products 
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At hs = 475.71 Btu/lbm of products, the corresponding 

relative pressure is P = 140.06 . 

r 5 

At the end of the isentropic expansion process , the pressure 
is given by 


P 


5 


P = P 

*5 • * 


TS 


4\ p 


ru , 


53.1 


140.06\ 
313.84 } 


= 23.7 psia 


The relative pressure at the end of the nozzle is 


P 


r 6 



r 5 ' 


■ 2^7 <> 61 . 24 ) 

P * 61.23 
r 6 

Then the corresponding value of enthalpy, 

i.e., the enthalpy of gases at the nozzle exit is, from 
tables, h 6 - 378.65 Btu/lbm of products. 

The velocity at the nozzle exit is given by 


v 6l = 0 n /2g(h 5 l -h 6 ) 


= 0.9 /2 x 32.2(494.27-378.65)(778) 
= 2166 ft/s 

(d) Neglecting the difference in pressure forces on the 
turbo-jet and assuming that the momentum of the fuel at 
entrance is negligible, the thrust force is given by 


m m„ 

F ■ f [ (1 * - v ‘ 

= [d + 0.01915)2166-650] 

= 1451 lbf 

and the thrust power is 


P 


FVx 

550 
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1451 x 650 
550 

= 1715 hp 

If the plant in this problem had been a turbo-prop engine, 
the turoine would have had to supply the power required by 
the propeller as well as the compressor power. The analysis 
would have been unchanged in other respects, except for 
adding the propeller thrust at the end. 


THE AIR - STANDARD REFRIGERATION CYCLE 

• PROBLEM 9-33 


An air refrigeration system operating on a Bell-Coleman cycle 
is required to produce 3 tons of refrigeration with a cooler 
pressure of 70 psia and a refrigerator pressure of 14.7 psia. 
The temperature of air leaving the cooler is 70°F and the air 
leaving the room is 30°F. If the machine runs at 140 working 
strokes per minute, determine 

(a) the horse power required, and 

(b) the volumes of compression and expansion cylinders. 



Solution : Given the pressure and temperature of air leaving 

the cooler as 


P 3 = 70 psia 


T * = 70°F = 530°R. 




for the isentropic expansion process 3-4, the temperature at 
state 4 is given by the isentropic relation 


k-i 

T 4 


i.e., T 4 

(a) The coefficient of performance (COP) defined as 

COP = § 

where Q = refrigeration effect 
W = net work supplied 
COP is also given by 


■ T -K 


= 530 


14.7 

70 


1 • 4 


= 339°R 


COP 


-Tjl- 

t 3 -t 4 


Therefore , from the two relations, 


Q T 4 
W T 3 -T 4 


or 


W = Q 


(T 3 -T 4 ) 

t 4 


Substituting the values, (1 ton = 200 Btu/min) 


W 


3 x 200 


(530-339) 

339 


x 778 


= 263005 ft-lbf 


Therefore, the horsepower required to drive the machine 


is 


263005 

33000 


7.97 hp 


(b) The mass of air circulated per minute is given by the 
heat equation 


Q = mc p (AT) 

Applying this equation to process 4-1 , where heat is absorbed 
at the rate of 3 tons, and writing yhe above equation for m, 


m 


Q 

c p (Tx-T 4 ) 
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3 x 200 

0.24(400-339) 

or m = 16.56 lbm/min. 

The mass of air per cycle is given by 

(mass of air per minute)/(number of working strokes per min) 
Therefore, mass of air per cycle is 


16.56 

140 


= 0.1183 lbm/cycle. 


The volume of the compressor cyclinder is the volume of air 
at state 1. 


It can be obtained from the perfect gas equation, 

T7 _ mRT i 

Vl ‘ ~rr 

0.1183 x 53.35 x 490 
14.7 x 144 

V x = 1.46 ft 3 

The volume of the expansion cylinder is the volume at 
state 4. 

Since process 4-1 is a constant pressure process, from the 
ideal gas relations , 



V 4 =1.01 ft 3 


• PROBLEM 9-34 


In a refrigeration plant, air is drawn from a room at 70°F 
and 14.7 psia and compressed to 70 psia in a compressor 
having an adiabatic efficiency of 0.78. The air is then 
cooled to 30°F in the cooler before expanding, in a turbine 
with an efficiency of 0.82, to the room pressure. Using air 
tables, calculate 

(a) the air temperature at the compressor and turbine exits, 

(b) the coefficient of performance (COP), and 

(c) the power required, if 120 lbm/min of air flows through 
the refrigerator. 
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P 3 = 70 psia 
596 



T 3 = 30°F = 490°R 

From the air tables, the relative pressure at state 3 is 

p = 0.9886 
3 

Considering the isentropic expansion process 3-4, the 
relative pressure at state 4 is given by 



= 0.2076 


The corresponding temperature T 4 , from air tables, is 

T 4 = 313°R 

Taking the efficiency of the turbine into consideration, the 
actual temperature of air leaving the turbine is given by 

T 4 ~~ ^3 ~~ n t ( T 3~ T 4 > 

= 490-0.82(490-313) 

= 345°R 


(b) The net work done during the cycle is 

(compressor work) - (turbine work) 

= (h 2 ,-h,) - (h 3 -h 4l ) 

Since the temperatures at all the four states are known 
from part (a), the corresponding enthalpies can be obtained 
from air tables. 


Therefore, from air tables, 

h 1 = 126.7 Btu/lbm 
h 2 i = 218.7 Btu/lbm 
h 3 = 117.1 Btu/lbm 
h 4 = 82.5 Btu/lbm 

Therefore, net work done during the cycle is 

w . = (218.7-126.7) - (117.1-82.5) 
net 

= 57.4 Btu/lbm 
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The refrigeration effect per cycle is given by 


q R “ h 1 -h 4l 


= 126.7-82.5 


« 44.2 Btu/lbm 


The coefficient of performance is given by 


COP = 


= 0.77 

(c) The power required is given by 

Power = (mass flow rate) x(net work done) 

= 120 x 60 — x 57.4 x-1—-— 

min hr lbm 34^3 Btu 

* kW - hr 

= 121 kW. 


• PROBLEM 9-35 


A turbo-propeller aeroplane has an air cycle system which is 
fed with compressed air. The air is bled off the compressor 
of the main power unit at 65 psia and 850°R. After cooling, 
the compressed air reaches the turbine at 60 psia and 550°R. 
The adiabatic efficiency of the turbine is 70%. The 
pressure of the air at the turbine exit is 14 psia. If the 
flow rate to the turbine, under maximum conditions, is 
50 lbm/min, calculate 

(a) the air temperature at the turbine exit, 

(b) power output of the turbine, and 

(c) Tons of refrigeration, if the temperature of the air 
exhausting out of the cabin is 75°F. 


Solution ; Refer to the figure for a T-s representation of 
the problem. 

Process 1-2' takes place in the main compressor, and air at 
state given by point 2', i.e., at 65 psia and 850 C R, is bled- 
off for refrigeration. 
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Process 2*-3 takes place in a heat exchanger (cooler) , and 
air at 60 psia (there is a pressure drop of 5 psia in the 
cooler) and 550°R is available at point 3 for expansion in 
the turbine. 

Process 3-4* is the expansion process in the turbine. The 
turbine exit pressure P 4 = 14 psia. 

Process 4*-5 is indicative of the cabin heat load absorption. 
The pressure in the cabin is maintained at 14 psia. 

(a) The air temperature at the turbine exit is the 
temperature at point 4', i.e., T 4 , . 

Consider the isentropic expansion process 3-4. The 
temperature at state 4 is given by the relation 


k-i 



For air, the coefficient of expansion k = 1.4. Therefore, 



= 363°R 


Considering the adiabatic efficiency of the turbine, the 
actual exit temperature T 4 , is 

T 4 1 = T 3 ~ VW 

= 550-0.7(550-363) 

= 419°R 
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(b) The power output of the turbine is given by 


Power = me (T 3 -T 4I ) 

p 6 4 


where 


m = mass flow rate of air 


hence 


Power = 50x0.24 (550-419) 
= 1572 Btu/min 


1572 

42.42 


= 37 hp 


(c) Refrigeration produced in the cabin is given by 

q R = mC p (T 5- T 4' ) 

= 50 x 0.24 [(75+460) - 419] 

= 1392 Btu/min 


1392 

200 


6.96 tons (1 ton = 

200 Btu/min.) 


~ 7 tons 


• PROBLEM 9-36 


A jet plane has a simple air cycle air cooling system. The 
aircraft flies at 620 mph at an altitude of 17,000 ft , 
where the ambient air pressure and temperature are 9.0 psia 
and 460°R. The incoming air is decelerated to a negligible 
velocity in a diffuser of pressure coefficient 0.8. After 
raising the air pressure by 3 times in a compressor with 
an adiabatic efficiency of 80%, the air is cooled to 150°F 
in a heat exchanger. The pressure drop through the heat 
exchanger is 5 psi. The air is then expanded to 14.7 psia 
in a turbine having an adiabatic efficiency of 85%. If the 
cooling load is 1 ton when the cockpit is maintained at 70°F, 
calculate 

(a) the pressure and temperature of air entering and leaving 
the compressor , 

(b) the air flow rate, and 

(c) the COP of the cycle. 
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Solution ; (a) Referring to the figure, process 1-2* is the 
ramming process in the diffuser. In the diffuser, the total 
energy remains unchanged, if the process is assumed to be 
adiabatic while pressure of the air increases. A perfect 
ram action would proceed along a path such as 1-2, shown in 
the figure. But due to irreversibilities , the actual state 
is indicated by point 2'. which shows increase in entropy 
and decrease in pressure (relative to point 2). 

Kinetic energy of the outside air, relative to aircraft, is 
expressed as follows : 


KE 


V 2 

2gJ 


620 x 5280V 
3600 / 

2 x 32.2 x 778 


= 16.5 Btu/lbm 


Therefore, from the energy equation, 

h 2 -hi = 16.5 Btu/lbm 


Assuming air to be a perfect gas with constant apecific heats, 
the temperature at state 2 is given by 

Cp(T 2 -Ti) = h 2 -h 1 

0.24(T 2 -460) = 16.5 
or T 2 = + 460 


= 529°R 
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For the isentropic process 1-2, the pressure at state 2 is 
given by the isentropic relation 


k 



= 14.7 psia 


From the definition of pressure coefficient of the diffuser, 
the pressure at state 2' is 

P 2 . = P x + nd(p 2 -P!) 

= 9.0 + 0.8(14.7-9.0) 

= 13.6 psia 

Thus, the pressure and temperature of air entering the 
compressor are 13.6 psia and 529°R. Consider the isentropic 
compression process 2*-3. The temperature at the end of 
isentropic compression is given by 


k-i 



1.4-1 

= 529(3) 1,b 
= 724°R 


From the definition of adiabatic efficiency of a compressor, 
the temperature at the end of actual compression is 


T 


3 • 



■» ♦ <ZS £P ) 


= 773°R. 


The pressure of air leaving the compressor is 

P 3 “ 3P 2 . 

= 3(13.6) 

= 40.8 psia 
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(b) There is a pressure drop of 5 psi in the heat exchanger 
(cooler). Therefore, the pressure available at the entrance 
to the cooling turbine is 

p 4 = P3- 5 


= 40.8-5 


= 35.8 psia 

The temperature of air at entry to turbine is 

T 4 = 150°F 
= 610°R 

The exit pressure from the cooling turbine is 

p 5 = 14.7 psia 

For isentropic expansion through the turbine, the exit 
temperature is given by the isentropic relation 


k-i 



= 473°R 


From the definition of adiabatic efficiency of a turbine, 
the temperature at the end of actual expansion is 

T s 1 = T 4 -n t (T 4 -T 5 ) 

= 610-0.85(610-473) 

= 494 

The quantity of air supplied per minute for 1 ton of 
refrigeration load is given by the equation 

Q = mCp(T 6 -T s ,) 


m V t, Q -t s , ) 

- 0.24(530-494^ (1 " 200 BtU/ll ” ) 

= 23 lbm/min 
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(c) The COP of the plant is given by 


COP 


Refrigeration obtained 
net work done 


lx 200 

23 x 0.24 [(773-529)-(640-494)] 
= 0.37 
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CHAPTER 10 


MIXTURES AND SOLUTIONS 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 605 to 
670 for step-by-step solutions to problems. 


Many working fluids in thermodynamic processes involve mixtures of com¬ 
pounds, and the properties of the systems depend on their composition, in addi¬ 
tion to temperature and pressure. It is convenient to use ideal gas mixtures and 
ideal liquid solutions as a first approximation to actual mixtures and solutions 
and then apply correction factors when needed. An ideal gas mixture obeys the 
ideal gas law, and the mixture properties depend only on the properties of the 
pure ideal gases that are in the mixture. This concept is extended to liquids for an 
ideal solution where the volume change on mixing is zero. 


Ideal Gas Mixture 


For an ideal gas mixture, a total of n moles will occupy volume V at absolute 
pressure P and absolute temperature T as given by the ideal gas law: 

PV = nRT (1) 

Also, each of the n, moles of species or compound i in this mixture of n total moles 
occupies the same volume V; and if the n, moles occupies the volume V alone at T, 
the pressure P t would be given by: 

Py = rijRT (2) 


where P, is called the partial pressure of compound i. 


Dividing Eq. (2) by Eq. (1) gives a relation between the mole fraction y t = njn 
and the partial pressure P t : 


El 

p 



( 3 ) 


where the partial pressure is computed by Eq. (3) when the total pressure P and 
mole fraction are known, i.e.. 


Pi = yf 


( 4 ) 
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Also, the sum of the partial pressures is equal to the total pressure. Sum Eq. (4) 
over all of the species: 



= P 


because the mole fractions y, sum to one. 


( 5 ) 


The ideal gas law can be used to show that the volumes V t are additive for the 
individual components to give the volume of the mixture at the same temperature 
and pressure. The total moles are: 

n 

n = 2 n ‘ (6) 

(-1 

and n, = PVJRT from the ideal gas law along with n = PV/RT. Substituting in Eq. 
(6) gives: 

n 

PV/RT = ^ PVi/RT ( 7 ) 

1-1 

which reduces to: 

( 8 ) 

I-1 

To compute the other thermodynamic properties of the mixture, consider that 
the gas components occupy the volume individually, and then sum the compo¬ 
nent properties as was done with the partial pressure, Eq. (5). This has the 
individual properties based on the volume, V, and temperature, T f of the mixture 
and the partial pressure, P h of the individual species. The internal energy, U, and 
enthalpy, H, are given by the following equations: 

£/=jr^, (9) 

1-1 

#=2 Hiyt (i°) 

where t/j and //, are the internal energy and enthalpy per mole of species i. 

The entropy, S, of an ideal gas depends on pressure, while internal energy, U, 
and enthalpy, H, are independent of pressure for an ideal gas. The equation that 
relates dS with dP and dT is: 


dS = C p dT/T - R dP/P 


( 11 ) 


Then, at constant temperature dT = 0 and the above equation can be written for 
species i as: 


f {T ' P) dSi--Rf dP/P 
JstT.Pi) JP t 


( 12 ) 


Integrating Eq. (12) gives: 
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S(T, P) - 5,(7; P,) = -R In (P/P,) = -R In (P/Py.) = -R ln(l/y,) (13) 

This equation has the following form to cx»mpute the species entropy at T and 
P h 5,(7; P t ) knowing the entropy at T and P, S(T, P): 

S,{T, P ,) = 5(7; P) - P In y, (14) 

Next, the entropy of the mixture is computed based on the volume, temperature, 
and partial pressure of the individual species using the following equation: 

5(T,P) = 2 5,(7',f))y, (15) 

t~i 

Combining Eqs. (14) and (15) gives the equation used to compute the en¬ 
tropy of an ideal gas mixture at T and P: 

S(T,P)- j? yi Si(T,P)-R^ y, Iny,- (16) 

2-1 2-1 

The Gibbs free energy of an ideal gas mixture is evaluated using G = H-TS, 
and combining Eqs. (10) and (16): 

yfi^RT^ y,lny,. (17) 

i-i i-i 

Ideal Liquid Solutions 

Ideal solutions use the same equations as ideal gases to compute the mixture 
properties. Ideal solution behavior is a good approximation when the mixture is 
composed of compounds with similar chemical characteristics, such as low mo¬ 
lecular weight hydrocarbons like heptane and octane, ethanol and propanol, or 
benzene and toluene. The mole fraction of species i in an ideal solution is x, = nJEn b 
and the following equations are used to compute the mixture molal volume, V, in¬ 
ternal energy, U, enthalpy, H, entropy, 5, and Gibbs free energy, G, at T and P: 


v =2 XiVi ( ig ) 

2-1 

U-^XiUi (19) 

i~\ 

77=2 ( 20 ) 

2-1 

n n 

5 = 2 x i$i + 7?7’2 x i In x, (21) 

G = 2 x i G i + 7?7’2 Inx, (22) 


When a vapor-liquid mixture is in equilibrium, a useful equation, Raoult’s 
law, is obtained when the vapor is an ideal gas mixture and the liquid is an ideal 
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solution. This equation relates the mole fraction in the vapor y t with the mole 
fraction in the liquid x ( as: 

Pyi = p ,,vpXi (23) 

where P is the total pressure of the mixture and P l vp is the vapor pressure of spe¬ 
cies i at T, the temperature of the mixture. 

Nonideal Gas Mixtures 

To describe the behavior of nonideal gas mixtures, the compressibility factor 
z can be used. The ideal gas law is modified with the compressibility factor as 
follows: 


PV = zRT 


(24) 


where z = z 0 ,+ cozj. z 0 and z, are given as a function of reduced temperature, T r , 
and pressure, Pr, and to is a mixture property of the species. Pseudo-critical tem¬ 
perature, T pc , and critical pressure, P pc , for the mixture are computed by the fol¬ 
lowing equations: 


pc 


n 


- 2 >‘ T “ 

2-1 


(25) 



(26) 


Then the reduced temperature, T R = T/Tpc, and reduced pressure, P R = P/P pc , are 
used with the generalized correlations to evaluate z 0 and z u where to for the mix¬ 
ture is computed by the following equation: 

n 

<*> = 2 yf°i ( 2? ) 

I 


Air-Water Vapor Mixtures 


Mixtures of air and water vapor behave as an ideal gas mixture in equilib¬ 
rium with liquid water or ice. Air can be treated as a noncondensible gas, and the 
partial pressure of water vapor is equal to the vapor pressure of water at the 
temperature of the mixture when the air is saturated. 

The dew point of an air-water vapor mixture is the temperature at which the 
water vapor condenses into a liquid or solid when the mixture is cooled at 
constant pressure. At the dew point, the partial pressure of water vapor in the 
mixture is the vapor pressure of water at the temperature of the mixture; and the 
mixture is called saturated air. 


Relative humidity, <J>, is defined as the partial pressure of the water vapor, 
P v , in the mixture to the vapor pressure, P vp , of water at the temperature of the 
mixture. Using the ideal gas law, the following equation is obtained: 
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<t> 


(28) 



which gives the relative humidity in terms of the partial pressure, density, or 
specific volume. 


Humidity ratio, a), of an air-water vapor mixture is defined as the ratio of 
the mass of water vapor, m H to mass of dry air, m a , i.e.. 


m v P„ 

to = —- = 0.622- 


m„ 


Pa 


0.622 P v 

P-P, 


(29) 


where the coefficient 0.622 is the ratio of the molecular weight of water 18.02 to 
the average molecular weight of air 28.97 obtained from using the ideal gas law 
for m v and m a . Also, the total pressure is P = P a + P v . 


The equations that relate the relative humidity, <)>, and the humidity ratio are 
obtained by combining Eqs. (28) and (29), i.e., 
coP 

(0.622 + to)P fl ( 3 °) 


4 > = 


to = 0622 ( l ( 31 ) 

P~$Pa 

The relative humidity, <j>, range for air is from zero to one. The amount of water 
vapor in saturated air depends on the temperature, and the relative humidity 
changes with temperature while the humidity ratio remains constant. 


Air Conditioning 

The previous definitions can be combined with the first law of thermodynam¬ 
ics for a steady-state flow process to provide a convenient computation procedure 
for air conditioning evaluations. The changes in enthalpy can be found using the 
steam tables, and the ideal gas relations are used for air. The mass and energy 
balances for flow through an air conditioner are given by the following equa¬ 
tions: 


dry air: m a i = m a e (32) 

water: m w i = m we (33) 

energy. A H — Ff at pt ae + fi w ^ti we H a ^n a ^ M^fn^ — Q W, (34) 

where the subscript a refers to air, w refers to water, i refers to the inlet, and e re¬ 
fers to the exit of the air conditioning unit. Also m a and m w are the mass flow rates 
of air and water vapor, and H a and H w are their respective enthalpies per unit mass. 

For simple heating and cooling, the humidity ratio, u>, is a constant, i.e., the 
amount of moisture in the air remains constant. Residential heating systems using 
a heat pump or resistance heater use simple heating, and the above equations can 
be simplified for this case where fan shaft work is small and W,, can be neglected: 
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Q — m 0 (H ae ff a j) + m w (H we H W j ) 


(35) 


Knowing inlet and exit conditions, for example, the required heat Q to be added to 
or removed from the air flowing through the system is obtained from Eq. (35). 

Heating with humidification is used for increased comfort, and the heating 
system adds both heat and water to the entering air. Heating is conducted in the 
first section of the system, and then water is added in the humidifying section. 
For the heating section, Eq. (35) applies to compute the inlet conditions to the 
humidifying section knowing the conditions entering and heat added in the heat¬ 
ing section. For the humidifying section, the mass flow rate of water added to the 
heater is computed by the following equation in terms of the humidity ratios 
entering and leaving the humidification section w ; and co e : 

m w = m„( o) e - co,) (36) 

and the heat added is given by the following equation obtained from Eq. (35): 

Q = m a [C pa (T 2 - F,) + w{H we - H wi )} (37) 

The values of co e and co, are determined from Eq. (31) if the temperature and 
relative humidity of the air entering and leaving the heater are specified. Also, 
the enthalpies of water vapor, H we and H w „ are obtained from the Steam Tables. 

Cooling with dehumidification cools the air and removes some of the mois¬ 
ture from it. In this process, air is cooled below the dew point and water is 
removed by condensation. Air leaves the unit at 100% relative humidity. The 
mass flow rate of water removed from the air conditioner is given by a mass 
balance where co, and co e are the humidity ratios entering and leaving the unit: 

m w = m„(co, - co e ) (38) 

and the heat removed from the unit is given by the following equation obtained 
from Eq. (35): 

Q = m a [(H 2 -H,) + mJf w ] (39) 

where m w and H w are the mass flow rate and enthalpy of liquid water leaving the 
air conditioner at the exit temperature, T 2 , and H x and H 2 are the enthalpies of the 
entering and leaving air with humidities of <)>i and <t> 2 . 

A psychometric chart gives the properties of air water mixtures in graphical 
form, and it is very convenient for heating and air conditioning calculations. The 
chart has the dry bulb temperatures on the abscissa and the humidity ratio on the 
ordinate for a specified total pressure, e.g., one standard atmosphere. There are 
lines of constant relative humidity and wet bulb temperatures. Also, the chart has 
lines of constant enthalpy for the air-water vapor mixture per unit mass of dry air. 

In summary, procedures were given to compute the thermodynamic proper- 
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ties of ideal gas mixtures and ideal liquid solutions. The compressibility factor 
method was given to compute thermodynamic properties of nonideal gas mixtures. 
Then the special case of air-water vapor mixture properties was described, and 
these properties were used with the first law of thermodynamics for air condition¬ 
ing with simple heating and cooling, heating with humidification, and cooling 
with dehumidification. 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Mixtures and Solutions” 


DEFINITIONS OF IDEAL GAS MIXTURES 

• PROBLEM 10-1 


A cubic foot of air, which is considered as a mixture of 
ideal gases, has the following chemical composition at 80°F 


and 14.7 psia. 





Component 

n 2 

0 2 

Argon 

CO 2 

Mole % 

78.02 

20.99 

0.94 

0.05 


Calculate (a) partial pressure, partial volume, volume 
percent and weight per cent of each component gas, and 
(b) the average molecular weight and density of air. 


Solution : A relationship between the component pressure P. 

of an ideal-gas mixture and its mole fraction y. is given 
by 1 




or. 


p i = p t y i 


where 


P t = total pressure of the mixture 


That is, the component pressure of each gas equals the mole 
fraction times the total pressure. 
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Substituting values for different components, 

P(N 2 ) = (14.7)(0.7802) = 11.469 psia 
P(0 2 ) = (14.7)(0.2099) = 3.086 psia 
P(Argon) = (14.7)(0.0094) = 0.138 psia 
P(C0 2 ) = (14.7)(0.0005) = 0.007 psia 

The partial volume of each gas component equals the mole 
fraction times the total volume. But the total volume is 
given as 1 ft 3 . Therefore, the partial volume of each 
component is equal to its mole fraction. 

The volume percent of each component gas is equal to its 
mole percent because each mole of an ideal gas occupies the 
same volume at the same temperature and pressure. The 
volume percent can be obtained from 

- --- X 100% 

mixture 

Weight percent of a component is given by 

Weight percent of _ (component weight of i) x 1QQ% 
component i total weight of mixture 

Component weight is the product of the mole fraction and 
its molecular weight. The total weight of the mixture is 
the sum of all component weights. 

Therefore, 

Weight percent of = y i x mole ^lar wt. of i ^ 

component i I(y i xmolecular wt. of i) * 

The total weight of the mixture is 
E(y. x molecular wt. of i) 

= (0.7802 x 28) + (0.2099 x 32) + (0.0094 x 39.94) 

+ (0.0005 x 44) 

= 28.96 
Therefore, 

. o/ x vr (0.7802) (28) i r\r\°/ _ n c > 10 ®/ 

weight % of N 2 = -- 2 g ~ Qg - 100% = 75.43% 

weight % of 0 2 = ( °~28?96 (32) * 100% = 23 * 19% 

weight % of Argon = ^ ° * ^28^96*^ * x = 1*30% 
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weight % of CO 2 


(0■0005)(44) x 
28.96 


100 % = 0.08% 


(b) The average molecular weight of a gas mixture is the 
total weight of one mole of the mixture, which is 
E(y i x molecular wt. of i) 


This value has already been calculated as 28.96. 

The density of the mixture is given by the ideal gas 
equation 


P 


™ (average molecular wt.) 

ri 1 


14.7 x 144 x 28.96 
1545 x 540 

= 0.0735 lbm/ft 3 


• PROBLEM 10-2 


Consider a mixture consisting of 25% C0 2 , 60% H 2 and 15% 

0 2 by volume. (a) Calculate the mass fractions and the 
gas constant R for this mixture. (b) Calculate the 
density of the mixture and the partial pressures of the 
constituents if the mixture is at 60 psia and 70°F. 

(c) Suppose tne mixture is placed in a closed tank, and 
all of the oxygen is absorbed by the tank walls, while the 
temperature is maintained at 70°F. Calculate the new mass 
fraction, mole fraction and the new total pressure. 


MIXTURE CALCULATION 


Component 

- x i. 
tbmole 


M. 

1 » 

Ibm 

m. 

1 

Ibm 

m i/ M 

Ibm 

Ibmole mixture 

Ibmole 

Ibmole mixture 

Ibm mixture 

0 , 

0.15 

X 

32.0 

« 4.80 

0.282 

H, 

0.60 

X 

2.016 

- 1.21 

0.071 

CO, 

0.25 

X 

44 01 

- 11.00 

0.647 





M « 17.01 lbm/lbmole 1.000 


Solution: A perfect gas mixture will have identical volumes 

and mole fractions. The mixture calculation is carried out 
as shown in the following table. The gas constant for this 
mixture is 
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15.45 

17.01 

= 90.8 ft-lbf/lbm-°R. 

In the table, H 2 has the largest mole fraction but has the 
least mass fraction. 


(b) The density of the mixture is given by the ideal gas 
relation 


P 


P 

RT 


60 x 144 


90.9 x (70 + 460) 
= 0.180 lbm/ft 3 . 


The partial pressures of the constituent gases are given by 


p i - x i p - 


= 0.15 x 60 


H, 


CO; 


= 9 psia 

= 0.60 x 60 

= 36 psia 
= 0.25 x 60 
= 15 psia. 


(c) The new total pressure P = P R + P^ Q . 

The constituent partial pressures depend only on vhe number 
of moles of each one present, the temperature and the volume. 
Hence the H 2 and C0 2 partial pressures are unchanged. 
Therefore, the new total pressure is 

P =36+15 

P = 51 psia. 

To calculate the new mass fractions and mole fractions: 

”^2 = 0.071 

M 1-0.282 

= 0.099 
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Mole fractions: 


m C0 2 = 0.647 

M 1-0.282 

= 0.901 


X H = = 36 

z P 51 

= 0.706 



= 

51 

= 0.294 


• PROBLEM 10-3 


A mixture of 4 lbm of CO 2 and 3 lbm of N 2 is stored in a 
tank with a volume of 5 ft 3 . The temperature of the 
mixture is maintained at 80°F. Evaluate (a) the total 
pressure of the mixture, (b) the mole fraction of both the 
gases, (c) the molecular weight of the mixture, and (d) the 
apparent specific gas constant of the mixture. 


Solution : (a) By Dalton's law of additive pressures, the 

total pressure of the mixture is the sum of the partial 
pressures of constituent gases. From the ideal gas equation 
of state, the partial pressures of the constituents at the 
temperature and volume of the mixture are obtained. 


P 


mR T 
u 

VM 


P(C02 ) 


4 lbm x 1545 ft-lb/lb-mole-°R 

c 3 44 lb/lb-mole 

5 it 


540°R 

144 in 2 /ft 2 


= 105.34 psia 


P(N 2 ) 


3 lbm 
5 ft 3 


1545 ft-lb/lbm-mole-°R 540°R 

28 lb/lb-mole 144 in 2 /ft 2 


= 124.15 psia. 
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Therefore, the total pressure of the mixture is 
P(total) = P(C0 2 ) + P(N 2 ) 

= 105.34 + 124.15 
= 229.49 psia 

(b) Number of moles present in a gas is given by 

mass of gas 
n molecular weight 

Therefore, number of moles of C0 2 is 

_/™ x 4 lbm 

n(C0 2 ) 44 i b / lb _ mole 

= 0.0909 lb-mole 
and number of moles of N 2 is 


n(N 2 ) = 


3 lbm 


28 lb/lb-mole 
= 0.1071 lb-mole 

Therefore, number of moles of mixture is 

n(mixture) = n(C0 2 ) + n(N 2 ) 


= 0.0909 + 0.1071 
= 0.198 


From the definition of mole fraction, 


x(CO 2 ) 


n(C0 2 ) 

n(mixture) 


0.0909 

0.198 

= 0.459 


and 


x(N 2 ) 


n(N 2 ) 

n(mixture) 


= 0.1071 
0.198 

= 0.541 

(c) The molecular weight of the mixture is given by 
definition of a mole. 
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M(mixture) 


4+3 

0.198 


= 35.35 lbm/lb-mole 


(d) 


The apparent specific gas constant is given by 


R 


R 


u 


M 


Therefore, the specific gas constant of the mixture is 


1545 

35.35 


= 43.7 


ft-lb 

lbm-°R 


• PROBLEM 10-4 


A gas mixture at 1 atm and 10°C consists of 75 percent 
hydrogen and 25 percent nitrogen by volume. The mixture 
is compressed from an initial volume of 7.07 m 3 to a final 
volume of 28.32 litres. The final pressure, measured at a 
temperature of 50°C, is 350 atm. Compare values with those 
calculated from 

(a) an ideal gas mixture 

(b) an ideal solution obeying the law of additive 
pressures, and 

(c) an ideal solution obeying the law of additive volumes. 


Solution : (a) The number of moles of each gas will remain 

constant throughout, because an ideal gas mixture behaves 
as an ideal gas. 


P 2 


= Pi 


YiT^ 

V 2 T X 


= 1.0 x 


7.07 x 323 
0.02832 283 


= 285 atm. 

(b) Using the law of additive pressures in conjunction with 
van der Waals equation, 


p = RT E 


v -y.b .i v 
m 1/ m 


I- TTT Za <y 
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Compressibility factor, z^pv/RT 


where 


v. = mole fraction of the component gas 

v = molar volume of the mixture 
m 

a^ and are van der Waals gas constants. 



i q M I I I M I I I I I I I I I I 1 I 1 I 1 i ! i I I 1 I I 1 I I I I U-l I 1 1 1 1 1 I 1 1 1 1 1 I I 1 I 1 1-L -t-l-l-l 
10 15 20 25 30 35 40 


Reduced pressure, P R 

Figure Compressibility chart, high-pressure range. 


From the ideal gas equation, the number of moles in the 
mixture is given by 


N 


= Si 


RT 


1 x 101.325 x 7.07 
8.3143 x 283 


= 0.304 kmol. 

The molar volume at the end of compression is 


V _ 28.32 
v m N 304.0 


0.0931 1/mol. 
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Therefore 


= 8.3143 _ 0.75 _ _ 0.25 _ 

101.325 '^lo. 0931-0.75 x 0.0265 0.0931-0.25 x 0.0385 


- ( o-o§ 31 )r (0.244 x 0.75 2 + 1.347 x 0.25 2 ) 

= 325.5 atm. 

(c) Using van der Waals equation, 

0.75 v„ + 0.25 v XT = 0.0931 
H N 

v„ = 0.1241 - 0.333 v KT 
n JN 

To solve for v^, trial values of v N are taken in the above 

equation. Then p is calculated for each gas using the 
van der Waals equation. The trial values are correct when 
there is equality of the pressures computed for the two 
gases. 

Assuming v N = 0.095 1/mol 

v H = 0.0923 1/mol 

the pressures then calculated using van der Waals equation 
are 

P N = 330 atm 
P H = 367 atm. 

From the results, it is clear that p^ has to be increased 

and p H has to be reduced (i.e., by decreasing v N and 

increasing v H >. Carrying out the procedure, the final 

values for v. T and v TT are 
N H 

v N = 0.0881 1/mol. 

V H = 0-0947 1/mol. 

P N = 363 atm. 
p R = 364 atm 


P 

average 


363 -i- 364 
2 


363.5 atm. 


(b) Using the generalized Z - chart. 


assume p = 350 atm. 
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Then for hydrogen, the reduced temperature and pressure are 


T = ^ = 323 _ g yg 

T r T cr 33.2 9 * 73 


P “ P “ 3^0 O 7 Q 

P r " P 12.8 ~ 7 * 3 

cr 


Then 

For nitrogen: 


Z„ = 1.30 

n 


323 g 50 
T r 126 


for which 


p r ■ Mrs - 10 - 44 


Z N - 1 - 18 ' 


"'mixture 


= 0.75 x 1.30 + 0.25 x 1.18 = 1.270 


whence 


1.27 x 8.3143 x 323 
P 0.0931 x 101.325 

= 361 atm. 

The iteration process is to be continued until the assumed 
and computed pressure values are close enough. 

Next try p = 361 atm, and proceed as before. 


Z R = 1.31 
z n = i- 17 


z 


mixture 


0.75 x 1.31 + 0.25 x 1.17 


= 1.274 


.“. p 


361 x 


1.274 

1.27 


= 362 atm. 


(c) With the generalized Z chart, 


z i = 


p i v i 

RT 
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Thus 



7 = 1 m 

i X ± RT 
0.0931 p„ 

7 = ___ 

0.75 x 8.3143 x 323 


Simplifying, 


Assume 


P H 

P H 


Z H 


213.5 Z fl 

250 atm 

9.73 

250 

12.8 

19.53 

1.21 (from generalized Z-chart) 


But Z H obtained from the assumed value of P R is 

250 

213.5 

= 1.17 

.“. to increase the computed value of Z^, the assumed is 
increased. 

As the next guess, the value of p„ may be taken from the 

n 

expression derived above, by substituting the value found 
from the generalized Z chart in the last trial into this 
relation. 


.“. the value of p„ to be used = 213.5 x 1.21 

n 

= 258 atm. 


Using this value of p„, 

n 


258 

P r 12.9 

= 20.0 


From the generalized Z-chart, 

Z H = 1.21 
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Assuming P N = 100 atm. 


71.1 Z N 


Z N " 


T = 


P = 


Z N " 


100 

71.1 

1.406 

2.56 

50 ‘ 2 ' 98 

1.025 from generalized Z chart. 


As for the next trial, 


P XT = 71.1 x 1.025 
N 

= 72.9 atm 


N 


72.9 

33.5 

2.175 

0.98 


For the next trial take 


p XT = 71.1 x 0.98 
N 

= 69.6 atm 

69.6 
p r 33.5 

= 2.08 

Z N = 0.98 

p = 258 +69.6 
= 327.6 atm. 

Comparing all the results, we see that the ideal gas 
assumption is the most erractic. 


• PROBLEM 10-5 


Oxygen at 80°F and 60 psia is maintained in a tank with a 
volume of 20 cu.ft. Under isothermal conditions, nitrogen 
is introduced into the tank until the total pressure is 
100 psia. Calculate the mass and partial volume of each gas. 
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Solution : From the ideal gas relation, the number of moles 

of oxygen is given by 


No 


P o V 
RT 


144 x 60 x 20 
1545 x 540 


= 0.2071 moles. 


One mole of oxygen has a mass of 32 lb. The total mass of 
oxygen is 0.2071x 32 

= 6.63 lb. 


From Dalton's law of additive pressure, the partial pressure 
of nitrogen is the difference between the total pressure of 
the mixture and the partial pressure of oxygen. Therefore, 
the partial pressure of nitrogen is 


p = 100-60 

= 40 psia 

The number of moles of nitrogen is given by 


N 


n 


V 

RT 


_ 144 x 40 x 20 
1545 x 540 

= 0.1381 moles. 


One mole of nitrogen has a mass of 28 lbs. The total mass 
of nitrogen is 0.138 * 28 


= 3.87 lbs. 


(b) The partial volume of oxygen, V 


NoRT 


0.2071 x 1545 x 540 
144 x HO 

= 10.91 cu. ft. 


The partial volume of nitrogen is 20-10.91 = 9.09 cu. ft. 
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• PROBLEM 10-6 


An oxygen cylinder at 35 psia and 80°F contains 0.9 lb of 
oxygen. If nitrogen is added to the cylinder to increase 
the cylinder pressure to 45 psia at the same temperature, 
find the mass of nitrogen added. 


Solution : Both gases, i.e. oxygen and nitrogen, occupy the 

same volume and have the same temperature. Then, from the 
ideal gas equation, 

pV = NR T 
u 

~ R T 

or £ = -u_ 

° N V 


p~ R T p._ 
O 2 _ u _ N 2 

V N„ 


Therefore t^e number of moles of nitrogen is given by 


n n 2 - n o 2 it 


The number of oxygen moles is given by 


0 2 M 


where m = mass of oxygen 


M = molecular weight of oxygen 


Therefore, 


N = »-■" ft 
^0 2 32 


= 0.02813 lb.mol 

The partial pressure of nitrogen is given by 

p m * p +- p o 

N 2 t 0 2 

= 45-35 
= 10 psia 

Substituting the values into the equation for the number of 
moles of nitrogen. 


N xt = 0.02813 
N 2 
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0.00804 lb-mo1 


Therefore, the mass of nitrogen added is given by 

m = NM 

= 0.00804(28) 

= 0.225 lb. 


• PROBLEM 10-7 


A mixture of 21% O 2 and 79% N 2 is cooled to 80°K, 0.1 MPa 
pressure. Determine the composition of the liquid and 
vapor phases for this condition. Use the Raoult's Rule - 
Ideal Gas model to solve the problem. 



0 10 20 30 40 50 60 70 80 90 100 

Mole % oxygen 


Solution : From the tables, 

P sat = °* 1370 MPa 
N 2 


P 


sat o 2 


0.03006 MPa 


Using the following equations, the composition in each phase 
may be solved for. 
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Therefore, at 80°K, 0.1 MPa pressure, 

[x N J (0.137) -[y Rt ](0.1> 

[ x q 2 ] (0.03006) -[y O 2 ]( 0 .D 


X N 2 + x 0 2 = 1 
% 2 + y 0 2 = 1 

After substitution for y and y , the following equation 
is obtained : 2 2 


0.137 


»^3' r v . 0*03006 r n - 

0.1 [ N 2 ] 0.1 [ 0 2 J 


1.37(x M ) + 0.3006 (l-x M ) = 1 
N 2 N 2 


Solving for x^. 


_ 0.6994 n 

x N 2 1.069 0,65 


X N 2 X °- 137 _ 0.65 x Q.137 


= 0.89 


PROPERTIES OF IDEAL GAS MIXTURES 


• PROBLEM 10-8 


A mixture of 4 lbm of CO 2 and 3 lbm of N 2 is stored in a 
tank with a volume of 5 ft 3 . The temperature and total 
pressure of the mixture are 80°F and 229.5 psia. Evaluate 
the entropy, internal energy, enthalpy, and the constant 
pressure and constant volume specific heat capacities. 


Solution ; In evaluating the entropy, internal enegy and 
enthalpy a datum-state of zero entropy and zero internal 
energy at 14.7 psia and 0°F (460°R) is chosen. 


i.e., s 0 = u 0 = 0 at T 0 = 460°R and p 0 = 14.7 psia 
The entropy of C0 2 relative to the datum-state is 
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S(CO 2 ) 


m(C0 2 ) 

m(mixture) 


T 

o 



rP 


R 


p 


o 


djD 

P 


» - “ ( COlL, r C In — - R « JB-1 

m(mixture) p T 0 Pt I 


(The positive sign in front of the first integral is due to 
an increase in entropy by raising the temperature. The 
negative sign in front of the second integral is due to a 
decrease in entropy by raising the pressure.) 


The gas constant R for C0 2 is 35.12 


ft-lbf 
lbm. °R 


and c for C0 2 is 0.203 
P 

Substituting the values. 


Btu 
lbm. °R 


x 4 r„ (5A0\ 35.12 , (229.5\ ”1 

s(co 2 ) = T [0.203 m m 

= -0.0523 Btu/lbm.°R 
Similarly, the entropy of N 2 is 

, 3\~ n „„o ( 540\ 55.12 , /229.5\ ~| 

s(N 2 ) = -y 1^0.248 In - -^g- In (to-JJ 

= -0.0664 Btu/lbm.°R 


Therefore, the entropy of the mixture is 

s(mixture) « s(C0 2 ) + s(N 2 ) 


= -0.0523-0.0664 


= -0.1187 Btu/lbm.°R 

Since the gases are assumed to be ideal gases, the internal 
energy and enthalpy are functions of temperature only. 

The internal energy of C0 2 relative to datum-state is 


u(CO 2 ) 


- . rc(Cp2) c f T dT 
m(mixture) c v J 
To 


= m(C0 2 ) 

m(mixture) 


c y (T-T 0 ) 


= | (0.158X540-460) 
= 7.22 Btu/lbm 
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Similarly, the internal energy of N 2 relative to datum-state 
is 


“<"*> ■ mCm^ure) V T - T "> 

= | (0.177X540-460) 

= 6.07 Btu/lbm. 

Therefore, the internal energy of the mixture relative to the 
datum-state is 


u(mixture) = u(C0 2 ) + u(N 2 ) 

= 7.22 + 6.07 
= 13.29 Btu/lbm. 

The enthalpy of C0 2 relative to the datum state is 


h(CO 2 ) 


m(C0 2 ) 

m(mixture) 


| dT + RT 0 
To 


f[o. 


203(540-460) + 


35.12 

778 


(460) 


G 


= 21.15 Btu/lbm 


Similarly, the enthalpy of N 2 is 


h(N 2 ) = | ^0.248(540-460) + 5 ^‘g 2 (460)^] 
= 22.47 Btu/lbm 

Therefore, the enthalpy of the mixture is 
h(mixture) = h(C0 2 ) + h(N 2 ) 

= 21.15 + 22.47 
= 43.62 Btu/lbm. 


The constant pressure specific heat of the mixture is given 
by 


C P 


(mC p ) C02 


m(mixture) 


+ (mC p ) N 2 


= 4(0.203) + 3(0.248) 

7 

= 0.222 Btu/lbm - °R 

The constant volume specific heat of the mixture is given 
by 
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c 


(mc v ) C0 2 * (mC v ) N 2 
m(raixture) 

4(0.158) + 3(0.177) 


= 0.166 Btu/lbm - °R 


• PROBLEM 10-9 


The exhaust gases from an engine are analyzed and found to 
have the following composition on a volumetric basis. 

CO 2 -10% 

H 2 0-13% 

CO-2% 

0 2 -3% 

N 2 -, - - 72% 

The gas pressure and temperature are 100 kPa and 300°C 
respectively. Subsequent to leaving the engine, the gas 
is cooled. Determine (a) the temperature at which water 
will start to condense, and (b) the value of the specific 
heat ratio, k, for this mixture. Assume constant specific 
heats. 
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Solution ; It is very convenient to use Table 1 and Table 2 
in solving this problem. 

(M.WOmixt. = 28 43 kg / 1 ™ 01 

(a) From the equation 

*1 

the partial pressure can be obtained for the water in the 
mixture as 

P w = y ± x P T 

= 0.13 x 100 

= 13 kPa 

From the steam tables, the dew point temperature (the 
temperature at which water vapor will start to condense) is 
found to be 



T D.P. - 50.71«C 

The specific heat ratio k for the mixture is given by the 
equation 


k 



( 1 ) 


Thus the specific heats at constant pressure and volume 
will have to be calculated. The specific heat at constant 
pressure is given as 



mixt 



c 


= (0.1548x0.8418) + (0.0824x1.8723)+(0.0197x1.04143) 

(0.0338 x 0.9216) + (0.7094 x 1.0416) 

= 1.0752 kJ/kg - °K 
Then from the equations 

C P 0 ” C v 0 ~ R 

and <*W. <S " 8 ' 31434 kJ / k *- ° K > 

8.31434 

28.43 

= 0.2924 
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the value for the specific heat at constant volume is 

^ C vo^mixt. ^ c po^roixt. ^^mixt. 

= 1.0752-0.2924 

= 0.7828 kJ/kg - °K 

Substituting into Equation (1), 

_ 1.0752 
K 0.7828 

= 1.3736 


Note that the specific heat at constant volume could also 
have been found using the equation 


^ c v 0 ^mixt. 



which would have given the same result. 


• PROBLEM 10-10 


An ideal gas mixture consists of 1 mole of oxygen and 
2 moles of nitrogen at 90°F and 13.5 psia. 

(a) If each constituent gas is assigned a datum-state 
value of zero entropy at 14.7 psia and 0°F, calculate 
the entropy of the mixture. 

(b) Determine the change in internal energy and entropy 
if the mixture is cooled to 40°F at constant volume. 

Assume that the heat capacities are constant for the 
temperature range of interest and have the following 
valves: 


C = 7.01 

p oxygen 

C = 6.96 

p nitrogen 


C = 5.02 

v oxygen 

C = 4.97 

v nitrogen 


Solution ; (a) Given the number of moles of oxygen as 

n^ = 1 mole 

and number of moles of nitrogen as 

n N = 2 moles 

Therefore, the mole fractions are 
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and 


x 0 3 


X N 3 


The corresponding partial pressures are 

Po = x o p 


= 5 (13.5) 


= 4.5 psia 


and 


P N = X N P 


= % (13.5) 

= 9.0 psia 

The entropy of each gas constituent is given by 

ds. = C - R - 5 -^ 

1 T u Pf 

Therefore, the entropy of oxygen relative to the datum 
state is 


s o - 4s o - s 0 1 f - s r 


dP 

P 


where the limits d and a denote datum and actual states, 
respectively. 

Integrating and substituting the limits, 


s o - 7 - 01 Hi - i- 986 l " TiTl 

= 3.60 Btu/lb-mole- °R 


Similarly, the entropy of nitrogen relative to datum state 
is 


s 


N 


As n 



R 


u 



d 


= 6.96 In ||g - 1.986 In ^ 
= 2.22 Btu/lb-mole - °R 
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The entropy of the mixture is given by 


S = n 0 S 0 + n N S N 

= 1(3.60) + 2(2.22) 

= 8.04 Btu/°R 

(b) The change in internal energy of the mixture is given 

by 

AU = < n 0 C v0 + n N C vN )(T2 - Tl) 

where 

C v q = constant volume specific heat of oxygen 
C vN = constant volume specific heat of nitrogen 
Substituting the values, 


= [l(5.02) + 2(4.97)j(40-90) 


= -748 Btu 

The change in entropy of the mixture is given by integrating 
the equation 

dS - <” 0 C v0 * ”N C VN> f * »u f 

But since the colling process is taking place at constant 
volume, dv = 0. 


Therefore, 


dS = (n 0 C v0 + n N C vN ) T 


Integrating and substituting the limits. 


AS = 1(5.02) + 2(4.97) In 


= -1.426 Btu/°R 


• PROBLEM 10-11 


A mixture of 6 mol of helium and 4 mol of nitrogen is at 
170°F and 120 psia. If this mixture is expanded isentropic- 
ally to 25 psia, find 

(a) the final temperature of the mixture, and 

(b) the entropy change for each constituent gas. 

Assume all gases are ideal. 
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Solution ; The total entropy change of the mixture is given 
by 


ds = 


x He C PHe + X *f C 


N PN. 


dT _ d£ 
T up 


But for an isentropic expansion process, ds = 0. 
Therefore, 


x He c PHe + X N 2 C PN 2 


£ . r SE 
T up 


Assuming the heat capacities to be constant in the expansion 
range and integrating the above equation yields 


j^He c PHe + X N 2 C Pn 7J ln T* R u ln 


Taking 


and 


!p «e ' “ 


= 1 R 

' p n 2 2 u 


substituting the values of the known variables into the 
above equation and evaluating for T 2 , 


°‘ 6 (! »u) * °- 4 (I R u) 


T 2 25 

ln 630 = R u ln 120 


2,9 ln ~630 ~ ln 120 


Therefore , 


T 2 = 366.8°R 


(b) The specific entropy changes of the individual gases 
in the mixture are given by 


4S . , c . ln . R 1„ 

l pi \T 1 ) u \V ±1 ) 

Since the mole fraction of either gas does not change 
during the process, the ratio of partial pressures in this 
equation is the same as the ratio of total pressures of the 
mixture. 


i.e 


P i 2 _ 22 
P ±1 Pi 


The entropy change of helium is 


As 


He 


= n 


He 


"PHe 


ln 


T_2 
T i 


- R ln 
u 


2 

1 
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- 6 (§ (1.986) 1„ 2§|j§ - 1.986 In 
= 2.578 Btu/°R 

The entropy change of nitrogen is 

4 S N, - It - R u ln pf ] 

- (1.986) ln 2§§gS-1.886 l„-^j j 

= -2.578 Btu/°R. 

It is clear that the entropy of N .2 decreases while the 
entropy of He increases in the isentropic expansion process. 
The reverse is true for isentropic compression process. 

• PROBLEM 10-12 

An air-water-vapor mixture at 1 atm and 75°F has a relative 
humidity of 0.45. For this mixture, calculate the specific 
humidity, the dew point and the partial pressures. 


Solution ; The relative humidity 4> is the ratio of the 
actual partial pressure of water vapor to the saturation 
partial pressure of water vapor. 



= 0.45 


From steam tables, at 75°F the pressure of saturated water 
vapor Pg is 0.430 psia. 

.*. P y , the actual water partial pressure 


= <f> x P 

8 

= 0.45 x 0.430 


= 0.1935 psia. 

The partial pressure of dry air, P = 14.7 - 0.1935 

a 


Using the equation 


14.5065 psia 
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( yv p a ) 

- <V'V 

P 

= 0.622 ^ 
a 

= 0.622 x 0,1935 
14.5065 

= 8.297x10~ 3 lbm water/lbm air. 

The temperature at which the mixture becomes saturated, or 
condensation begins, when a mixture of dry air and water 
vapor is cooled at constant pressure from an unsaturated 
state, is called the dew point temperature. 

From steam tables, the dew point temperature 

= 52.15 °F. 


• PROBLEM 10-13 


A mixture of ideal gases consisting of 0.4 mole fraction 
of N 2 and 0.6 mole fraction of argon is flowing at a rate 
of 2500 lbm/hr through a heat exchanger, where its 
temperature is increased from 80°F to 450°F. Assuming 
that the heating process takes place at a constant pressure 
of 14.7 psia, determine the rate of heat addition. 


Solution : This is a steady-state, steady-flow process in 

which there is no work transfer. Neglecting the changes in 
kinetic energy and potential energy, the first law applied 
to a steady flow process yields 


° _ m(h 2 -hi) 
y “ M 


where 

h 2 = enthalpy of the mixture at 450°F 
hi = enthalpy of the mixture at 80°F 
m = mass flow rate of mixture 
M = molecular weight of mixture. 

For an ideal-gas mixture of fixed proportions and of 
constant specific heat capacity. 
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where 


o 

m 


« -S V T! ' Tl> 


c = constant pressure specific heat capacity of 
p the mixture 

The molecular weight of the mixture is given by 

M = ZX i M i 

= 0.4(28) + 0.6(39.95) 

= 35.17 lbm/lbmol. 


The constant pressure specific heat capacity of the mixture 
is given by 

c = EX.c . 

P i Pi 

7 

Taking c for N 2 as „ R , 

& p z 2 u 

5 

and for argon as ^ R , 

£ u 

C P ■ °- 4 (5 *») 4 °- 6 (§ " u ) 

- 2 * 9 R u 
= 2.9 (1.986) 

= 5.759 Btu/lb-mol - # R 


Substituting the values into the equation for the rate of 
heat addition gives 

° _ 2500(5.759X450-80) 

W 35.17 

= 151466.45 Btu/hr. 


AIR - VAPOR MIXTURES 


• PROBLEM 10-14 


A rigid insulation tank, consisting of two compartments 
separated by a wall, has 1 mole of oxygen at 35 psia and 
65^ in one compartment, and 2 moles of nitrogen at 14 psia 
and 120°F in the other compartment. If the partition is 
removed to allow the gases to mix adiabatically, calculate 


631 



(a) the equilibrium temperature and pressure of the 
mixture, and 

(b) the change in entropy for each gas and for the 
mixing process. 


Solution ; For the low pressures involved, the gases are 
assumed to behave as ideal gases. Since both the heat 
transfer and work done are zero, the first law for a closed 
system dictates that AU = 0, 

i,e ‘’ VWW + n N C vN^’f -,r N^ = 0 

where the subscripts 0, N and f denote oxygen, nitrogen 
and final state, respectively. 

Substituting the values, 

1(5.02)(T f -65) + 2(4.97)(T f -120) = 0 


Therefore, 


T f = 101.5°F 


The final pressure is determined from the ideal gas relation 
PV = nR u T. The total volume is the sum of the volumes of 
the original compartments, which may also be determined 
from the same equation. 

Hence, volume of the original oxygen compartment is 

n~R T^ 

TT 0 u 0 


= 1(1545)(525) 

35(144) 

= 161 ft 3 

and volume of original nitrogen compartment 


V N " 


n XT R T xt 
N u N 


2(1545X580) 

14(144) 

= 889 ft 3 

Therefore, the total volume of the tank is 


V = V + V 
v v 0 V N 


= 161 + 889 


632 




= 1050 ft 3 

Then the mixture pressure is 

n R T 
P = “V" 

= 3(1545X561.5) 

1050(144) 

= 17.2 psia 

(b) The change in entropy of each constituent gas is found 
by 

As = (As from change in temperature) 

+ (As from change in volume) 


v 2 


As = c v ln tT + R u ln vx 


i.e. , 

Therefore, the change in entropy of oxygen is 


AS o = n o As o = 1 


c t 561.5 . - non t 1050 

5.02 ln — g r yv — + 1.986 ln 


525 


161 


= 4.06 Btu/°R 
Similarly, for nitrogen, 


AS m = n M As M = 2 
N N N 


4.97 ln - 5 - f 4 A-" + 1.986 ln 1050 


580 


889 


= 0.34 Btu/°R 

The change in entropy for the process is 


AS = ASq 


= 4.06 + 0.34 
= 4.4 Btu/°R. 


• PROBLEM 10-15 


An air-vapor mixture having a volume of 2500 ft 3 is at 
75°F and 14.7 psia, and has a relative humidity of 50%. 
Compute (a) the humidity ratio, (b) the dew-point, (c) 
the mass of air, and (d) the mass of water vapor. 


Solution : (a) The relative humidity is defined as 
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where p v = vapor pressure of the mixture 

Pg = saturated vapor pressure 

Saturation pressure corresponding to 75°F is 

p = 0.430 psia 
g 

Therefore 


P v = 


g 


= 0.5(0.430) 
= 0.215 psia 

The humidity ratio o) is given by 

P« 


03 = 0.622 


p t‘ P v 


- °- 622 (i«?7-i?ai 5 ) 

= 0.00923 lbm water/lbm dry air 

(b) The dew-point temperature is the saturation temperature 
of water corresponding to the vapor pressure p v (=0.215 psia). 

From steam tables , 

Dew Point Temperature (DPT) = 55°F 

(c) The mass of air is given by the ideal gas equation 

B _V 

m a ' V 


where p a = p t~ P v = 14.485 psia 

V = 2500 ft 3 

R = 53.35 ft.lbf/lbm°R 
a 

T = 75°F = 535°R 
Substituting the values, 

(14.485)(144)(2500) 
m a (53.35)(535) 
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182.7 lbm 


(d) The humidity ratio is defined as 

m 

v 

(JO = — 

m a 

Therefore, mass of vapor is 

in = (io)(m Q ) 
v a 

= 0.00923 (182.7) 

= 1.69 lbm. 


• PROBLEM 10-16 


A sling-psychrometer reads 85°F DBT and 65°F WBT (DBT = 
Dry bulb temp., WBT = Wet bulb temp.). Calculate the 
following: 

(a) Specific humidity (b) Relative humidity (c) Dew 
point temperature. 

Assume atmospheric pressure to be 14.7 psia. 


Solution : In a sling-psychrometer, an adiabatic saturation 

process takes place, and the given DBT and WBT correspond 
to the inlet and outlet temperatures i.e., unsaturated mix¬ 
ture and saturated mixture temperatures, respectively. 

(a) The specific humidity of the saturated mixture a> 2 
is given by 


u) 2 = 0.622 


V 2 


p t- p v 2 


where p 


v 2 


saturation vapor pressure at the WBT. 
total pressure 


From steam tables, the saturation vapor pressure at 
temperature 65°F is 0.3057 psia. 


Hence u>2 0,622 (l4.7-0.3057 ) 

= 0.0132 lbm water/lbm dry air 
The specific humidity of the air is given by 
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0)1 




h -h« 
vi f 2 


^£2 


where c^ a = constant pressure specific heat of air 

h^g^ = evaporation enthalpy of water at 65°F 

h vi = saturated vapor enthalpy at 85°F 

h„ = saturated water enthalpy at 65°F 
I 2 

From the steam tables , 

h« = 1056.8 Btu/lbm 
fg2 

h« * 33.09 Btu/lbm 
I 2 

h = 1098.6 Btu/lbm 

Vl 


Substituting into the equation for u>i , 


0.24(65-85) + 0.0132(1056.8) 
(1098.6-33.09) 


= 0.00859 lbm water/lbm dry air 

(b) The specific humidity of the unsaturated mixture is 
also given by 


o) i — 0.622 


pfP Vl 


where p v ^ = satuxation vapor pressure at DBT. 

The above equation can be written as 

P t (Wl) 

P Vi = 0.622 + U>1 

= (14.7X0.00859) 
0.622 + 0.00859 


= 0.2002 psia 


The relative humidity of the unsaturated mixture is given 
by 


<J>i = ^ 
p gl 

where p g ^ = saturation pressure at DBT. 


From steam tables, p = 0.5964 psia. 

gi 
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Therefore , 

. 0.2002 

0.5964 

= 0.3357 


= 33.57% 

(c) The dew point temperature corresponds to the saturation 
temperature of water vapor in the mixture of air and water 
vapor. 

The partial pressure of the vapor is 

P vi = 0.2002 psia 

The corresponding saturation temperature gives the dew 
point temperature (DPT). 

From steam tables , 

DPT = 53.1°F 


• PROBLEM 10-17 


A tank contains saturated air-vapor mixture at 240°F and 
55 psia. If the mixture contains 1 lb of dry air, 
calculate the volume of the tank and the mass of water 
vapor in the mixture. 


Solution ; The volume of the tank is the volume occupied by 

1 lb of dry air at its partial pressure. From Dalton's law, 

the partial pressure of air (p ) is 

a 

p a " p t" p v 

where p^ = total pressure 

P v = partial pressure of vapor 

But it is given that the mixture is saturated. 

Therefore, p v = saturation vapor pressure at 240°F 
= 24.97 psia 
Therefore, p = 55-24.97 

£L 

= 30.03 psia. 

The volume occupied by 1 lb of air at 30.03 psia is given 
by the ideal gas equation, 
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V 


m R T 
a a 

M p 
a*a 


where m = mass of air 
a 

M = molecular wt. of air 
a 

R = gas constant of air 

£L 


Substituting, 

1(1545)(700) 
29(30.03)(144) 

= 8.62 ft 3 

Therefore, the volume of the tank is 8.62 ft 3 . 
Also, this is the volume occupied by vapor. 

The mass of water vapor is given by 

V 

m = — 
v v v 

where v v = specific volume of saturated vapor. 

From saturation steam tables, 

v y = 16.33 ft 3 /lbm 

Therefore, mass of vapor is 

8.62 
m v 16.33 

= 0.528 lbm. 


• PROBLEM 10-18 


A rigid tank contains 1 lbm of air and 0.2 lbm of saturated 
water vapor at 250°F. Determine the volume of the tank and 
the total pressure of the air-vapor mixture. 


Solution: The volume of the tank is the volume occupied by 
the 0.2 lbm of saturated water vapor at 250°F. From 
saturation steam tables, the saturation pressure (p y ) and 

specific volume of saturated vapor (v^) at 250°F are 

P v = 29.82 psia 
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v = 13.83 ft 3 /lbm 
g 

Therefore, the volume occupied by 0.2 lbm of saturated vapor 
is V = 0.2(13.83) 

= 2.766 ft 3 

Therefore, the volume of the tank is V = 2.766 ft 3 . 

From Dalton's law of additive pressures, it can be inferred 
that each gas acts independently of the others present in 
the mixture. 

Then, the total pressure of the mixture is equal to the sum 
of the pressures exerted by the vapor and air. The volume 
occupied by air is equal to the tank volume. Then, from the 
ideal gas equation, the partial pressure of the air is 


1(53.35X710) 

(2.766X144) 

= 95.1 psia 

Therefore, the total pressure of the mixture is 


p t = 


* Pv, + Pc 


= 29.82 + 95.1 
= 124.92 psia. 


• PROBLEM 10-19 


The metal beaker of a dew-point apparatus is gradually 
cooled from room temperature, 75°F. When the beaker 
temperature reaches 60°F, the moisture of the room air 
starts condensing on it. Assuming the room air to be at 
14.7 psia, determine (a) the partial pressure of vapor, 
and (b) the parts by mass of vapor in the room air. 


Solution ; The temperature at which the moisture in the 
air starts condensing is the dew-point temperature. 
Therefore, the dew-point temperature is given as 60°F. 

The partial pressure of the water vapor in the room air is 
equal to the saturation pressure corresponding to the 
dew-point temperature, 60°F. 

From saturation steam tables , 
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P v = 0.2563 psia 

Therefore, the partial pressure of vapor is 0.2563 psia 

(b) Dalton's law of partial pressures states that 

P = p + p 
*a v 

where P = total pressure (room pressure , 14.7 psia) 

p = partial pressure of dry air 
a 

Therefore, the partial pressure of dry air is 

p = 14.7-0.2563 
a 

= 14.4437 psia 


From the definition of mole fraction , 

n p 

— __a _ a 

*a ” n p 


and 


n p 

y - — = — 
A v n p 


From the definition of molecular weight, 

m = nM 

Therefore, the parts by mass are 


and 

Therefore, 


m 

n M 

p M 

a _ 

a a 

a a 

m 

nM 

PM 

m 

n M 

p M 

v _ 

V v _ 

V V 

m 

nM 

PM 


m p M 
a _ *a a 


rn 


p M 

v 


Then, 


m +m 
a v 

m 


_ (14.4437)(29) 
(0.2563)(18) 

= 90.8 


m 

— + 1 
m v 


90.8 + 1 


= 91.8 
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But m + m = m 

a v 

Therefore f the parts by mass of vapor in the room air is 

m 

v _ 1 

m 91.8 


= 0.01089. 


• PROBLEM 10-20 


An air-vapor mixture consisting of 1 lbm of dry air and 
0.015 lbm of vapor is at 85°F and 20 psia. Find the 
partial pressure of water vapor. 


Solution : It is unknown whether the mixture is saturated 

or not. The maximum partial pressure of vapor is the 
saturation pressure of the vapor corresponding to the 
mixture temperature. 

Therefore, the maximum partial pressure of vapor that could 
be exerted is (from Steam Tables at 85°F) 


P v = 0.5964 psia 

If the water vapor is in the superheated state, then the 
partial pressure is given by 

p v = x v p t 

where x v = mole-fraction of vapor 
P t = total pressure 

The mole-fraction of the vapor is defined as 

(m /M ) 
v v 

X v (m /M ) + (m /M ) 
v v a a 


where 


m = mass 

M = molecular weight 


Therefore, 


= (0.015/18) 

X v (0.015/18) + (1/29) 
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0.023596 


The partial pressure of the vapor is 

p v = 0.023596(20) 

= 0.4719 psia 

Since this pressure is less than the saturated pressure, 
the vapor must be superheated. 

Therefore, the partial pressure of the vapor is 0.4719 
psia. 


• PROBLEM 10-21 

A saturated air-water-vapor mixture is at -80°F and 
14.7 psia. Determine its humidity ratio. 



P v = saturation vapor pressure 

But the saturated steam tables do not give saturation 
pressures for temperatures less than -40°F. However, it can 
be noticed that the evaporation enthalpy (h^) is relatively 

constant in this range. Taking the evaporation enthalpy 
(h f g) as constant, the saturation pressure at -80°F (380°R) 

can be found by integrating the equation 

dP -( h g~ h f ) /dT\ 

P RT \T ) 

between the limits of -80°F and -40°F. 


Integrating, 



( 


h fg dT 
R »p2 
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From steam tables, 


T 2 = - 40°F = 420°R 
P 2 = 0.0019 psia 


h„ = 1221 Btu/lbm 


Substituting the values into the above equation , 


, /0•0019 \ 

ln ( Pi / " TiT 


Therefore, 


1221 420-380 

986/18.02) (420)(380) 


= 2.7766 


0.0019 = 2.7766 

Pi 


= 16.065 


p _ 0.0019 
Fl 16.065 


= 1.18 x10” psia 


P x is the saturation vapor pressure, 


i.e. , 


P. = P 
1 v 


Substituting the values into the equation for the humidity 
ratio, 


u = 0.622 


1.18 x IQ 
14.7-1.18 x 10" 


= 4.99x10" lbm water/lbm dry air 


• PROBLEM 10-22 


A certain sample of room air at 14.7 psia has dry-bulb and 
wet-bulb temperatures of 80°F and 70°F, respectively. 
Calculate (a) vapor pressure, (b) relative humidity, 

(c) specific humidity, (d) density of dry air, (e) density 
of the vapor in the mixture, and (f) enthalpy of the 
mixture/lbm dry air. 


Solution : (a) The saturation vapor pressure at the wet- 

bulb temperature of 70°F can be obtained from steam tables. 

From the saturation steam tables. 
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P vw = 0.3632 psia 

The vapor pressure of the room air may be obtained from the 
equation 


p vd 


p vw 


2800-1.3 T 


D 


The subscripts d and w defer to the dry-bulb temperature 
and wet-bulb temperature conditions. 



Substituting the values 
P vd = 0.3632 
= 0.3103 


vapor pressure 
total pressure 

into the above equation , 

(14.7-0.3632X80-70) 

2800-1.3(70) 

psia 


(b) For a dry-bulb temperature of 80°F, the saturation 
vapor pressure in the mixture is obtained from saturation 
steam tables. 


Pg d = 0.5073 psia 

The relative humidity is defined as 



0.3103 

0.5073 


= 0.612 


(c) Assume the water vapor and air in the mixture to be 
ideal gases. Then the specific humidity is given by 


(A) 


0.622 


vd 


P t" P vd 


= 0.622 


0.3103 

14.7-0.3103 


= 0.0134 lbm water/lbm dry air 


(d) The density of dry air is given by the ideal gas 
equation 


p a = 


p t- p vd 

R a T d 
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(14.7-0.3103X144) 

(53.35X540) 


= 0.072 lbm/ft 3 

(e) The specific humidity is defined as 


(A) 


m 


v 


m 


a 


Since both the vapor and dry air occupy the same total 
volume, the mass ratio can be replaced by the ratio of 
densities, 


i 


• e ■ , 


(A) 


p 

"p 


V 

a 


Therefore, vapor density P v = <A>p a 


= 0.0134(0.072) 

= 0.00096 lbm/ft 3 


(f) The enthalpy of the mixture is the sum of the enthalpies 
of the dry air and water vapor (Gibbs-Dalton law). 

The enthalpy of the mixture per lbm of dry air is given by 

h = h + a)h 
a v 

where h = enthalpy of dry air (h can be written as 
a a 

C T. 
pa d 

where C = constant pressure specific heat of 
pa air) 

and h v = enthalpy of saturated vapor at 80°F 

From saturated steam tables, 

h = 1096.4 Btu/lbm 
v 


Therefore, 


h = (0.24)(80) + (0.0134)(1096.4) 

= 33.89 Btu/lbm of dry air 

It is important to note the complete arbitrariness of this 
enthalpy value. The enthalpy of the air was chosen to be 
zero at 0°F, and the enthalpy of the water vapor, on the 
basis of the steam tables, is zero as a saturated liquid at 
32°F. If differences in enthalpies are to be calculated 
for engineering purposes, the enthalpy at each state must 
be based on the same reference values. 
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• PROBLEM 10-23 


An air-vapor mixture consisting of 1 lbm of air and 0.92 lbm 
of water vapor is isentropically compressed from 45 psia and 
240°F to 90 psia. For this process determine (a) the final 
temperature, and (b) the change in entropy of each constituent. 


Solution : The number of air moles present in 1 lbm is given 

by 


m 

D = T7“ 

a M 


where m = mass of air 
a 

M = molecular weight of air 

£L 

n a = 29 

= 0.03448 lb mole 


Similarly, the number of moles of water vapor in 0.92 lbm 
is 


n w M w 


0.92 

18 


= 0.05111 lb mole 


The mole fraction of air is 


Y = _- 

a n +n 
a w 


and 


0.03448 

0.03448 + 0.05111 
= 0.403 
= 1-X 

a 

= 1-0.403 
= 0.597 


The total entropy change of the mixture is given by 
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d s =(xc + y c ) — - r 

A a pa A w pw' T up 

But for isentropic compression process ds= 0 


Therefore 


[ x a c Pa + x w c Pw i 


dT 


= R 


dP 

P 


Assuming the heat capacities to be constant in the compres¬ 
sion range, after integration, the above equation is 


^ X a c pa + X w c pw } ln (tx) R u ln (pi) 

[^0.403 (7.01) + 0.597 (7.95)^] ln = 1.986 ln (||J 

i.e., ln = 0.2623 ln (2) 

or T 2 = 700(2) 0-2 62 3 

= 840°R (380°F) 


(b) The entropy changes of the individual gases in the 
mixture are given by 


As i 



u 



Since the mole fraction of either gas does not change 
during the process, the ratio of partial pressures in this 
equation is the same as the ratio of total pressures of the 
mixture * 


i.e. , 



Then the change in specific entropy of air is 


As 


a 


C P. ln (ft) - R u ln (ft) 

7 - 01 in (fro) - i - 986 in (SO 


= -0.0985 Btu/lb mole°R 


The total change in entropy of air is 


AS = n As 
a a a 


= 0.03448(-0.0985) 
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=-0.0034 Btu/°R 


Since the overall process is isentropic, the sum of AS for 
air and vapor should be zero. Therefore, the change in 
entropy of vapor is equal to -AS 

a 


i 


a e a , 


AS = -AS 
w < 


= 0.0034 Btu/°R 


The change in specific entropy of vapor is 


AS 


w 


AS W 


0.0034 

0.0511 

= 0.0665 Btu/lb-mole - °R 


AIR CONDITIONING PROCESSES 


• PROBLEM 10-24 

An air-vapor mixture, initially at 60°F and 55 percent 
relative humidity, is heated until its temperature reaches 
85°F. Determine 

(a) the initial and final specific humidities, 

(b) the final relative humidity, and 

(c) the amount of heat added per lbm of dry air. 

Assume the mixture to be at a pressure of 14.7 psia. 


Solution: (a) Heating an air-vapor mixture at constant 

specific humidity, i.e., without any change in its moisture 
content, is called a sensible heating process. Therefore, 
the initial and final specific humidities are equal. 

The specific humidity at the initial stage is given by 


0 ) 


0.622 


p v 

p t -p 


v 


where p v = partial vapor pressure 
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P t = total pressure 

The partial vapor pressure is given by the definition of 
relative humidity 



v 

g 


p = saturation vapor pressure 
g 

Therefore. 


P v = p g (4>) 

The value of p g can be obtained from saturated steam tables. 

For T = 60°F, p g = 0.2563 psia 

Substituting, 


p = 0.2563 (0.55) 
= 0.141 psia 


Substituting the values into the equation for specific 
humidity, 

“ - °- 622 ( l4?7-”l4l ) 

= 0.00602 lbm vapor/lbm dry air 


(b) At the final state, i.e., at T = 85°F, the specific 
humidity is 0.00602 lbm vapor/lbm dry air, 

i.e., P v = 0.141 psia 

The saturation pressure at temperature 85°F is 


p g = 0.5964 psia 

Therefore, the relative humidity 



0.141 

0.5964 


= 0.2364 

i.e., 4> = 23.64 percent 

(c) The amount of heat added per lbm of dry air is given 

by 

Q = H 2 -Hi 
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where H 2 = final state enthalpy 

Hi = initial state enthalpy 

Enthalpy of the mixture can be written as 

H = h + coh 
a v 


= c T + coh 
pa v 

where c pa = constant pressure specific heat of air 


h v = saturated vapor enthalpy 


Therefore, (H 2 -Hi) = c pa (T 2 -Ti) + co(h v2 -h vi ) 

= 0.24(85-60) + 0.00602(1098.6-1087.7) 
i.e., Q = 6.1 Btu/lbm of dry air. 


• PROBLEM 10-25 


Atmospheric air at 29.92 in Hg pressure and dry bulb and 
wet bulb temperatures of 60°F and 50°F, respectively, is 
heated in a heating coil to 80°F. Determine the wet bulb 
temperature, relative humidity and specific humidity of the 
air leaving the heating coil. Also calculate the sensible heat 
added per lbm of dry air. Solve the problem with the help 
of the psychrometric chart. 
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(60 U F) and wet bulb temperature (50°F) lines intersect at 
point 1, which locates the condition of the entering air. 
Draw a horizontal line from point 1 to cut the 80°F dry bulb 
temperature line at point 2. The sensible heating process 
is indicated by the line 1-2. The condition at which air 

comes out of the heating coil is represented by point 2. 

Reading from the chart, corresponding to point 2, 

the wet bulb temperature is 58.3°F, 

the relative humidity is 25%, and 

the specific humidity is 0.0054 lbm vapor/lbm dry air. 

The sensible heat added per lbm of dry air is given by the 
difference in enthalpy at point 1 and point 2. 

Enthalpy at point 1 is 20.3 Btu/lbm of dry air. 

Enthalpy at point 2 is 25.3 Btu/lbm of dry air. 

Therefore, sensible heat added is 25.3-20.3 

= 5 Btu/lbm of dry air. 


• PROBLEM 10-26 


2000 cfm of air at 88°F and 30% relative humidity is cooled 
to 63°F, maintaining its specific humidity constant. Using 
the psychrometric chart, find the relative humidity of the 
cooled air and the amount of heat removed per minute. 



Solution: Referring to the figure, the 88°F dry bulb 

temperature line and 30% relative humidity line intersect 
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at point 1. This point shows the condition of the entering 
air. 


From that chart, it can be seen that the specific volume of 
air at point 1 is approximately 14 ft 3 /lbm dry air. 

Therefore, the mass flow rate of air is 

m - 2000 
m " TT 

= 142.86 lbm dry air/min. 

To find the condition of the cooled air, a horizontal line 
is drawn through point 1 to cut the 63°F dry bulb temper¬ 
ature line at point 2. 

The cooling process with constant specific humidity is 
represented by the line 1-2. 

The condition of the cooled air is represented by point 2. 

Reading from the chart, the relative humidity of the cooled 
air is 70%. 

The amount of heat removed per minute is given by 

q = m(hi-h 2 ) 

where h = enthalpy of air in Btu/lbm dry air 
From the chart , 

hi = 31.5 Btu/lbm dry air 
h 2 = 24.5 Btu/lbm dry air 

Therefore, 

q = 142.86 (31.5-24.5) 

= 1000 Btu/min. 


• PROBLEM 10-27 


2000 cfm of air at 90°F and 15% relative humidity is passed 

through an evaporative cooler (adiabatic humidifier). 

(a) If the final temperature is 65°F, find the relative 
humidity of the exit air and the amount of water 
vapor added to the air per minute. 

(b) Find the minimum temperature that could be achieved 
by this process. 

Solve the problem with the help of psychrometric chart. 
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65° F 


90° F 


Solution: Referring to the figure, the 90°F dry bulb 

temperature line and 15% relative humidity line intersect 
at point 1. This point shows the condition of the entering 
air. 

(a) From the chart, it can be seen that the specific volume 
of air at point 1 is 13.95 ft 3 /lbm dry air. Therefore, the 
mass of flow rate of air is 

= 2000 
m 13.95 

= 143.37 lbm dry air/min. 

Since the air is undergoing adiabatic humidification in the 
cooler, the cooling process should be of constant enthalpy. 
Point 2 is given by the intersection of the constant 
enthalpy line through point 1 and the 65°F dry bulb 
temperature line. 

From the chart, the relative humidity at point 2 is 

<f) 2 = 76% 

The amount of water vapor added to the air per minute is 
given by 


m v = 111(0)2-0)!) 


From the chart. 


o) 2 ■ 0.0100 lbm vapor/lbm dry air 
o)i = 0.0043 lbm vapor/lbm dry air 


Therefore, 


m v = 143.37(0.0100-0.0043) 

= 0.817 lbm vapor/min. 

(b) The minimum temperature that could be achieved by this 
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process is the adiabatic saturation value, i.e., the wet 
bulb temperature of the initial state. From the chart, this 
temperature is 60°F. 


• PROBLEM 10-28 


Atmospheric air at 60°F with a relative humidity of 20 
percent is humidified under steady state conditions to a 
specific humidity of 35 grains of vapor/lbm of dry air. 
Using the psychrometric chart, compare the processes given 
below with regard to the final relative humidity, final 
temperature, and amount of heat transfer per lbm of dry 
air: 

(a) adiabatic, 

(b) constant dry-bulb temperature, and 

(c) constant relative humidity. 

Take atmospheric air to be at a pressure of 14.7 psia and 
the humidifying of water to be at 60°F. 




*r/.) 

7*CF) 

C(Btu) 

Initial conditions 

20 

60 

— 

Adiabatic process 

72 

47.5 

0 

Constant*^* process 

45 

60 

3.1 

Constant-# procos 

20 

84 

9.1 


Solution : The solution is shown on the psychrometric chart. 
Initial state is point 1. It is located at the inter¬ 
section of the 60°F dry-bulb temperature line and 20% 
relative humidity line. Absolute humidity at point 1 is 
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read from the chart as 15 grains vapor/lbm of dry air. 

(a) The final state reached by the adiabatic process is point 
2. It is on the same enthalpy line that passes theough point 1. 

(b) The final state reached by the constant dry-bulb temperature 
process is point 2 f . It is on the same dry-bulb temperature 
line as point 1. 

(c) The final state reached by constant relative humidity 
process is point 2”. It is on the same relative humidity 
line, 20%. 

The three points 2, 2 f , and 2” lie on the 35 grains vapor/ 
lbm of dry air humidity ratio line. 


• PROBLEM 10-29 


The figure below shows two streams of air being mixed 
together during an adiabatic steady flow process. Each 
stream has a pressure of 100 kPa. One stream has a 
temperature of 40°C, a 40% relative humidity and flows at 
the rate of 10 kg/min. The second stream has a 
temperature of 10°C, a 100% relative humidity and flows at 
the rate of 15 kg/min. Calculate the specific humidity 
and the final temperature of this mixture. 



Solution : The humidity ratio (specific humidity) 

describes the quantity of water vapor in a mixture in terms 
of the amount of dry air present. It is defined as the 
ratio of the mass of water vapor present, m , to the mass 

of dry air, m . v 

a 


0) 


m 


v 


m 


a 


V/v y 

V/v 

a 
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The humidity ratio can also be expressed as 

R T/p M q 
_ u a a 

R u T/p V M V 


M p. 7 
v V 

M p 
a*a 


The ratio of molar masses for water to air is 0.622. 


.\ a) = 0.622 -e = 0.622 


Pt“ P V 


Using the equation of continuity, 


mi + m2 — m3 


In the above equation. 


m = m XT + m 

1 Vi ai 

m = m- 7 + m 

2 v 2 a 2 


m = m T7 + m 
3 V 3 a3 


Ti = 40°C (Given) 

From the steam tables, for this temperature the saturated 
water vapor pressure p^ = 7.384 kPa. 

The relative humidity 


= 0.4 


•• ^vi 


Pv, • $1 x P £ 


= 0.4 X 7.384 


= 2.954 kPa 
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The humidity ratio for the first stream 

2.954 


a>i = 0.622 x 


100-2.954 

= 0.0189 

Similarly, the values for the second stream arc 

p = 1.2276 kPa 
g2 

Py^ = 1.2276 kPa 
u) 2 = 0.0077 

Divide equation (2) by m . 

a 


— 11 — = U>1 + 1 

m 


m 


mi 


From equation (1) 


a x o)i+l 


10.0 


0.0189 + 1 
= 9.814 kg/min 

itl t = o)i x m 
vi A ai 

- 0.0189 x 9.814 
= 0.1855 kg/min 

m - m 2 

m a 2 0)2 + 1 

= 15.0 

0.0077 + 1 

= 14.885 kg/min. 

TCL t = 0) 2 x m 
V2 a2 

- 0.0077 X 14.885 
= 0.1146 kg/min 


"Va 

= "Vi 

+ m^ and 

m 

= m 

+ m 

a 3 

ai 

a 2 
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Substituting the calculated values , 


and 


= 0.300 kg/min 


m 


a 3 


24.699 kg/min 


<A>3 


"Va 


m 

a 3 


0.300 

24.699 

= 0.0121 


(b) To calculate the final temperature: 
From the first law of thermodynamics , 


m h = m h 
a 3 3 ai i 


m h 
a 2 2 


( 6 ) 


In equation (6), hi and h 2 are the enthalpies at state 1 
and state 2. They can be obtained from the psychrometric 
chart. 


hi s 106.0 kJ/kg 
h 2 = 49.5 kJ/kg 


dry air 


Using equation (6), 


h 3 « 


m h + m h 
ai i _ a 2 2 

m 

a 3 


(9.814)(106) + (14.885X49.5) 
24.699 

= 71.95 kJ/kg dry air 

Using the value of d 3 calculated in part (a) and the value 
of h 3 just calculated, the temperature can be found 
(directly from the psychrometric chart) to be 

T 3 = 21.0°C• 


• PROBLEM 10-30 


2000 cfm of an air stream at 60°F and 0.75 relative 
humidity is adiabatically mixed with 1200 cfm of another 
air stream at 95°F and 0.5 relative humidity. Determine 

(a) the mass flow rates of dry air in the two streams, and 

(b) temperature and relative humidity of the mixture. 
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Adiabatic mixing of two wet air streams 



(a) The system 



(b) The process representation 
as a psychrometrie chart 


Solution ; (a) To calculate the mass flow rate of dry air, 
the specific volume of dry air and hence the partial 
pressure of dry air is required. In some psychrometric 
charts, the value of specific volume of dry air can be read 
directly. 

For air at 60°F and 0.75 relative humidity, the specific 
volume of dry air is vi = 13.27 ft 3 /lbm dry air, and for air 
at 95°F and 0.5 relative humidity, 

v 2 ■ 14.37 ft 3 /lbm dry air 

If the specific volume of dry air is not given on the chart, 
it can be calculated as follows: 

At 60°F the saturation vapor pressure is taken from the 
steam table as 0.2563 psia. From the definition of relative 
humidity, the vapor pressure is 


Therefore, P Vi = 0.75 (0.2563) 

■ 0.1922 psia 

Then the partial pressure of dry air is 


Therefore, 



P t - p v 

14.7-0.1922 
14.5078 psia 


From the ideal gas equation, 
is 
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53.35 * 520 
14.5078 x 144 

= 13.279 ft J /lbm dry air 


Similarly, for the second stream, 

p « 0.5(0.8162) 
V2 

= 0.4081 psia 


Then 

p = 14.7-0.4081 
a2 

= 14.2919 psia 


and 


V 2 = 


Vi 

P a 2 


53.35 x 555 
14.2919 x 144 


= 14.387 ft 3 /lbm dry air 

It can be seen that these values agree with the values taken 
from the psychrometric chart. 

The mass flow rate of the dry air in the first stream is 


2000 

m ai 13.279 

=* 150.6 lbm dry air/min 

and the mass flow rate of dry air in the second stream is 


m 


_ 1200 


a 2 14.387 

= 83.4 lbm dry air/min 

(b) The total mass of dry air in the mixture is 


m = m + m 

Si 3 ai Si 2 


= 150.6 + 83.4 


= 234 lbm dry air/min 
From the psychrometric chart, 

(a) i = 0.00814 lbm vapor/lbm dry air 
h x = 23.5 Btu/lbm dry air 
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o) 2 = 0.01771 lbm vapor/lbm dry air 
h 2 = 42.5 Btu/lbm dry air 

The humidity ratio of the mixture is given by the continuity 
equation for water vapor, 

m o), = m o). + m o ) 9 
a 3 3 ai 1 SL 2 2 

Substituting the values, 

234 o) 3 = 150.6(0.00814) + 83.4(0.01771) 

or o) 3 = 0.01155 lbm vapor/lbm dry air 

= 80 grains vapor/lbm dry air 

The enthalpy of the mixture is given by 

mh=mh+mh 
a3 3 ai i Si2 2 

Substituting the values, 

234 h 3 = 150.6(23.5) + 83.4(42.5) 

or h 3 = 30.27 Btu/lbm dry air 

With the values of specific humidity and enthalpy, the 
state of the mixture can be fixed on the chart, ^nd other 
properties of that state can then be read directly. The 
temperature and relative humidity of the mixture are 74°F 
and 66%. 


• PROBLEM 10-31 


An air-conditioning plant is designed for a room with the 
following conditions: 

Outdoor conditions 40°F and 60% R.H 

Required indoor conditions 70°F and 50% R.H 

Amount of air circulation 15 ft 3 /min/person 

Room capacity 50 

The required condition is achieved first by heating and 
then by adiabatic humidifying. 

Find the following: 

(a) heating capacity of the coil, and 

(b) capacity of the humidifier. 
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Solution : Referring to the figure, point 1 represents the 

outdoor conditions and point 3 represents the indoor 
conditions. Process 1-2 is the heating process in the 
heating coil and process 2-3 is the adiabatic humidification 
process. Point 2 is the intersection of the horizontal line 
(constant specific humidity) through point 1 and the 
enthalpy line through point 3. From the psychrometric chart, 

hi = 13 Btu/lbm dry air 

Di=d 2 = 0.0031 lbm vapor/lbm dry air 

V! = 12.65 ft 3 /lbm dry air 

112=113 = 25.5 Btu/lbm dry air 

(jl )3 = 0.0078 lbm vapor/lbm dry air 

The mass of air circulated per minute is given by 

_ volume of air/min 
m specific volume 

= 50 x 15 
12.65 

= 59.3 lbm dry air/min 

(a) The heating capacity of the heating coil is given by 

q = m(h 2 -hi) 

= 59.3(25.5-13) 

= 741.25 Btu/min 

(b) The capacity of the humidifier is given by 

m v = m(u 3 -u 2 ) 


= 59.3(0.0078-0.0031) 
= 0.279 lbm/min. 
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• PROBLEM 10-32 


30,000 ft 3 /hr of atmospheric air at a dry-bulb temperature 
of 95°F and wet-bulb temperature of 78°F is to be 
conditioned so that it enters a home at 72°F and 50 percent 
relative humidity. This is done by first cooling below its 
dew point temperature and then heating. Using steam tables, 
calculate (a) the amount of moisture removed, (b) the heat 
removed per hour in the cooling system, and (c) the heat 
added in the heating system in Btu/hr. 



Solutio n; The psychrometric chart shows the processes. At 
the initial state, i.e., at point 1, the DBT and WBT are 
96°F and 78°F, respectively. 

From the saturation steam tables, corresponding to the WBT 
of 78°F, 


the vapor pressure is 


p = 0.4764 psia 
gi 


The vapor pressure of the outside air may be obtained from 
the relation 


where 




P vi p gi 2800-1.3T 


w , 


Total pressure of air = 14.696 psia 
Dry bulb temperature (DBT) 


T w = Wet bulb temperature (WBT) 
Therefore, 
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0.4764 


(14.696-0.4764)(95-78) 
2800-1.3(78) 


= 0.3868 psia 

The specific humidity is given by 


0)i 


0.622 


Vl 


P t- p Vl 


0.622(0.3868) 

(14.696-0.3868) 


= 0.01681 lbm vapor/lbm dry air 
The mass of dry air per hour is given by 


m 


= ( rp ' V ' 1 j (volume of air/hour^ 
\ a di / 


(14.696-0.3868) 
53.35 x 555 


(30,000)(144) 


= 2088 lbm/ hr. 

At the final state, point 3, the DBT and relative humidity 
are 72°F and 50% . 

From saturation steam tables, corresponding to 72°F, the 
saturation vapor pressure is 

p = 0.3899 psia 
£3 

From the definition of relative humidity, the vapor 
pressure at state 3 is 


P V1 - U>P g , 

= 0.5(0.3899) 
= 0.1950 psia 

The specific humidity at state 3 is 

P, 


co 3 = 0.622 


12 _ 


p.-p 

*v 3 


= 0 622( _ Q - 1 9 . 50 _^ 

U * b ^l 14 .696-0. 1950 ; 


= 0.00836 lbm vapor/lbm dry air 
The amount of moisture removed is given by 
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m w = m a (a) 1 -a) 3 ) 

= 2088(0.01681-0.00836) 

= 17.7 lbm vapor/hr 

(b) The dew point temperature of the final state 3 is the 
temperature at state 2. 

Therefore, the temperature at state 2 is the saturation 
temperature of vapor corresponding to the vapor pressure 

p v 3 ‘ 

From steam tables , 

T 2 = 52•4°F 

The enthalpy of an air-vapor mixture is given by 

h = 0.24T + u)h 

v 

where h v = enthalpy of saturated vapor at temperature T. 
The enthalpy at state 1 is 

hi = 0.24(95) + 0.01681(1102.9) 

= 41.34 Btu/lbm of dry air 
The enthalpy of state 2 is 

h 2 = 0.24(52.4) + 0.00836(1084.4) 

= 21.64 Btu/lbm of dry air. 

The amount of heat removed per hour is given by 
Qr = m a [hi-h2-(k)i-k)2 )h^ 2 ] 

= 2088[41.34-21.64-(0.01681-0.00836)(20.56)] 

= 40770 Btu/ hr 

(c) The heat added in the heating section is given by 

Q a = (h 3 -h 2 )m & 

Enthalpy at state 3 is given by h 3 = c pa Ta + a>3h v 3 

h 3 = 0.24(72) + 0.00836(1092.88) 

= 26.42 Btu/lbm dry air 

Therefore, 

Q a = (26.42-21.64)(2088) 
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= 9980 Btu/hr. 


• PROBLEM 10-33 


Atmospheric air at a dry bulb temperature of 95°F and wet 
bulb temperature of 78°F is to be conditioned so that it 
enters a home at 72°F and 50 percent relative humidity. 

This is done by first cooling below the dew point 
temperature and then heating. Using the psychrometric chart, 
calculate (a) the amount of water removed per lbm of dry 
air, (b) the heat removed by the cooling system in Btu/lbm 
of dry air, and (c) the heat added in the heating process in 
Btu/lbm of dry air. 



Solution : Referring to the psychrometric chart, it can be 

seen that process 1-2 is the cooling process. In section 
1 - 2 ’, sensible cooling takes place, and in section 2 '- 2 , 
dehumidification takes place because of cooling below the 
dew point temperature. State 2 is obtained by the 
projection of state 3 on the saturation line, because during 
the sensible heating process 2-3, the specific humidity 
remains constant. 


Therefore, from the chart, 


(a) i = (a )2 1 = 0.0171 lbm vapor/lbm dry air 
a ) 2 — (a )3 = 0.0081 lbm vapor/lbm dry air 


T 2 , = 73°F; T 2 = 52°F 
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(a) The quantity of water removed is given by the difference 
in the humidity ratios between state 2' and 2, 

1 ■ e ■ , i 

U ) 2 -W 2 

= 0.0171-0.0081 
= 0.009 lbm vapor/lbm dry air 

(b) The enthalpy at state 1 is read from the chart, 

hi = 41.5 Btu/lbm dry air 

At state 2, 

hz = 21.5 Btu/lbm dry air 

Therefore, the heat removed by the cooling system is 
Q r = hi-h 2 -((a>i-(a) 2 )h^ 2 

= 41.5-21.5-(0.0171-0.0081)(20.06) 

= 19.82 Btu/lbm dry air 

(c) The enthalpy at state 3 is read from the chart. 

h3 = 27 Btu/lbm dry air 

Therefore, heat added in the heating process is 

Q a = h 3 -h 2 

= 27-21.5 

- 5.5 Btu/lbm dry air. 


• PROBLEM 10-34 


A cooling tower cools 150,000 lbm/hr of water from 110°F to 
85°F, by an unsaturated air mixture which enters the tower 
at 80°F and 60% relative humidity, and leaves at 100°F and 
90% relative humidity. Determine the rate of air flow and 
the quantity of water evaporated per hour. 
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Warm water 



Fig. 1. 


Solution ; The relative humidity of an air-vapor mixture 
is defined as 



v 

g 


where p v = vapor pressure of the mixture 

Pg = saturated vapor pressure 

At the inlet section of air, the temperature and relative 
humidity are given as 80°F and 60%. 

From saturated steam tables, 

p gi = 0.5073 psia 

Therefore, from the definition of relative humidity, 

P Vi = 0.5073(0.6) 

= 0.3044 psia 

The humidity ratio of air at the inlet is given by 


0)i 


0.622 


p t- p Vl 


(0.622)(0.3044) 
(14.7-0.3044) 
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= 0.01315 lbm vapor/lbm dry air 

At the outlet section of air, the temperature and relative 
humidity are given as 100°F and 90%. 

From saturated steam tables, 

p = 0.9503 psia 
g2 


Therefore, 


p = (0.9)(0.9503) 

V 2 

= 0.8553 psia 


and 


(a) 2 - 0 • 622 


V 2 


P t " P V 2 


= 0.622 


(0.8553) 

(14.7-0.8553) 


= 0.03843 psia. 

The gain in humidity ratio of air is due to the evaporation 
of water. 

Therefore, the mass of water evaporated is 

m = to 2 “(a) i 

w 


= 0.03843-0.01315 


=* 0.02528 lbm/lbm of dry air 

Applying the continuity equation and the first law to the 
system, 


(h +u> h ) + m« h« = (h +w h ) + m« h« 
ai 1 Vl f 3 f 3 SL 2 2 V 2 f4 f4 


where m« =» mass of water at inlet per lbm of dry air 

f 3 

m« - mass of water at outlet per lbm of dry air 

f 4 

But m„ = m« -in 

14 13 W 


and h = cT 
a pa 


The above energy equation can be written as 


pa' 


(T,-T 2 ) + 10,11 + m. h. « a) ii + (m« -m )h« 

12 1 gl f 3 f 3 2 g 2 f3 W f 


where c^ a - constant pressure specific heat of air 
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h g = saturated vapor enthalpy 
« saturated water enthalpy 

Substituting values into the above equation and evaluating 

in« * 
i 3 

0.24(80-100) + 0.01315(1096.4) + m. (78.02) 

I 3 

= 0.03843(1105) + (m, -0.02528)(53.08) 

I 3 

i.e., 24.94 m. = 31.51 

I 3 

= 1.263 lbm/lbm of dry air 
The rate of air flow is given by 

■ 150000 (1+a)1 * 

m o 
f 3 

. 150000 0 . 1315) 

= 120327 lbm/hr 

The quantity of water evaporated is given by 


(l0 2 -0)i ) 


x 150000 
m « 

1 3 


_„ 150000 

= m x - 

w m* 

13 

- < 0 . 02528 ) ^ 1 - ^ 

= 3002 lbm/hr. 
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CHAPTER 11 


CHEMICAL REACTIONS AND 
EQUILIBRIUM 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 671 to 
784 for step-by-step solutions to problems. 


An important source of energy used in thermodynamic cycles is chemical 
energy, which is released when compounds undergo chemical reactions such as 
combustion. Chemical equilibrium determines the extent of conversion of reac¬ 
tants to products for chemical reactions, but does not describe the rate at which 
reactions proceed. To evaluate equilibrium conversions, the standard free energy 
change for the reaction is computed, and this is used with the equilibrium constant 
to determine the conversion or extent of the reaction. Using the conversion, the 
amount of reactants converted to products is determined along with the chemical 
energy released (exothermic reaction) or absorbed (endothermic reaction). 

Extent of Chemical Reactions 

The stoichiometric coefficients v, are the coefficients on the compounds or 
chemical species in a chemical reaction. For the combustion of methane in the 
reaction given below, these are 1 for CH 4 ,2 for 0 2 ,1 for C0 2 , and 2 for H 2 0: 

CH 4 + 20 2 — C0 2 + 2H 2 0 (1) 

The extent of the reaction a is a single variable which is the ratio of the 
molar amount reacted for each species divided by the stoichiometric coefficient. 
It can be used to compute the molar amounts of reactants converted to products 
using the equilibrium constant. For Reaction (1) with initial molar amounts of 
methane «o,CH 4 ai, d oxygen flo,o 2 > the amounts of carbon dioxide, n C02 , and wa¬ 
ter, n Hz0 , formed in terms of a is given by the following equations: 

n co 2 = a ( 2 ) 

rt H2° = (3) 

and the following equations give the moles of methane, n CH4 , and oxygen, n 02 , 
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unreacted at equilibrium: 

n CH 4 = w o,ch 4 ” a 
«o 2 “«o,o 2 ~ 2a 

These results can be written for a general chemical reaction as: 


m n 

2 v a = 2 v ‘ A ' 


(4) 

(5) 

( 6 ) 


/-i 
reactants 


1*1 
products 


where A, and Ay are the chemical symbols for the products and reactants, and v,- 
and Vy are the stoichiometric coefficients for the products and reactants. The 
number of moles of the products, n b and the reactants, n jt present at equilibrium 
having n, 0 and «y 0 present initially is then given by the following equations: 

n,i = tig) + v,a products (7 a) 

rtj = rijo - VyCt reactants (7b) 

where, a, the extent of reaction, is determined from the equilibrium constant. 


Combustion Reactions 

Hydrocarbon fuels used in boilers, furnaces, and heaters can be represented 
by the chemical formula CJf m , where n and m are determined by chemical analy¬ 
sis. The combustion of this hydrocarbon fuel can be represented by the following 
equation: 

CA + (« + ml 4)0 2 — nC0 2 + (m/2) H 2 0 ( 8 ) 

To ensure complete combustion, excess air is supplied over the amount theo¬ 
retically required by Eq. ( 8 ). The air-fuel ratio, AFR, includes the excess air; the 
AFR is the ratio of mass of air to the mass of fuel. Referring to Eq. ( 8 ), one mole 
of CJ~I m reacts theoretically with (n + m/4) moles of 0 2 . The mass of one mole of 
CJi m is (12n + m), and the number of moles of air containing (n + m/4) moles of 
oxygen is (n + m/4)/(0.21), since air is composed of 21% (mole) of 0 2 and 79% 
(mole) of N 2 . The mass of air is 29[(n + m/4)(0.21)], using 29 as the average mo¬ 
lecular weight of air. Defining X as the fraction of excess air, the corresponding 
mass of air is (1 + X) (29) (n + m/4)/(0.21). Thus, the air-fuel ratio is given by the 
following equation: 

ArR Jl + X)( 29l 0.21Kn + ml4) _ 12ni (l + X)(n + m/4) (9) 

( 12 «+ m) ( 12 /i + m) 

For the combustion of methane CH 4 (n = 1, m = 4) with 20% excess air (X = 0.20), 
the AFR by Eq. (9) is 138.1(1.2)(1 + 1)/(12 + 4) = 20.7 kg air/kg fuel. 

Standard Heat of Reaction 

To evaluate the heat released (exothermic) or heat absorbed (endothermic) by 
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chemical reactions, the standard heat of reaction, A H°, is evaluated, which is the 
enthalpy change, AH, when a stoichiometric mixture of reactants in their standard 
states react isothermally and completely to form products in their standard states. 
For calculating enthalpy changes, the standard states are pure substances at a 
pressure of one standard atmosphere (101,325 Pa). Thus, the standard heat of 
reaction can be evaluated at any temperature. Usually, themochemical data are 
given at 298 K; and the superscript ° designates the standard reference state of a 
pure substance at one standard atmosphere and 298 K. 

The standard heat of reaction, AH°, is evaluated from the standard heat of 
formation, A H°f, of the reactants and products. A formation reaction is a reac¬ 
tion where a single compound is formed from its constituent elements. For ex¬ 
ample, H 2 + V 2 O 2 -*■ H 2 O is the formation reaction for water. The heat of for¬ 
mation for a compound is the standard heat of reaction for the formation of one 
mole of the compound from its elements in their naturally occurring states, and it 
is evaluated by experimentally measuring the enthalpy change directly in a calo¬ 
rimeter, or indirectly from chemical reactions that contain the compound. 

To compute the heat of reaction, A H°, using the heat of formations of the 
reactants and products, A H°f, the following equation is used: 

n m 

AH°= 2 ^°fi "2 0°) 

i -1 j -1 

products reactants 

where v,- and Vj are the stoichiometric coefficients in the general chemical reac¬ 
tion, Eq. ( 6 ). For the chemical reaction 4HCl(g) + 02 (g) -* 2H z O(g) + 2Cl 2 (g) Vj 
= 4,1 for 7 = 1,2 and v f = 2, 2 for i = 1, 2. At 298 K A H° f HCI = -92,307 J/mole, 
AH 0 j C1 = 0 (by definition the heat of formation of an element is zero), A H° f H 0 
= -241,818 J/mole, A //° /c , 2 = 0, and AH 0 = (2) (-241,818) - 4(- 92,307) 
= -114,408 J, which is the heat of reaction (negative is exothermic) at 298 K. 

The heat of reaction for a combustion reaction is called the heat of combus¬ 
tion. Combustion reactions are useful in computing the heat of formation of 
compounds because they essentially go to completion and involve other species 
for which the heat of formation is known. 

To evaluate the heat reaction at a temperature other than the reference tem¬ 
perature of the heat of formation, 298 K, the following equation is used: 

m n 

Aff°r- J v y C py (298-r) +Af/^+2 298 ) (H) 

7.1 i-i 

reactants products 

This equation uses the path of cooling the reactants from T to 298 K, having the 
reaction take place at 298 K and then heating the products to T. This procedure has 
the same beginning and ending state as conducting the reaction at temperature T. 
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Consequently, the result is the same, since enthalpy is a point function. Also, 
thermodynamic data are available for the heat capacity C p . 

Adiabatic Flame Temperature 

The adiabatic flame (or reaction) temperature calculation uses the concept 
applied in Eq. (11) to determine the maximum temperature of the products in an 
adiabatic combustion reaction whose reactants are at the standard conditions of 
298 K and one standard atmosphere. From the first law of thermodynamics with 
Q = 0 for an adiabatic, steady-state flow process with negligible kinetic and 
potential energy changes, A H = 0. The change in enthalpy for reactants at the 
reference temperature of 298 K and the products at T is: 

m n 

= v jC pj (298- 298) + AH° + ^ 298) (12) 

j-\ i -1 

reactants products 

The above equation can be written in the following form to compute the adiabatic 
flame temperature with A H = 0: 

n 

T = 298-A//°/^ v,C pi ( 13 ) 

i-i 

products 

where mean heat capacities, C pi> of the products are used over the temperature 
range from 298 K to T. 

In the analysis of chemically-reacting systems with the first law of thermody¬ 
namics, the change in enthalpy includes the heat of reaction. This was illustrated 
above with the procedure to compute the adiabatic flame temperature. 


Chemically-Reacting Steady-State Flow Process 

For chemically-reacting steady-state flow process, the first law of thermody¬ 
namics is: 


Q-W s = AH + 



(14) 


In this equation, AH is the difference between the enthalpy of the products (exit 
stream), H P , and the enthalpy of the reactants (inlet stream), H R . The equations for 
H P and H R are: 

H P - j? n i (AH°f i +Hi - H^) products 


m 

H r - ^ nj(AH°jj +Hj - Hj°) reactants 


(16) 
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In these equations, n, and rtj are the number of moles of species i and j in the exit 
and entrance streams. A Hf is the standard heat of formation, and the enthalpy 
differences for the products (//, - H°) and for the reactants (Hj - H°) give the 
change in enthalpy from the reference temperature to the exit and inlet stream 
temperatures. //, and //, are the enthalpies at the exit and entrance stream condi¬ 
tions; H° and H° are the enthalpies at the standard reference state, pure substances 
as one standard atmosphere and 298 K. 

Chemically-Reacting Closed Systems 

For chemically-reacting, closed systems, the first law of thermodynamics is: 

Q-W=AU (17) 

In this equation, A U is the difference between U 2 and U\, the internal energy at the 
final and initial states of the system. The enthalpy of formation, A Hf, is retained, 
and the internal energy per mole for species i is t/,- = A H fi ° + //, - H° - PV t 
where V t is the specific volume of species L Thus, the first law of thermodynamics 
for a closed system can be written as: 

n m 

e-W = 2 n f (AHj;° + H { - Hi°-PVi) - ^ «,(A///+f/ y -Hf-FVj) (18) 
i-l 1 

The terms PV t and PVj are very small compared to the other terms for solids and 
liquids and can be neglected. They can be replaced by RT for species that behave 
as an ideal gas. 

Second Law Analysis for Reacting Systems 

The second law of thermodynamics analysis for reacting systems evaluates 
irreversibility and reversible work. Irreversibility is the product of the entropy 
generated in a process, S ge „, and the absolute temperature of the surroundings, T c , 
and it is a measure of losses such as those to friction and heat discharged at a 
temperature above the surroundings. Reversible work, W rev> represents the maxi¬ 
mum work that can be obtained from a process. 

The entropy generated during a process, S gen , is the sum of the entropy change 
of the system, DS, and of the surroundings, DS iurr) which has to be greater than or 
equal to zero. For a reacting system, DS is given by the following equation: 

n m 

"A -2 n J S i (19) 

i-l j-1 

where S,- and S) are the molar entropies of products and reactants. Also, AS surr is 
given by the following equation: 

AS - Qnu z- 

LlkJ surr j, (2U) 

*o 

where Q mrr is the heat transferred from the system to the surroundings at absolute 
temperature, T 0 . 
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Absolute entropy values for S, and Sy are based on the third law of thermody¬ 
namics, which states that the entropy of all perfect crystalline substances is zero 
at absolute zero temperature. Using the standard reference state for entropy as 
zero for a compound as a perfect crystal, thermochemical data for heat capacity 
and phase change are used to compute the value of entropy at temperatures above 
absolute zero temperature. Values of absolute entropy are tabulated at the stan¬ 
dard reference temperature of 298 K. 

To evaluate irreversibility and reversible work, equations for the first and 
second laws of thermodynamics are combined. The first law for a chemically¬ 
reacting steady flow system, neglecting kinetic and potential energy changes for 
convenience, is obtained by combining Eqs. (14), (15), and (16): 

n I .(AH / 0 + // i -// f °)-2 njitJif+Hj-Hp (21) 

i-l y-1 

The second law for this flow system is: 

AS lotal =S gen =AS + ^ (22) 

*o 

This equation can be written as the following: 

Sgen = hS-~T (23) 

*o 


where Q surr = -Q (negative of the heat transfer rate with respect to the surround¬ 
ings). Substituting Eq. (19) for AS in Eq. (23), solving Eq. (23) for Q and substi¬ 
tuting into the firgt law of thermodynamics, Eq. (21) gives: 

W s --2 nAWf+^-Hf-TJS,] 

i-l 


ffl 

2 n J w 




’ - T 0 Sj ] - T 0 S l 


gen 


j-1 


(24) 


This equation can be written in terms of the Gibbs free energy function (G = H 
- TS ) when the reactants «y and products n t are at the temperature of the surround¬ 
ings, T 0 . Using Si = &Sfi° + (St— Sj°) for products and Sy = ASy° + (Sy - Sy °) for re¬ 
actants, Eq. (24) can be written as the following in terms of the reversible work, 
W rev , where S gen = 0: 

n m 

'>,["V.C,-G,°] + 2 «,l*C‘ l + C,-G l '] (25) 

i-l 1 

Eq. (25) reduces to the following equation for the special case of the temperature 
of the reactants and products being at the standard reference temperature of 298 
K (25°C), i.e., G, = G° and Gy = Gy°: 

W rev --2 niAG fi ° + 2 njAGf (26) 

i-i j -1 
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where values of the Gibbs free energy of formation, A G/°, are tabulated, and this 
equation is used to compute the reversible work associated with forming com¬ 
pounds from stable elements at 25°C and one standard atmosphere in an environ¬ 
ment at the same conditions. 


Equilibrium Constants 

Generally, chemical reactions do not go to completion, i.e., all of the reac¬ 
tants are not completely converted to products. Usually an equilibrium is estab¬ 
lished between the reactants and products, and the equilibrium constant K is used 
to determine the extent of the reaction a and the equilibrium composition. The 
equilibrium constant for a reaction is computed using the following equation 
from the standard free energy change, AG°, for the reaction: 

AG° = -RT In K (27) 


The standard free energy change for the reaction is computed from the free 
energy of formation, A G ° f , of the species taking part in the reaction. Analogous 
to Eq. (10) for the heat of a reaction, A H°, the equation used to compute AG° is: 

n m 

AC°=2 v,AGV 2 V /A^°jf (28) 

i-i j-\ 

Values for AG 0 /are tabulated at a reference temperature, usually 298 K. 


The value of K at other temperatures can be computed using the following 
relation: 


dlnK _ A H° 
dT ~ RT 2 


(29) 


This equation can be used to estimate values for K at temperatures other than 
298 K by assuming A H° is constant and integrating from T° = 298 K to T to ob¬ 
tain: 


In (K/lC) = - (AH°/R)(1/T - l/T °) 


(30) 


This implies that a plot of In K vs. l/T is a straight line, and this concept is used 
to extrapolate and interpolate for values of K over a range of temperatures. 

In general the equilibrium constant is defined in terms of the activity of the 
species a. as follows: 

n m 

*-rK'EK' (3.) 

i-1 7-1 

where i refers to products of the general chemical reaction, Eq. (6), and j refers to 
the reactants. For example, the chemical reaction: 

aA + bB-*cC + dD (32) 


Eq. (31) becomes: 
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K> 


d 

c d 
a 0 aa b b 


(33) 


If the products and reactants are gases and the equilibrium mixture behaves 
as an ideal gas, Eq. (33) is: 


K 


y a a y b 


?c+d-a-b 


(34) 


where the y’s are mole fractions, and P is the pressure in the atmosphere. 


If the products and reactants are liquids and the equilibrium mixture behaves 
as an ideal solution, Eq. (33) is: 


K 


x/x/ 

x a a x b b 


(35) 


where the x’s are mole fractions of the products and reactants. 


If the reaction conditions do not meet the conditions of an ideal gas mixture 
or ideal solution, then the activities given in Eq. (33) must be evaluated by other 
means. For example, with liquids a, = YiX/// 0 . where y, is the activity coefficient, 
Xj is the mole fraction, f, is the fugacity of the pure liquid at the temperature and 
pressure of the equilibrium mixture and f° is the fugacity of the pure liquid at the 
temperature of the system and one bar or one standard atmosphere. 

Eq. (7) is used to convert the unknown mole fractions in Eqs. (34) or (35) to 
a function of the extent of the reaction a. This gives one equation in one unknown. 
For example, using Eq. (7) for the chemical reaction given by Eq. (32) gives: 


n A - n Ao - aa (36a) 

n B = m Bo ~ ba (36b) 

ftc = ftco + ca (36c) 

«d = ftDo + da (36d) 

Also, the number of moles present at any point during the reaction, n, is obtained 
by summing the equations given above, i.e., 

n = n A + n B + n c + ftD- n Ao + ftBo+ ftco+ftDo + (p+ d-a- b)a (37) 

or 

n = n 0 + (c + d-a- b) a (38) 

Then the mole fractions are given by the following equations: 

y A = (n Ao -aa)/n (39a) 

y B = (ftBo ~ ba)/n (39b) 

y C = ( n Co ~ ca)/rt (39c) 

y D = (ftDo - da )/n (39d) 
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The above equations written for the mole fraction of a species in an ideal gas y are 
the same for the mole fraction of a liquid species in an ideal solution x. 


The equation for the equilibrium constant, Eq. (34), becomes an equation in 
one independent variable, a, when Eq. (39) is used to eliminate the concentra¬ 
tions in this equation. This gives: 

K m («c„ +ra) c ("D„ +da) d ird _ a _ bpC+d _ a _ d (40) 

(« a 0 - aa X n B 0 - ba) 

This is a nonlinear algebraic equation which may require an interactive solution. 

A simple example is the water gas shift reaction, which is: 

CO(g) + H 2 0 - C0 2 (g) + H 2 (g) (41) 

For 1.0 mole of C0 2 reacting with 1.0 mole of H 2 0 with no 
initially, the following are the values for Eqs. (38) and (39): 

n = 2 + (1 + 1 - 1 - l)a = 2 

yco 2 = a 
y » 2 =a 

yco =1 ~ a 

^h 2 o - 1 -® 


C0 2 or H 2 present 


(42a) 

(42b) 

(42c) 

(42d) 


The equilibrium constant for this reaction is Eq. (34), and it has the form: 

K -««- 2 (i+i-i-i)p(i+i-i-i)- a? 

(l-a)(l-a) (1-a) 2 

which is a nonlinear algebraic equation in a. However, a can be determined ei¬ 
ther analytically or numerically with a known value of K predicted by Eq. (28). 
Then the composition (mole fraction) of the reacting mixture at equilibrium is 
computed using Eq. (42). This provides the composition to be used in the first 
law of thermodynamics, Eq. (18), to compute the chemical energy released or 
absorbed. 


The equation for the mole fractions to be used with the equilibrium constant 
equation for n products produced from m reactants is: 



y a n iO + V i a 

1 n + v a 


n 

m 

where 

II 

«? 



i-1 




(44) 


In summary, the stoichiometry of a chemical reaction was presented in terms 
of the extent of the reaction, and this was used to predict the equilibrium compo¬ 
sitions at chemical equilibrium with the equilibrium constant. The equilibrium 
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constant was obtained from the standard free energy change for the reaction. 
With the equilibrium compositions the chemical energy released or absorbed 
could be computed as part of the first law of thermodynamics analysis for a 
steady-state flow process and a closed system. Also, a second law analysis was 
described to predict irreversibility and reversibility work with chemical reaction 
with absolute entropies based on the third law of thermodynamics. 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Chemical Reactions and Equilibrium” 


THEORETICAL AIR, EXCESS AIR, AND AIR - 
FUEL RATIO 


• PROBLEM 11-1 

A coal sample has the following composition: 

0.14 moles Hg/mole fuel 

0.27 moles CO/mole fuel 

0.03 moles CH 4 /mole fuel 

0.006 moles 02 /mole fuel 

0.509 moles Ng/mole fuel 

0.045 moles C0 2 /mole fuel 

Determine the air-fuel ratio if producer gas from 
this sample is burned with 50 percent excess air. 


Solution: The combustion equation for one mole of fuel has 

to be determined, then from the stoichiometry of this equa¬ 
tion the air-fuel ratio can be calculated. 

For one mole of fuel the combustion equation for the combust¬ 
ible substances is 

(0.14)H 2 + (0.07)0 2 -^ (0.14)H 2 0 

(0.27)C0 + (0.135)0 2 —^ (0.27)C0 2 
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(0.03)CH 4 + (0.06)0 2 


(0.03)C0 2 + (0.06)H 2 0 


0.265 moles 0 2 required/mole fuel 

- 0.006 moles C> 2 in fuel/mole fuel 

0.259 moles C> 2 required from air/mole fuel 

The overall combustion equation for one mole of fuel is 
fuel + air -^ (A)H 2 0 + (B)C0 2 + (D)N 2 

0.14H 2 + 0.27CO + 0.03CH 4 + 0.0060 2 + 0.509N 2 + 0.045CC> 2 

+ 0.259 (0 2 + 3.76N 2 ) -^ 0.2H 2 0 + 0.345C0 2 + 1.482N 2 


( mole S fuel) =(0,259 raoles °2 + 0.259(3.76) moles N 2 )/mole fuel 
theoretical 

_ - moles air _ volume air 

mole fuel volume fuel 


For 50% excess air, moles air 

mole fuel 


1.233 x 1.5 


oc moles air 
1,00 mole fuel 


On a mass basis the air-fuel ratio is 


AFR = 1.85 


' mol wt air \ 
moJ wt fueiy 


AFR=1.85 


_• . 


(28.96) 


+ • . 


+ i . i 


+ • . • • 


+ i . i 


+0.045(44 


y] 


1.85(28.96) 
24.74 


2.17 lbm air/lbm fuel 
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• PROBLEM 11-2 


Propane burns in dry 125 percent theoretical air 
(21% 0 2 , 79% N 2 ) and the reaction is given by: 

C 3 H g + 50 2 + 18.8N 2 * 3C0 2 + 4H 2 0 + 18.8N 2 

Calculate the dew point and the mole fractions of 
the combustion products when the air is at 1 atm 
pressure. 


Solution: By using information obtained from the chemical 

equation stoichiometry, the mole fractions of the products 
can be obtained. The dew point is calculated by using the 
partial pressure of the HgO vapor in the product gas in con¬ 
junction with steam tables. 

The chemical equation for the reaction of propane with 125 
percent theoretical air is : 

C 3 H g + 6.250 2 + 23.5N 2 —^ 3C0 2 + 4H 2 0 + 1.250 2 + 23.5N 2 

This chemical equation was obtained by multiplying the oxygen 
and nitrogen on the reactant side by 1.25 and then balancing 
the equation by adding the appropriate amount of 0 2 and N 2 to 
the product side. 

The total number of moles of product gas = NmQ T = 3 + 4 + 

1.25 + 23.5 = 31.75. The mole fractions of tn£ products are: 


X co 2 

v> 


= N co 2 = 


N ( 


TOT 


H 2° = 


N, 


TOT 


3 

3TT75 


4 

31775 


0.094 


0.126 


X 



N 

TOT 


1.25 

31.75 


0.04 


X 


N r 





TOT 


23.5 

31.75 


0.74 


The partial pressure of H 2 0 vapor in the product gas is : 

p h 2 o = x h 2 o p total 

= (0.126) (1.5 atm) 


= 0.189 atm 
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From the steam tables, the saturation temperature correspond¬ 
ing to this pressure is approximately 138°F. If the product 
gas mixture is cooled to 138°F at constant pressure, the dew 
point is reached. If the mixture is further cooled, the 
water will condense out of the gas. 


• PROBLEM 11-3 


The air used for the combustion of a hydrocarbon 
was supplied at 25°C and 100 kPa with a relative 
humidity of 48%. Determine (a) the carbon/hydrogen 
ratio of the fuel on a mass basis and (b) the per¬ 
cent theoretical air employed in the combustion 
process, if an analysis of the products of combustion 
yields the following volumetric composition on a dry 
basis: 

C0 2 —13.0%; 0 2 —3.1%; CO—0.3%• Ng—83.6% 


Solution : The chemical reaction written on dry basis is 

C a H b + 0tO 2 + BN 2 ~— 1 !3C0 2 + 0.3C0 + 3.10 2 + 83.6Ng + yHgO 

(a) A balance for each of the elements involved will enable us 
to solve for the unknown coefficients. 

C balance: a = 13 +0.3= 13.3 

N balance: 23 = 2(83.6)=^ 3 = 83.6 

Also the nitrogen to oxygen ratio is 

| = 3.76 = « = |^| = 22.23 

0 balance: 2a =26+0.3+6.2+y 
or 

2(22.23) = 26 + 0.3 + 6.2 + y 

which gives 

y = 11.96 

H balance: b = 2y = 2(11.96) 
or 

b = 23.92 

Thus the hydrocarbon is 3^23 92' an ^ car b° n /hydrogen 

ratio on a mass basis is 
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N C (MW C ) 
N h (1IW h ) 
2 


13.3 (12) 


= 6.67 

(b) The percent theoretical air is the same as the percent 
of theoretical oxygen. The chemical equation written with 
the values obtained is 


C 13.3 H 23.92 + 22 - 230 2 + 83 ‘ 6N 2 


13C0 2 + 0.3C0 + 3.10 2 


+83.6N 2 + 11.96H 2 0 

and the equation for the combustion in oxygen only is 


C 13.3 H 23.92 * 19 - 280 2 


13.3C0 2 + 11.96H 2 0 


%T.A. = „ 2 aCt ~ X 100 

°2 k 
^ theor. 


22.23 


x 100 


= 115.3% 


• PROBLEM 11-4 


Propane is burned in 100% excess air. Combustion 
is complete and takes place at 100 kPa. Determine 
(a) the dew-point temperature of the products of 
combustion and (b) the moles of H^O condensed per 
mole of fuel burned, if the products of combustion 
are cooled to 25°C. 



Solution : The chemical reaction, 

C 3 H g + 50 2 -—^ 3C0 2 + 4H 2 0 

gives the amount of oxygen needed for the complete combustion 
of propane. But the oxygen in this case is supplied as air, 
and the reaction can be written 
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C 3 H 8 + 5(2)0 2 + 5 ( 2 )( 3 - 76 ) N 2^ == ^ 3C0 2 + 4H 2 ° + 50 2 + 37 - 6N 2 


(a) The mole fraction for the water vapor is 


n i P i 

yH 2° = ^ = ^ 


(i) 


or 


y n i 
H 2° = n“ 


3+4+5+37.6 


= 0.0806 . 

But y„ „ - V = P„ 20 - %2 o 


or 


p = 0.0806 x 100 
H 2° 

= 8.06 kPa . 


From steam tables the corresponding temperature is 

t _ = 41.53°C. 

P.P. 


(b) At T = 25°C, the vapor pressure of water obtained from 
the steam tables is 

= 3.169 kPa 


From Eq. (1) 


y„ „ = = 0.03169 


H 2 0 100 


But 


H 2° = 


or 


V 


0.03169 = 


Vo + n p 


nH 2° 

n H 2 0 + 45 -® 


6?6 



or 


n H 0 = 1-4924 kmol/kmol C^Hg 


n 

liq. 


h 2 0 h 2 0 

4 - 1.4924 

2.51 kmol H 2 0/kmol CgHg. 


• PROBLEM 11-5 


Hydrogen is burned with air at atmospheric pressure 
in an adiabatic burner to produce a flame of 2000K. 
Determine the percent theoretical air required,assum¬ 
ing complete combustion,when the hydrogen and the air 
are supplied at 25°C. 


Solution : The first step in solving this problem is to write 

the necessary chemical equations that apply to this reaction. 


The chemical reaction for hydrogen burned in oxygen only, 
h 2 + i °2 7 —^ H 2 0 

gives the amount of oxygen needed for the complete combustion 
of one mole of H 2 , which is i. But the oxygen for the com¬ 
bustion of hydrogen is supplied as air, and the reaction can 
be written 

h 2 + i y0 2 + £(3.76)yN 2 — H 2 0 + aC > 2 + 3N 2 


A balance for each of the elements involved will enable us to 
solve for the unknown coefficients. 

Oxygen balance: Jy = 1 + 2 a ==> a = 

Nitrogen balance: g = 1.88y 


Substituting these values for the a and g , we obtain 
H 2 + 0.5y0 2 + 1.88yN 2 --^ H 2 0 + (^)0 2 + 1.88yN 2 
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Applying the first law to this process, 


o o 

$ - f = £ n.h - £ n.h 
R 1 P 1 

or 

<') 

where the subscripts R and P refer to the reactants and pro¬ 
ducts Respectively, and the summations refer respectively to 
all the reactants or all the products. Then 

"p - iE h„o * o-^o, ♦ ‘■“J'l, <2 > 

^ T=2000K 


Using the table for enthalpies of formation of ideal gases 
at T=2000K, 

h„ n = h°| + hi =-241,827 + 72,689 = -169,138 kJ/kmol 

H 2 U 1 '298K '2000K 


h 0 = h° + h = 0 + 59,199 = +59,199 kJ/kmol 

2 1 298K 2000K 


h = h° + hi = 0 + 56,141 = +56,141 kJ/mol 

2 1 298K l 2000K 


At T=298K: 

h„ = 0, h n =0, and h M = 0 
n 2 u 2 W 2 

and thus = 0. 


From Equations (1) and (2), 

H p = 0 = 1(-169,138) + (^) (+59,199) + 1.88y(56,141). 


Solving for y gives 

169,138 
y 90,744 

= 1 . 86 . 

Thus 

% T.A. = 1.86 x 100 = 186%. 
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• PROBLEM 11-6 


Octane burns in theoretical air (21% 0 2 » 79% N 2 ) 
by the following combustion equation: 

C 8 H 18 + 12 - 50 2 + 12 -5(3.76)N 2 = 8C0 2 + 9H 2 0 + 47N g 
What is the theoretical air-fuel ratio? 


Solution : Using information obtained from reaction stoichio¬ 

metry, the air-fuel ratio can be determined. 

On a molar basis,the air-fuel ratio is: 

D _ m ° leS °2 + raoles N 2 __ 12.5 + 47 

“air-fuel moles CgH lg 1 

= 59.5 EQ l eair 
mole fuel 


The air—fuel ratio on a mass basis is obtained by incorporat¬ 
ing the mol wt of the fuel and the air. 

mol wt air = 0.21(mol wt 0 2 ) + 0.79(mol wt N 2 ) = 28.96 g/m 

mol wt C H = 114 g/mol 

O lo 

R . = cq c mol air 28.96g air/mol air 

air-fuel • mo l fuel 114g fuel/mol fuel 

= 15.lg air/g fuel 


• PROBLEM 11-7 


Theoretical air is composed of 21% 0 2 and 79% Ng. 
Octane (CgH^g) burns in air as described by the 
following reaction: 

CgH lg + 12.50 2 + (3.76)(12.5)N 2 —> 

8C0 2 + 9H 2 0 + (3.76)(12.5)N 2 . 

If octane is burned with 200% theoretical air, cal¬ 
culate the air/fuel ratio and the mole fractions of 
the combustion products. Also calculate the partial 
pressure of the products for a total pressure of 
1 atm. 
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Solution: Once the chemical equation is written for the con¬ 

ditions of the problem (burning octane with 200% theoretical 
air), the solution can be obtained from its stoichiometry. 


For 200% theoretical air the chemical reaction is : 
C 8 H 18 + (2.0)(12.5)0 2 + (2.0)(3.76)(12.5)N 2 = 

8C0 2 + 9H 2 0 + (12.5)0 2 + (2)(3.76)(12.5)N 2 • 


The mass of CgH^g = 8(12 lb^/mole) + 18(1 lbm/mole) = 
114 lb m /mole fuel. 


The mol wt of air: 

= 0.21 x mol wt 0 2 + 0.79 x mol wt N 2 = 28.96. 


The mass of air = (2)(12.5)(1+3.76)(28.96) = 
3446 lb m /mol fuel. 


The air/fuel ratio is 

r = mass air 
K af mass fuel 


3446 

114 


= 30.2 lbfo air/lb m fuel. 


The total number of moles of products is 
N t = moles C0 2 + moles HgO + moles 0 2 + moles 

= 8 + 9 + (12.5) + (2)(3.76)(12.5) = 123.5 


moles _ 

mole fuel 


The mole fractions of each individual species can now be 
calculated: 


X C0 2 ■ I5§3 - °- 065 - 6 ' 5% 

\o ’ * °- 073 * 7 - 3% 

x o 2 ■ iifl - o - 1 - 10 -°» 

x n 2 ■ I2T75 • 0762 - 76 - 2% 
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The partial pressures can be calculated by using the equa¬ 
tion P i = X i p T 0 TAL’ (Wi-t;* 1 the partial pressure of HgO dew 

point calculations can be made, i.e., the corresponding 
saturation temperature is the dew point). 


p h 2 o x h 2 o p total 

= (0.073)(1 atm) 
= 0.073 atm 

P^q = 0.065 atm 
2 

P n =0.1 atm 
u 2 

P M = 0.762 atm 


• PROBLEM 11-8 


Ethane reacts with a stoichiometric amount of air by 
the following combustion equation : 

C 2 H 6 + 3.50 2 + 3.5(3.76)N 2 -* 2C0 2 + 3H 2 0 

+ 3.5(3.76)N 2 . 

Using the following enthalpy data, calculate the amount 
of Q heat transfer per mole of fuel if ethane enters at 
60 C, the air enters at 4.4°C and the products leave 
at 449°C. 


Solution The amount of heat transferred is obtained through 
the use of a heat balance. With kinetic energy neglected, 
the energy (or heat) balance is 


Q out = en *halpy in - enthalpy out = -Q 


* ^ m ° les (h l" h 0 ) • ^reaction 
reactants 


£ moles (h 9 -h n ) 
products u 
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where hg = enthalpy @ 25°C. h-, hg are the initial and final 

enthalpies, respectively. 

Q out = (moles) C 2 H 6 (h - h 0>C 2 H 6 + (moles) 0 2 < h l- h o\ 

* (m °les) N2 ( h l- h 0>N 2 - ^reaction " < moles >C0 2 

* (h 2- h ok - (moles >H o 0 (h 2" h 0 ) H o 0 " < moles >N 

^ ^ 2 2 

X (h 2 -h Q ) N ^ 


1_dm 

A (Kcal/n 

loll_ 1 


h25 e c 

h4.4 e c 

h449°c 

h60°c 

C 2 H 6 

1295 

— 

- 

1507 

0 2 

939 

873 

- 

— 

n 2 

940 

875 

2307 

— 

co 2 

1016 

- 

3059 

- 

h 2 o 

1073 

- 

2700 

— 

Ah reaction = -154,695 Kcal/mol of czH 6 


After substitution of the enthalpy values from the data and 
stoichiometric information from the chemical reaction, the 
heat balance becomes 


Q out = 1(1507-1295) + 3.5(873-939) + 13.1(875-940) 

- (-154,695) - 2(3059-1016) - 3(2700-1073) - 
13.1(2307-940) 

= 126,950 kcal/mole . 
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ANALYSIS OF THE PRODUCTS OF COMBUSTION 

• PROBLEM 11-9 


In order to determine the effects of various fuels 
on the environment, combustion products are often 
analyzed. A certain fuel that was burned in air was 
analyzed with the following results: 

Determine the chemical equation and the air-fuel 
ratio based on these results. 


SPECIES 

MOLE: FRACTION = Xi 

CO 2 

0.12 

o 2 

0.02 

CO 

0.03 

N2 

0.83 

TOTAL 

1.00 


Solution : In this problem the fuel used is unknown. There¬ 

fore, the data given in the problem must be used to determine 
the chemical formula of the fuel. The fuel will be assumed 
to be a hydrocarbon of the form 


It will also be assumed that the air used is theoretical (79% 
Ng, 21% 0 2 ). The chemical equation,then, will be of the form 


C a H b + A(0 2 +3 . 76n 2 ) --* B(C0 2 ) + C(H 2 0) + D(CO) + E(0 2 ) 

+ F(N 2 ). 


From this reaction and the data given, the formula of the fuel 
can be calculated and the air-fuel ratio obtained. 


Since the dry mixture product mole fractions are known, it is 
convenient to write the chemical equation on the basis of 100 
moles of dry mixture. Therefore 

B = 12, D = 3, E = 2, F = 83. 
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By the conservation of N atoms. 


A = 


83 

3.76 


22.07. 


By the conservation of O atoms, 

C = 2A - 2B - D - 2E 
C = 2(22.07) - 2(12) - 3 - 2(2) 
= 13.14. 


By the conservation of C atoms, 
a = B + D = 12 + 3 = 15. 


By the conservation of H atoms, 

b = 2C = 2 x 13.14 = 26.28. 

the fuel is an equivalent hydrocarbon 

C 15 H 26.28 


The chemical reaction is 

C 23 H 5 8 + 22 -07(O 2 +3.76N 2 ) --^ 12 C0 2 + 13.14H 2 0 + 3CO 

+ 20 2 +83N 2 


Since the fuel’s molecular configuration is not known, the 
air-fuel ratio on a molal basis would be meaningless. There¬ 
fore the air-fuel ratio is calculated on a mass basis. The 
molal mass of the effective fuel is 


M = 12 x (15) + (26.28) x 1 = 206.8 g/gmol 


air-fuel ratio = AFR 


(moles air) (mol wt air) 
(moles fuel) (molwt. fuel) 


(4.76)(22.07)(28.97) 
(1)(206.8) 


* 14.72 g air/g fuel 


= 14.72lb m air/lb m fuel 
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ENTHALPY OF FORMATION 


• PROBLEM 11-10 

Heats of reaction can be calculated from the heats 
of formation of the reactant and product species. 

Using the following heats of formation, calculate 
the heat of reaction for the combustion of methane. 

Heats of formation (@ 291 K and 14.7 psia) 

C + 2H 2 -^ CJ^ (g) AH f = 18,240 cal/g mol 

C + 0 2 -^ C0 2 (g) AH f = 94,450 cal/g mol 

2H 2 + 0 2 -^2H 2 0(1) AH f = 68,370 cal/g mol 


Solution : The heat of reaction is determined by subtracting 

the sum of the heats of formation of the reactants from the 
sum of the heats of formation of products. The chemical re¬ 
action is 


CH 4 + 20 2 


C0 2 + 2H 2 0 


“reaction ' < 4H t> prod' < 4H f>re.ct 


- (94,450 + 68,370) - (18,240 + 0) 


(The AH f of elements,i.e. oxygen,= 0) 


'• “reaction" 144 ’ 580 cal /e mo1 “4 


(This value is the heat of reaction @ 316 K and 14.696 psia) 


• PROBLEM 11-11 


Using the bond energy table below, determine the 
enthalpy of ethane at STP. Assume that the enthalpy 
of solid carbon and H 2 gas is zero under these con¬ 
ditions . 
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BOND ENERGIES IN KCAL/G MOLE 


Bond 

Energy 


Bond 

Energy 

H-H 

104.2 


H-I 

71.4 

C-C 

83.1 


C-N 

69.7 

Cl-Cl 

58.0 


C-0 

84.0 

Br-Br 

46.1 


C-Cl 

78.5 

I-I 

36.1 


C-Br 

65.9 

C-H 

98.8 


C-I 

57.4 

N-H 

93.4 


0-0 

33.2 

O-H 

110.6 


nen 

226 

H-Cl 

103.2 


C=C 

147 

H-Br 

87.5 


CEC 

194 

C=0 164 

in formaldehyde 



Vaporization of 

171 

in other aldehydes 


carbon atoms = 

174 in ketones. 

Resonance energy in 

kcal/g mole 

171.7 kcal 

mo/c atom 


Benzene ring 

= 

37 



Naphthalene 

= 

75 



Carboxylic acids 

= 

28 



Esters 

= 

24 



Solution : Due to the fact that the formation of CgHg from H 2 

(gas) and carbon (solid) takes place at constant pressure, 
the amount of heat added would be equal to the enthalpy in¬ 
crease. Therefore, from the stoichiometry of the formation 
reaction and the bond energy table, the enthalpy of forma¬ 
tion may be calculated. 


The formation reaction is: 

2C(s) + 3H 2 (g) = C 2 H 6 (g) 


From the table: 

vaporization of 2 carbon atoms : 

Energy added = 2(171.7) = 343.4 


Breaking of 3 H-H Bonds : 

Energy added = 312.6 (3 x 104.2) 


Total Energy added = 343.4 + 312.6 = 656 
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The energy released in the formation of the ethane molecule 
is : 

formation of six C-H Bonds = 6(98.8) = 592.8 
formation of one C-C bond = (1)(83.1) = 83.1 
Total energy released = 675.9 


The net energy is 656 - 675.9 = -19.9 kcal. Due to the fact 
that the elements were at the reference state, the enthalpy 
at 273°K is -19.9 kcal. This approximate value is in very 
close agreement with values obtained experimentally. 


___• PROBLEM 11-12 

Gaseous hydrochloric acid dissociates in water as 
described by the following chemical reaction : 

HCl(g) -> H + (aq) +Cl“(aq) 

Using the following heats of formation, calculate 
AH° 77 ° f for the reaction. 

Heats of formation @ 77°F 

HC1 - AH f = -87.54 Btu/mole 

H + - AH^ = 0 Btu/mole 

Cl - AH^ = -158.8 Btu/mole 


Solution : The heat of reaction is found by subtracting the 

sum of the heats of formation of the reactants from those of 
the products. 


AHggg = I AH° - I AH? 

p rodu ct s re act an t s 

= (0 - 158.8) - (-87.54) 


= -71.26 Btu 
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• PROBLEM 11-13 


Heats of formation are usually estimated by using bond 
dissociation energies. Determine the heat of formation 
for propane @ STP using the following bond energy data. 

Data @ 298°K and 1 atm 


Bond 


Bond energy (kcal/mole) 


C-C 

C-H 

H-H 


80 

99 

103 


heat of sublimation of carbon = 171.7 kcal/mole 



Solution : The reaction is : 

3C ( solid) + 4H 2 (g) -* c 3 H 8 (g) . 

The AH for this reaction can be obtained by using the bond 
energies in the individual reactions and then adding or sub¬ 
tracting them as the case may be. 

From the data, 

3C (solid) -* 3C(g) AH = 3(171.7) kcal 

4H 2 (g) -^ (4)(2)H(g) AH = 4(103) kcal 

3C(g) + 8H(g) -* CgHg(g) AH =- [2(80) + 8(99)] 

(The negative sign is there since, in this reaction, the bonds 
are being formed. Two C-C bonds are formed and eight C-H 
bonds are formed.) 

By adding the equations (and AH's), 

3C (solid) + 4H 2 (g) -* C 3 H g (g) AH = -24.9 kcal 

“formation <W " ‘ 24 9 l»al/molo 
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FIRST LAW ANALYSIS OF REACTING SYSTEMS 

• PROBLEM 11-14 


Using the following heat of solution data for ethanol , 
calculate the heat of dilution from the more concen¬ 
trated to the more diluted solution, per mole of ethanol. 

Data @ 77°F 


AH = -4.45 Btu/mole for ^ r OH = 

2 5 

AH = -6.66 Btu/mole for jj qH = 1/10 


Solution: The mole fractions given in the data can be used 

to determine the C^OH/HgO ratio and, thereby, one can obtain 

the stoichiometry of the chemical equations. Once the equa¬ 
tions are written, by sutraction the desired chemical equation, 
and therefore, the desired AH can be found. 


When H OH = 1/6, i.e. the ratio of (moles ethanol)/ 
2 5 


(moles ethanol + moles HgO) = 1/6 


The chemical reaction is 

C 2 H 5 OH + 5H 2 0 - > C 2 H 5 OH ’ 5H 2° m = ~ 4 - 45 Btu/mole 


" h «" x c 2 h 6 oh ■ 1 ' 10 - 

C 2 H.0H + 9 HgO -» C 2 h 5 0h 9 H 2° ** “ ~ 6 - 66 Btu/mole 


Subtracting the 2nd from the 1st equation gives: 


CgHgOH ' 5H 2 0 + 4H 2 0 -» C 2 H 5 OH ‘ 9H 2° M =-2.21 Btu/mole 
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• PROBLEM 11-15 


The normal boiling point of water is 9720 cal/mole. 
Calculate the heat of vaporization at 35°C and 1 atm. 
Use the following Cp values to solve the problem. 

C Values 


for H 2 0(1); C p 
for H 2 0(g); C 


= 18.06 cal deg'^mole * (independent 
of temperature) 

= 7.219 + 2.374(10 -3 )T + 2.67(10 _7 )T 2 
cal deg - ^ mole - ^ 



Solution: In this problem, the equation 


AH 2 - AH 


j 

i-l 


AC p dT is used to find AH v&porizat . Qn 


at 35°C. The problem states. 


H 2 0(1) 


H 2 0(g) AH° 73 = 9720 cal 


Cp = Cp products - Cp reactants 

= 7.219 + 2.374(10 -3 )T + 2.67(10 _7 )T 2 - 18.06 
= -10.84 + 2.374(10“ 3 )T + 2.67(10 -? )T 2 


TT° _ TjO 

373 308 


-10.84 + 2.374(10 3 )T + 2.67(10 7 ) 


308 T 2 dt 


= - 10 . 


84T + 1.187 x 10 _3 T 2 + 8.9 x 10" 8 


^373 - ^308 " - 650 


AH” = +9720 + 650 


= 10,370 cal/mole 
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• PROBLEM 11-16 


Benzene burns in air by the following reaction! 

C 6 H 6 (1) + 7 i 0 2 ( g )_>> 6C0 2 (g) + 3H 2 0(1) 

When the combustion is carried out at 77°F, 18000 
Btu/lb (benzene) is evolved. Calculate AHy 7 F 
for this combustion per mole of benzene. use 78.11 
lb/lbmole as the molecular weight of benzene. 


Solution : Using the thermodynamic relation AH = AE + AnRT, 

the AH for the reaction can be obtained. 

By definition, AE = qv. For this reaction @ 77 F, qv = 

-18000 Btu/lb 

or -18000 Btu/lb x 78.11 lb/lbmole = -1.40598 x 10 6 Btu/lbmole 

= qv 

AH = -1.40598 x 10 6 + AnRT 
For this reaction An = 6 - 74 = -14 

(The moles of liquid are not included since the liquid*s pres¬ 
sure effects are negligible.) 

AH = -1.40598 X 10 6 - (1.5)(1.987)(460 + 77) 

AH = -1.4075 x 10 6 Btu/lbmole 


• PROBLEM 11-17 


The melting point of copper is 1083 C. If molten 
copper is cooled below the melting point to a temper¬ 
ature of 1073°C, nucleation of the solid copper occurs 
and solidification proceeds adiabatically. How 
much copper solidifies? Use the following data to 
solve the problem. 

Data 

Latent Heat of fusion of copper = 3,100 cal mole”* 

@ 1,083°C 

Cp of liquid copper = 7.5 cal deg - * mole - * 

Cp of solid copper = 5.41 + 1.5 x 10 - ^T cal 

deg - * mole * 
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Solution: Since no heat is added or let out from the system, 

solidification is caused only by the heat evolved in the 
process. The solidification stops when the temperature is 
raised to the true melting point by the heat evolved in the 
solidification process. Therefore the heat balance is be¬ 
tween the heat evolved during solidification and the heat 
required to raise the temperature of the copper which is 
now a mixture of liquid and solid to the melting point. 

This heat is equal to 


1356 


f C P (1) dT ■ > 


1356 


7.5 dT 


1346 


1346 

= 75.0 cal/mole of liq.Cu 


and 


1356 


1356 


I C p(s) dT = 1 (5 * 41 + 


"p(s] 

1346 1346 


5 x 10“ 3 T) dT 




41T + 0.75 x 10~ 3 T 2 


-1 


1356 


1346 


= 74.37 cal mole of solid copper 


For every mole of copper that solidifies, 3,100 cal of latent 
heat are evolved. 

The amount of Cu that is raised to the melting point is 
jl + 3 > 100 ~ 5 74,37 j = 41.34 mole of Cu 

The fraction of Cu that solidifies = 1/41.34 = 0.024 


• PROBLEM 11-18 


The reaction of chromic oxide with a strong stoichiome¬ 
tric amount of pure aluminium at 25°C is 


2A1 


(s) 


+ Cr 2°3(s) 


2Cr 


(s) 


+ A1 2°3(s) 


The reaction is exothermic and the maximum temperature 
attained by the products is 2,173°K. Using the follow¬ 
ing data, determine the heat lost to the surroundings 
per kilogram of aluminium. Solve the problem two dif¬ 
ferent ways using the following two assumptions: 
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(a) The reaction takes place at 25 °C, the heat gene¬ 
rated is used to heat the products to 2,173°K,and the 
remaining is lost to the surroundings. 

(b) The reaction takes place at 2,173°K i.e. heat is 
supplied to the reactants to bring them to a tempera¬ 
ture of 2,173°K. 

Data 

Standard heats of formation: 

Cr 2°3 ~ ^f = ~ 270 Kcal/mole 

AI 2 O 3 - AHj, = -400 kcal/mole 

Heat capacities (cal deg~^raole~^) 

C . , . , = 27.38 + 3.08 x 10 “ 3 T - 8.20 x 10 5 T -2 
P(A1 2 0 3 (s)) 

C ; = 5.84 + 2.36 x 10 _3 T - 0.88 x 10 S T -2 

P(Cr(s)) 

c = 9-40 

P(Cr(1)) 

C .. = 4.94 + 2.96 x 10 _3 T 

p(Al(s)) 

C ,.. .... = 7.00 

p(Al(1)) 

C „ . = 28.53 + 2.20 x 10 -3 T - 3.74 x 10 S T -2 

P( Cr 2°3 ) 

Latent heats of fusion 

Cr, x = Cr,.. m.p. = 2,123°K 

(s) ( 1 ) 

heat of fusion = 4,600 cal mole"* 

Al, x = Al,,v m.p. = 932° K 

(s) ( 1 ) 

heat of fusion = 2.5 kcal/mol 
mol. wt of A1 = 26.97 g/mol 

Solution : Using assumption (a): 

This assumption makes the problem relatively easy to solve. 
The enthalpy of the reaction is calculated from the heats of 
formation. The heat used to heat up the products is then 
calculated by using the equation T 2 

AH = | c p dT. 
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These two values are then subtracted in order to obtain the 
heat dissipated to the surroundings. 


The heat of reaction @ 298°K is 

AH° 29g = - 400 > 000 - (-270,000) 

= -130,000 cal of heat evolved. 


This evolved heat is partly used to heat 2 moles of chromium 
and 1 mole of AlgOg to 2,173°K. 

The heat required by the AlgOg is 

2,173 

298-*-2,173 °K) = { C p(Al 2 0 3 )dT 

298 

= [27.38T + 3.08 x 10 _3 T 2 

L 5 

5u f“[2,173 
+ 8.20 x 10 7T" a 

298 

= 51,350 + 7,140 - 2,375 
= 56,115 cal raole”^ 


The heat required for the Cr is a little more complicated 
to calculate. This is due to the fact, that Cr melts at 


2,123° K. 


AH 0 


(298-2,173°K) 


2,123 

J Cp( Cr ( s ) ) dT 
298 


+ 2 moles (heat of fusion) 
2,173 

+ | Cp(Cr( 1)) dT 

2,123 
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2,123 

“*"(298-2,173'K) ‘ f T 11 ' 68 + 4 72 * 10 ' 3t ‘ 1 - 78 * 

298 

2,173 

+ 2(4,600) + | 18.80 dT 

2,123 

= 21,300 + 10,430 - 508 + 9,200 + 940 
= 41,360 cal 


The heat lost to the surroundings is: 

heat loss = 130,000 - 56,100 - 41,400 
= 32,500 cal 


This heat is for 2 moles of aluminum reacted, .the heat 
loss per kg is 


32,500 cal 1.000 g/kg 

2 mole 26.97 g/mole 


603,000 


cal 
kg A1 


For assumption (b), the heat required to raise the reactants 
to 1,373°K must include the melting of A1 which occurs at 
932°K. 


The heat needed to raise the temperature of two moles of 
aluminium to 2,173°K from 298°K is 


AH 0 


(298^-2,173 °K) 


932 

I 


298 


C p(Al(s)) 


dT 


+ 2 moles (neat of fusion) 


+ 


2,173 

f C p(Al(l)) 
932 


dT 
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(298^-2,173 °K) 


704 

J <4 ' 


94 + 2.96 x 10 T) dT 


2,173 


+ 2(2,500) + 


(7) dT 


= 30,940 cal 


The heat required for Cr 2 0 3 is 


2,173 


(298^-2,173) 


C p dT 


= [ 28 . 


53T + 1.10 x 10 


3 T?+ 3.' 


5 -ll 2 ’ 173 
x 10°T *] 

298 


= 57,500 cal 


.‘. The total heat required to bring the reactants to a 
temperature of 2,173°K is 

AH 0 = 30,940 + 57,500 

= 88,440 


Now the heat of reaction @ 2,173°K must be determined. 


2.173 


J g l} Cp(Cr(s)) + C P< A1 2°3 ) 


_2C p(Al(s)) " C p(Cr 2 0 3 )J dT 


2,123 


- (2 x 2,500) + f pC p (Cr(s)) + C 


P(Al 2 0g) 


2 C p(Al(D) " C p(Cr 2 0 3 ))]' 
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+ (2 x 4,600) + 


2,173 

j p C p(Cr(l)) + C p(Al 2 0 3 ) 

2,123l- 

2C p(Al( 1) ) " C p(Cr 2 0 3 (s))] dT 

AH °2 173 = - 121 . 000 cal 
heat loss = 121,000 - 88,440 
= 32,560 cal 

Per kg of Al, 

,_ 32,560 „ 1,000 

heat loss — —- x 

= 603,000 cal 


This heat loss is the same as the amount calculated earlier 
(where the first assumption of the reaction is occurring at 
298°K). 


• PROBLEM 11-19 


A furnace operates with a gas inlet temperature of 
650°C and an outlet temperature of 1,100°C. The in¬ 
let gas is composed of 10 percent CO, 20 percent C0 2 , 
and 70 percent N 2 by volume. The combustion occurs^ 
with a stoichiometric amount of air. Using the fol¬ 
lowing data, determine the maximum flame temperature 
and the heat supplied to the furnace in Btu/ft 3 of 
exhaust gas. 


Data 


Standard heats of formation 

CO; AH f = -26,400 cal/mole 

C0 2 ; AH f = -94,050 cal/mole 

i 

Heat capacities (cal deg~^mole~^) 

CO; C p = 6.79 + 0.98 x 10 _3 T - 0.11 x 10 5 T* 2 

0 o ; C = 7.16 + 1.00 x 10 _3 T - 0.40 x 10 S T -2 

Z P 
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Solution : This problem involves a heat balance between the 

heat evolved in the reaction ahd the heating of the products 
and the surroundings. Assuming adiabatic conditions, the 
maximum flame temperature can be determined. The gas heat 
is partly transferred to the furnace and partly carried off 
in the exhaust. Calculation of the heat carried off in the 
exhaust will also enable us to find the heat supplied to the 
furnace. The heat of reaction at 25°C is determined by using 
Hess's law and the heats of formation of CO and CO^. 


Therefore, 

AH °298 = C 2 x (-94,050) - 2 x (26,400) - 
= -135,300 cal 


However, the reaction is occurring @ 650 # C (923°K). There- 
fore, the equation 


AH 0 = J AC p dT 

must be used. 

Prom tho data. 4C p - 20^^ - 2C f ^ )(g ^ - 

= 0.36 + 1.36 x 10" 3 T - 3.46 x 10 5 T -2 


AH£ = AH q + 0.36T + 0.68 x 10 -3 T 2 + 3.46 x 10 S T 1 


(AHq = the integration constant ) 

To find AHg, a substitution of AH°gg is ( * one 

-135,300 = AH q + 0.36(298) + 0.68 x 10 _3 (298) 2 
+ 3.46 x 10 5 (298) -1 
AH q = -136,600 
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AH.J, = -136,600 + 0.36T + 0.68 x 10' 3 T 2 
+ 3.46 x 10 S T _1 

For 923°K, 

^923 = - 135 > 314 cal 

This heat will raise the temperature of the product and ni¬ 
trogen gases and will be positive with respect to the ex¬ 
haust gas. 

The exhaust gas contains 

2 mol COg from the combustion reaction 

2 mol C (>2 from the blast furnace gas 

7 mol N 2 in the blast furnace gas 

4 mol Ng in the air (due to the stoichio¬ 
metry of the reaction). 

This gas is heated to the maximum flame temperature by the 
heat evolved by the combustion of 2 moles of CO @ 923°K. 


heat available = ^ H 923 


(max 

J 


923 


p(exhaust gas) 


dT 


heat available = 135,314 cal = 


max 

= l w * %)] 


dT 


For 4 moles of C0 2 : 


C = 42.2 + 8.64 x 10 3 T - 8.16 x 10 S T 2 
P 


For 11 moles of N 2 : 


C = 73.26 + 11.22 x 10 3 T 
P 


max 


| (115.46 + 1.986 x 10 -2 T - 8.16 x 10 S T 2 ) dT 

= 135,314 


923 


[‘ 


115.46T + 1 


.986 x 10 -2 T 2 


+ 8.16 x 


10 S T 


'] 


max 

923 


= 135,314 
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_ 2 

.'. 115.46T + 1 - 9 . ^ 6 - x 10 — T 2 + 8.16 x 10 5 T~ 1 = 251,227 

m 2 m m * 

Since T m * will be small„ the third term on the left hand side 
will be neglected to give a quadratic equation, which can be 
easily solved. 

9.93 x 10" 3 T 2 + 115.46T - 251,227 * 0 

m m * 


Using the quadratic equation. 


= -115.46 ± >/(115.46) 2 - 4(9.93 x 10”*)(-251,227) 
raax 2(9.93 x 10” 3 ) 

T = 1,874° K = 1,601°C 
max * 

. The maximum flame temperature is 1,601°C. 


The heat supplied to the furnace is the difference between 
the heat of reaction and the heat taken away in the exhaust 
gases. 


The heat carried by the exhaust gases is the one that raises 
the exit temperature to 1,100°C from an inlet temperature of 
650 °C. 


This heat is 

1,373 

\ 

923 


C riT 

p(exhaust) 


= 1 


115.46T + 1,986 „ x 10 - T 2 


11,373 

+ 8.16 x 10®T * 923 


= 61,927 cal 

The heat supplied to the furnace is 

135,314 - 61,927 = 73,387 cal 

This heat is for 4 mol CO 2 and 11 mol = 15 moles of ex¬ 
haust gas. Assuming ideal gas behavior, the gas volume at 
STP is 15 x 22.4 liter = 336 liter .At 1,100”C and pressure 
of 1 atm, the gas expands to 

336 liter x = 1,690 liter 

=60 ft 3 of gas 
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.The heat supplied to the furnace per ft 3 of exhaust gas 
is: 

73 = 1,223 cal/ft 3 exhaust gas 
60 It J 

= 4.85 Btu/ft 3 exhaust gas 


• PROBLEM 11-20 


Psychrometric charts are indispensable when calculating the 
mass of water removed and the refrigeration required in cer¬ 
tain systems. Using a psychrometric chart, determine these 
two quantities for the following system: 

Initial state : 

t ± = 80°F 

humidity = 40% 

Final state ; 

t f = 50 °F 
humidity = 100% 

Amount of airflow 
2,000 cfm incoming air processed. 



Fig.l 


Solution: By using the psychrometric chart, the initial 

(and final) enthalpy, weight of moisture (per lb dry air) and 
volume are obtained. By using mass and energy balances, the 
mass of H 2 0 removed and the refrigeration required can be 
calculated. 
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PSYCHROMETRIC CHART 


WATER VAPOR IN 1 lbm OF DRY AIR, GRAINS 


PAi 

\ AX % 


SfL 


% ° s 



Dry-bulb temperature, 







Initial state properties 
t ± = 80°F 
humidity = 40% 

enthalpy = h i = 29 Btu/lb dry air 

mass of moisture = = 62 grains/lb dry air 

volume = V i = 13.78 ft 3 /lb dry air 


Final state properties 
t f = 50°F 
humidity = 100% 
h f = 20.4 Btu/lb dry air 
ra f = 53 grains/lb dry air 
= 13.0 ft 3 /lb dry air 

Therefore, the amount of water to be separated out per pound 
of dry air is 


m = m. - m* * 62 - 53 
sep. l f 

= 9 grains 

The energy balance gives, in conjunction with the mass bal¬ 
ance on air and water, the refrigeration requirements (per 
lb of dry air) as the decrease in enthalpy: 

-Q = h ± - h f - (m i - m f )h w 

where h w is the enthalpy of saturated HgO liquid at 50°F ' 


hj ® 18.1 Btu. Since 1 lbm = 7,000 grains, m i and m f are di¬ 
vided by 7,000. 

Therefore, 


-Q = 29 - 20.4 


9(18.1) 

~y;oo(5 


= 8.6 Btu/lbm dry air 

The total moisture removed is given by 
„ _ 2,000 cfra (lD i " “f) 

“t ■ -^r - " t; (50 5 


_ 2,000 cfm (9 grains) _ - n iq ih™ 

i3~78 cf 7 ,o5o grains/lbm °* 19 lbm / min 



and the refrigeration 


(-Q) • ( 


cfnjv 

cf ; 


8 - 6 


1,248 Btu/min 
6.24 tons 


ADIABATIC FLAME TEMPERATURE 


• PROBLEM 11-21 


The combustion equation for octane burning in theoretical 
air (21% 0 2 and 79% N 2 ) is 

C g H 18 (l) + 12.50 2 + 12.5(3.76 )N g 8C0 2 + 9H 2 0 + 47N g 

Determine the adiabatic flame temperature for liquid oct¬ 
ane burning with 200 percent theoretical air at 25°C. Use 
the following data to solve the problem.* 

h 0 ^ = Standard enthalpy of formation 

(all enthalpies are in kcal/mol) 


DATA 


SPECIES 

h 4 £(Kcal— 
/mol) 

h25°C 

hl39°C 

hll7/°C 

h838°C 

C 8 Hi 8 

CO 2 

-27093.8 

-42661.1 

1015.6 

8771 

7355 

5297 

O 

CM 

X 

-26218.1 

1075.5 

7153 

6051 

4395 

n 2 

0 

940.0 

5736 

4893 

3663 

0 2 

0 

938.7 

6002 

5118 

3821 


Solution: Using the information obtained from the stoichio¬ 

metry of the chemical equation (written for the 200 percent 
air combustion), a heat balance can be written. By trial 
and error, a set of enthalpies at a particular temperature 
can be found that satisfies the heat balance. The temp¬ 
erature to which this set of enthalpies belong is the adia¬ 
batic flame temperature. 
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The combustion equation for the reaction is 

C g H 18 (l) + (2)(12.5)0 2 + (2)(12.5)(3.76)N 2 -* 8CC> 2 + 

9H 2 0 + 2(12.5)(3.76)N 2 + (12.5)C> 2 

Due to the fact that the process is adiabatic 

TT _ TT 

reactants products • 


The enthalpy of the reactants is 

H reactants = (h °f ) C 8 H 18 = ~ 21 * 093 * 8 kcal/mol.(since 
all of the heat given off is due to the combustion of oc- 
tane, reactants v f'CgR^. Frora the reaction stoichio¬ 
metry, the enthalpy of the products is given by 


products = 8(h<l f + h T " + 9(h °f + h T “ 

+ 94(h° f + h T h 25 tt C^N 2 + 12 * 5 ( h T " h 25°C ) 0 2 

= 8(-42,661.1 + (h T ) C0 - 1,015.6) + 9(-26,218.1 

+ (h T ) H 0 - 1,075.5) + 94((h T ) N - 940) + 

2 2 

12.5((h T ) n - 938.7) 

1 U 2 

(The enthalpy of the products is the enthalpy of formation 
of each product species plus the enthalpy change. The en¬ 
thalpy change = h T - h 25 o c since h g = h T and h 1 = h 25 o c - 
Each individual product enthalpy is multiplied by the number 
of moles produced.) 


As a first guess, a value of T = 1,393°C is assumed (it is 
logical to try the highest value of T in the data table). 

T = 1,393°C 


H 


products 


8(-43,676.7 + 8,771) + 9(-27,293.6 + 7,153 
+ 94(5,736 - 940) + 12.5(6,002 - 938.7) 
53,604.3 
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This value of T is too high since H reac t an ts = 27,093.8. 
Therefore, a lower value of T is attempted. For the next 
trial, T = 1,171°C is assumed. 

T = 1,171°C 


|T 

products 

ii 

products 


= 8(-43,677 + 7,355) + 9(-27,294 + 6,015) 

+ 94(4,893 - 940) + 12.5(5,118 - 939) 

= -58,268 


This value of T is too low. Therefore it is clear that 

T adiabatic-flame ls between 1 »393°C and 1,171°C. In order 
to obtain a fairly accurate answer quickly, an interpolation 
may be made. 

A = (H prod ) l,393°C " ^rod^l.lTl'C = 118723 x 1q5 

B = (H reactants ) _ (H prod ) l,171 # C = 31 . 174 - 2 

| = 0.28 

T is approximately 28% of the way between 

adiabatic-flame 

1,171 and 1,393°C,from the lower temperature. 

.-. T = 0.28(1,393 - 1,171) + 1,171 
= 1,233°C 

Although correct, this solution is not practical due to pro¬ 
duct dissociation. 


• PROBLEM 11-22 


Carbon monoxide burns with a stoichiometric amount of 
air as described by the following equation: 

CO(g) + *p 2 + 3.76N^J (g) = C0 2 (g) + 1.88N 2 (g) 

Initially, the carbon monoxide and air are @ STP. De¬ 
termine the adiabatic flame temperature for this com¬ 
bustion. Use the following data to solve the problem 
and assume a basis of 1 Ibmole of CO burned. 
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Data 


enthalpy of air @ 25°C = 0 
heat of combustion of CO = AH^ = 
-121,800 Btu/lbmole 

Mean molar heat capacities 


Species 

Temp (°F) 

0^ (Btu/lbmole°F) 

C0 2 

3,000°F 

12.78 

N 2 

3,000°F 

7.86 

csi 

8 

4,400 °F 

13.4 

N 2 

4,400 0 F 

8.10 


Solution : To solve this problem, an energy balance must be 
made. By trial and error, a temperature which fits the 
energy balance is found. This temperature is the adiabatic 
flame temp. 


The actual reaction equation is 

CO(g) + io 2 (g) = co 2 (g) 


The energy balance is 
AH = Q = 0 

EHp = EH R + heating value of fuel. 
But EH R = 0 

EHp = heating value of fuel 

= -(heat of combustion of fuel) 

= 121,800 Btu 

But, 

EHp = EnCp (t - 77) = 121,800 
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First trial : Try t = 3,000°F 

From the data, 

For C0 2 ; nC p (3,000 - 77) = 1 x 12.78 x 2,923 

= 37,400 Btu 

For N 2 ; nC p (3,000 - 77) = 1.88 x 7.86 x 2,923 

= 43,200 Btu 

E nC p (t - 77) = 80,600 Btu < 121,800 
.The temperature chosen is too low. 


Second trial: Let t 


4,400°F 


For C0 2 ; 

For N 2 ; 
EnC p (t - 


nC p (4,400 - 77) = 1 x 13.4 x 4,323 = 57,800 Btu 


nC p (4,400 - 77) = 1.88 x 8.10 x 4,323 = 65,800 Btu 
77) = 123,600 Btu > 121,800 ( a little too high) 


By linear interpolation between these two temperatures, 


(123,600 - 121,800) 


1,800 Btu 


AH 4,400 # F-flame temp 


(123,600 - 80,600) 


1,800 

43,000 

At 


43,000 Btu= 


^4,400 0 F-3,000 0 F 


0.0418 

4,400 - 3,000 = 1,400°F 


4 


,400°F-t 


flame 


Aflame 


=(0.0418)(1,400) = 58.6°F 
a 4,341°F 


The real adiabatic flame temperature is found by continued trials 
and is 4,330 e F (which is fairly close to the approximated 
value). 
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• PROBLEM 11-23 


Assuming a basis of one standard cubic foot of CO 
burned, determine the adiabatic flame temperature for 
the perfect combustion of CO with a stoichiometric 
amount of air, when the reactant gases are @ 60°F and 
1 atm pressure. Also correct for COg dissociation. 


Solution : Let's assume 1.0 SCF of CO burned as a basis of 

calculation. 

Process equation: 


1 SCF 2.38 SCF 1 SCF 1.88 SCF 

C0(g) + i[0 2 + 3.76N^J(g) - C0 2 (g) + 1.88N 2 


‘l 


z 

60 °F 

60°F t = ? 

t = ? 

AH combustion for 

CO @ 60°F = -321.8 Btu 


Reaction equation: 



(1 SCF)CO(g) + i(SCF)0 2 (g) = (1 SCF)C0 2 (g) 


Reference conditions: 

t = 60°F, P = 1 atm 


Enthalpy of air @ 60°F 

= 0 


Percent COg dissociation (for P^q = 0.35 atm) 

Temp. 

1.2 


2,900°F 

13.6 


3,800°F 

16.4 


3,900°F 

Species Temp. 

Enthalpy including dissociation 
effect 

1 SCF of C0 2 2,900°F 

96.5 


1 SCF of C0 2 3,800 0 F 

171 


1 SCF of C0 2 3,900°F 

184 


1.88 SCF of N 2 2,900°F 

107 


1.88 SCF of N 2 3,800°F 

145 


1.88 SCF of N 2 3,900°F 

150.5 
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The energy balance is made and a tempurature is found that 
will satisfy this balance. 

The energy balance is 


AH = Q = 0 


ZH 


P 


ek r - 


H 60 

combustion 


= 0 + 321.8 Btu 


co 2 


partial pressure estimation, 


1 


atm x 


1 

1 + 1.88 


=0.35 atm 


CO 


2 


Using the known data, three trials can be made. 

@ 2900°F, ZH p = 96.5 + 107 = 204 < 321.8 

.*. this temperature is too low. 

@ 3800°F, EH p = 171 + 145 = 316 < 321.8 

also too low. 

@ 3900°F, EH p = 184 + 150.5 = 334 > 321.8 

.’. this temperature is too high. 


By linear interpolation, 

(3900 - 3800) = 100°F = At 
(334 - 316) = 18 Btu = AH 390 o. 3 800 

(334 - 321.8) = 12.2 = AH, 

12.2 


3900 - T 


flame 


18 


3900-flame 
(100) = 68 


T s 3900 - 68 = 3832°F 

' ' flame 


The real adiabatic flame temperature is 3820°F, which is 
close to the calculated temperature. 
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HEAT OF REACTION 


• PROBLEM 11-24 


Methane burns in air by the following chemical reaction: 
iCH 4 + 0 2 + 3.76N 2 —^ iC0 2 + H 2 0 + 3.76N 2 

This combustion can happen as a constant pressure or 
constant volume process. Calculate the maximum temp¬ 
eratures of combustion for these two processes. As¬ 
sume that for the temperature range of interest, the 
specific heats are constant. Also assume that methane 
reacts with a stoichiometric amount of air and that 
initially, the methane and oxygen are at STP. The heat 
of combustion for one mole of CH 4 burned is equal to 
48,418.7 kcal/mole. 


Solution : From the stoichiometry of the equation, it can be 

seen that 5.28 moles of gas react and 5.28 moles of gas are 

produced. Therefore, it can be deduced that (Q) * (Q) 

p 'v 

(where the subscripts p and v refer to the heat of combus¬ 
tion of a constant pressure and constant volume process, res¬ 
pectively). Thus, the heat of combustion can be used for 
both processes to calculate the maximum combustion tempera¬ 
ture by using the equation 


or 


dQ = NCdT 



N = # of moles 


It is known that 


< C vW 


^v^HgO 


( Vco 2 

( Vh 2 o 


(C ) 


P'N, 


1.75 kcal/mol 
1.57 kcal/mol 
1.27 kcal/mol 
2.25 kcal/mol 

2.07 kcal/mol 

1.76 kcal/mol 
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Hence, for a constant volume process: 


"Vproducts - “< C „>C0 2 + < C v>H 2 0 * 3.76(C v )^)/5.28 moles 
- (4(1.75) + (1.57) + 3.76(1.27))/5.28 
= 1.367 kcal/mol 



CdT 


48,418.7 


T, = 


T 0 = 


To = 


5.28 x 1.367(T 2 - 273) 

273°K 

48,418.7 
2 x 7.217 

3627°K = 3354°C 


For the constant pressure process: 

To 


Q = Q = 


N 1 


C dT 
P 


For the products; 


C p - <*< C p>00 2 + < C p>V + 3-76(C p ) N2 )/5.38 m °l es 
= (i(2.25) + 2.07 + 3.76 (1.76))/5.28 
= 1.858 kcal/mol 


48,418.7 

2 


= 5.28 x 1.858(T 2 - 273) 


T = ^ + 273 

T 2 9.81 x 2 ^ 


= 2740 °K = 2467°C 


As can be seen, a higher temperature is obtained with the 
constant volume process. The efficiency of the constant vol¬ 
ume process is therefore greater than the constant pressure 
process. 
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• PROBLEM 11-25 


The combustion reaction of methane with oxygen is 


CH 4 + 20 2 


C0 2 + 2H 2 0 


The heat of reaction @ 18°C and one atmosphere is 
-383,648.1 Btu per mole. Using the following heat 
capacity information, calculate the heat of reaction 
@ T = 1000°C and P = 1 atm. 


heat capacity equations 


' p'CH 4 

<Vo 2 


'P CO, 


<Vv 


= 4.52 + (0.00737)T Btu/mole °R 
= 11.515 - (172)T -i + (1530)T -1 Btu/mole °R 


= 16.2- (6.53 x 10 3 )T + (1.41 x 10*)T 

Btu/mole °R 

= 19.86 - 597(T)* + (7500)T -1 Btu/mole °R 


Solution : The heat of reaction can be calculated using the 

equation T 

AH = -AN AC dT where A stands for 

J P 


products minus reactants. 


The equation for the heat of reaction is 


-Q = AH = N C dT 

^reaction reactants J p react 


- N C dT 

products J p products 


The reactants are 1 mole of CH 4 and 2 moles of 0 2 . 


1 mole CH 4 — 1 c p = 4 - 52 + (0.0073)T 
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2 moles 0 r 


2C = 23.03 - (344)T -i + 3060T -1 
_£ ..— - 


3 moles reactants 


N . C = 27.55 - (344)T 

react p react v y 


+ (3060)T -1 + (0.0073)T 


-i 


The products are one mole of COg and two moles of K^O. 


1 mole C0 o —^ C = 16.2 - (6.53 x 10 3 )T _1 + (1.41 x 10 S )T -2 

^ P 

2 moles H o 0 -> 2C = 39.72 - (1194)T _i + (15 x 10 3 )T -1 

_ ± _E_ 


3 moles products 


N . C . . = 55.92 - (1194)T 

prod p products v 7 

+ 8.47 x 10 3 T _1 + (1.41 x 10 6 )T -2 


-i 


(To find 0^, divide by 3) 


AH = 3 | (9.18 - (114.7)T _i + 1020T -1 + 0.00246T) dT 

T 0 


-3 f (18.64 - (378)(T) -i + (2.823 x 10 3 )T 
T 0 

+ (0.47 x 10 6 )T 2 )dT 


= 3 £( -9.46 ) (T - T Q ) + 526.6(T* - Tq) - 1.803 x 10 3 In ^ 

" T 0 >] 


+ 0.00246(T 2 - T 2 ) + 0.47 x 10 6 (i 


T = 1000°C = 2292°R 


T q = 18°C = 524.4°R 


AH = 3Q-16.721 + 13,152 - 2,659 + 12,247 - 691] 
AH = 15,984 Btu/mole of CH 4 
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AH = AH 2 - AH 1 where AH 2 is the heat of reaction @ 

2292°R and AH^ is the heat of reaction @ 524.4°R. 

AH 2 = AH + AH 1 = 15,984 - 383,648 

= -367,664 Btu/mole 

• PROBLEM 11-26 

An isothermally run (T = 77°F) hydrogen-oxygen fuel cell 
requires a heat interaction of -11.547 kcal/mol between 
the cell and its surroundings. Find the cell emf at 
this temperature. 

Data Required for the Problem 
Faraday*s constant - F = 23,060 cal/V mol 
Overall cell reaction: 

H 2 + i0 2 = HgO (2 electrons transferred) 

@ 1 atm and 77°F, Reaction = _68 - 8 kcal/mol 


Solution: Using the equations 


AH = Q - W and W = -AG (since no PV work is being done, only 
electrical work) and AG = —nFE, the emf of the cell can be 
obtained. 

AH = Q - W, Q = -11.547 kcal/mol 
W = Q - AH 
W = -AG = Q - AH 
AG = nFE = Q - AH, n = 2 
nFE = -11.547 + 68.8 = 57.253 kcal/mol 
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• PROBLEM 11-27 


The reaction of sodium oxide with hydrochloric acid 
is described by the following chemical equation, 

Na 2 0(s) + 2HC1 (g) --i 2 NaCl(s) + H 2 0(1) 

Calculate the heat of reaction @ 298°K using the fol- 
lowing data. 


Data 


i 


Standard heats of formation 


NaCl(s) 

-98.6 ± 0.2 kcal/mole 

Na 2 0(s) 

-100.7 ± 1.2 kcal/mole 

HCl(g) 

-22.0 ± 1.0 kcal/mole 

h 2 chi) 

-68.32 ± 0.01 kcal/mole 


Solution : This problem requires the use of application of 

Hess’s Law to obtain a solution. 


The heat of reaction is equal to the difference between the 
enthalpies of the products and of the reactants. 


AH 298 = 1? x (-98.6) + (-68.32)] - (T-100.7) + 2 x (-22.0f) 
= -120.82 kcal 


The errors however, are additive. 


overall error = 1.2 + (2 x 0.1) + (2 x 0.2) + 0.01 


= ±1.81 kcal 

/. The heat evolved when one mole of NaoO and two moles of 
HC1 react completely is 120.82 ± 1.81 kcal or AH^gg = 

-120.82 ± 1.81 kcal. 
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THE THIRD LAW OF THERMODYNAMICS 


• PROBLEM 11-28 

Using the following data for cadmium, determine 3 the 
absolute entropy of Cd at 298°K. Assume that T law 
is valid below 12°C and also, there is no difference 


between 

C and C at these 

P v 

low temperatures. 



Data 



S’ 

cal/deg/g-atom 

C , cal/deg/g-atom 

T, - 


T,- 


°K 

cadmium 

°K 

cadmium 

12 

0.392 

130 

5.608 

14 

.592 

140 

5.684 

16 

.804 

150 

5.746 

18 

1.020 

160 

5.799 

20 

1.240 

170 

5.844 

25 

1.803 

180 

5.884 

30 

2.306 

190 

5.922 

35 

2.760 

200 

5.956 

40 

3.158 

210 

5.988 

45 

3.503 

220 

6.018 

50 

3.803 

230 

6.047 

60 

4.283 

240 

6.073 

70 

4.647 

250 

6.096 

80 

4.920 

260 

6.119 

90 

5.138 

270 

6.144 

100 

5.284 

280 

6.171 

110 

5.413 

290 

6.201 

120 

5.518 

298.16 

6.224 


Solution : A mathematical integration is used to determine 

the quantity; (It can also be solved by graphical method.) 


298 


12 


C 

-g dT 


and the third power law is used to determine the quantity. 


12 

f <c > 


/T)dT = | 12 

12 
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The entropy at 298°K is the addition of these two values. 



298 


s 12 

+ 

12 


298 

f ^ dT 

12 1 


The third power rule is 

C = aT 3 (a = constant) (for T <. 12°K) 

P 


To calculate 


12° K, 


S 


7 


12 


12 

\ *£ 

12 

dT = 1 

aT 2 dT 

O 

J 

o 

aT 3 

‘ T" 

12 

o 


C (@ 12°K) 
“ £ —3 - 


s 298 

%98 


C (@ 12°K) 
P 

3- 


298 



C 

-f- dT 


Now the second integral has to be evaluated. The equation 
that is used is 

b 

| YdX - r (Xb - X a XY a + Y b )/2 
a 

For the case at hand 
298 

| (C p /T)dT = E(T 2 - T 1 )((C p /T) 2 + (C p /T) 1 )/2 
12 

where (T 2 - T^) refers to the small temperature intervals, 
taken from the data. 
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From 

the data. 



T 9 

f 2 

T 

r 2 

T 2 

( 

T°K 

J ( Cp/T)dT 

T 

0 

J (C p /T)dT 
12 

0 

(The J (Cp/T) 

12 . 

IS 

12 

14 

0.075 

0.075 

just the sum¬ 
mation of all 

16 

0.093 

0.168 

the previous 

18 

0.107 

0.275 

( 2 

20 

0.119 

0.394 

J (C p /T)dT ) 

25 

0.335 

0.729 

T 

30 

0.372 

1.101 


35 

0.389 

1.49 


40 

0.395 

1.885 


45 

0.392 

2.277 


50 

0.385 

2.662 


60 

0.737 

3.399 


70 

0.689 

4.088 


80 

0.639 

4.727 


90 

0.593 

5.32 


100 

0.550 

5.87 


110 

0.515 

6.385 


120 

0.481 

6.866 


130 

0.446 

7.312 


140 

0.419 

7.731 


150 

0.395 

8.126 


160 

0.373 

8.499 


170 

0.353 

8.852 


180 

0.335 

9.187 


190 

0.319 

9.506 


200 

0.305 

9.811 


210 

0.291 

10.102 


220 

0.279 

10.381 


230 

0.268 

10.649 


240 

0.258 

10.907 


250 

0.248 

11.155 


260 

0.240 

11.395 


270 

0.138 

11.533 


280 

0.133 

11.666 


290 

0.217 

11.883 


298 

0.172 

12.055 
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s 



298 


S 298 

12 


298 

j (C p /T)dT 
12 


0.392 t 
3 


12.055 


= 12.186 cal/deg/g-atom 


or for 1 g-atom 



= 12.186 eu 


• PROBLEM 11-29 


The decomposition reaction of chlorine is 
Cl 2 (g) - 2Cl(g) 

Assuming that the entropy of 1 mole of Cl 2 (g) has an 
entropy (@ 298°K and 1 atm), of 53.2 eu, and that of 
2 g atoms of Cl(g) (@ 25°C and 2 atm), is 76.2 eu, 
calculate the entropy increase for a constant volume 
process. Also decide whether C^Cg) will decompose 
in an isolated system @ 25°C, 1 atm, assuming AE to be 
57 kcal at all tempuratures. 


Solution: For the conditions given, (Cl 2 @ 298°K, 1 atm. 

Cl @ 298°K, 2 atm) the volume would remain constant and the 
entropy change is 76.2 - 53.2 = 23.0 eu. 


In an isolated system, there is no heat transfer to or from 
the surroundings. The decomposition of Cl 2 (g) requires a 
certain amount of energy in order to break the Cl - Cl bonds. 
The only source for this energy is the system itself. There¬ 
fore, the system will cool down since the temperature would 
drop. An absorption of 57,000 cal would cause the tempera¬ 
ture to drop so that the entropy of 2C1 would be lower than 
that of Clg. Therefore, Cl 2 will not decompose in an iso¬ 
lated system. 
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• PROBLEM 11-30 


Solid silver has a heat capacity given by the following 
equation: 

C p (cal mole -1 deg _1 ) = -0.023T + 2.5(10“ 3 )T 2 -1.9(10“ 5 )T 3 

This expression is valid for 273 < T <. 333°C. Calculate 
the change in entropy when one mole of solid silver is 
heated from 273°C to 333°C. 


Solution: Using the relation (3S/3T)p = C p /T and integrating, 

AS can be evaluated. 

OS/3T) p = Cp/T 

The change (increase) in entropy due to the temperature rise 
ls 60 

^ = S 60°K “ S 0°K = ( C P dT 

0 

60 

= | Q-0.023T + 0.0025T 2 -0.000019T 3 )/T]dT 
0 

= 1.75 eu/mole 

According to the third law, the entropy @ 0°K is equal to 
zero and therefore the entropy @ 60°K is 1.75 eu/mole. 


• PROBLEM 11-31 


Ti solid reacts with chlorine gas by the following re¬ 
action ; 

Ti(s) + 2Cl 2 (g) -> TiCl 4 (l) 

Using the following standard entropy data, calculate the 
entropy change for the system @ 298®K. 

Standard entropy data (@ 25°C) 

Ti(s) - S° = 7.2 eu/mole 

ClgCg) - S° = 53.3 eu/mole 

TiCl 4 (l) - S° = 60.4 eu/mole 
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Solution : The entropy change is given by the sum of the en¬ 

tropies of the products minus the sum of entropies of the reac 
tants. That is, 


AS 


o 

reaction 


s° 

products 


S 


o 

reactants 


= 60.4 - [7.2 + 2(53.3)J = -53.4 eu 


• PROBLEM 11-32 


A particular substance has the following solid, liquid 
and gas heat capacities: 

Solid (for T _< 25°K); C p = 0.8T cal deg” 1 mole”* 

From 25 q K 250°K (melting point); 

Cp = 0.007T + 0.0006T 2 cal deg” 1 mole” 1 
Liquid; C p = 18 + 0.007T cal deg" 1 mole” 1 

Gas @ 1 atm (above 360°K which is the boiling point); 

C p = 15 cal deg" 1 mole” 1 

The heat of fusion is 2,000 cal/mole and the heat of 
vaporization is 6,850 cal/mole. Calculate the entropy 
@ 400°K and 0.7 atm. 



Solution: By using the equations 


S = J dT for heating processes and S = -^r 

for phase change processes, the final entropy can be calcula¬ 
ted by adding up the individual step entropies. 


(25 (250 

S(g, 400 , K) = j 0.8(T/T)dT + j (0.007T + 0.0006T 2 )/T dT 


+ 2,000/250 + ( [18 + 0.007'Q/T)dT + 

' 250 


6,850/360 + (15/T)dT 
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= 0.8(25) + 0.007(250 - 25) + ° — % —(250 2 -25 2 ) 

+ 8 + 18(In 360 - In 250) + 0.007(360 - 250) 
+ 19 + 15(In 400 - In 360) 

= 76.05 eu 

This is the entropy @ 400°K and 1 atm. In the expansion to 
0.7 atm, the entropy increases by R ln(P^/P 2 ) 

= 1.987 ln(l/0.7) 

= 0.71 eu 

S(g, 400°K, 0.7 atm) = 76.05 + 0.71 

= 76.76 eu 

• PROBLEM 11-33 

Determine the relation between the parameters a | the 
coefficient of expansion = R1/V)(3V/3T)^1 j ,3 (com¬ 
pressibility = ^(l/V)(3V/b>)^J ), and the thermal 

pressure coefficient (^v) • ow that according to 
the third law, the limiting value of 3 is unknown for 
a pure solid as T + 0°K. 

Solution : Since V = f(P,T), 

dV = (3V/3 P) t dP + (3V/3T)p dT. 

For changes at constant volume, this becomes 
0 = (3V/3 P) t (3P/3T) v + (3V/3T) p or 

(3P/3T) y = - (3V/3T) p /(3V/3P) T 

= (l/V)(3V/3T) p /-(l/V)(3V/3P) T 
= a/3 

From the third law, lim (3P/3T) V = lim a/3 = 0, which is 

T -> 0 v T -*■ 0 

in agreement with the previous relation, no matter what the 
value of 3 is. 
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• PROBLEM 11-34 


The entropy values of four molecules @ 25°C and 760 
mm, Hg, in decreasing order, are as follows: 

ethylbenzene (g) - ASggg = 86.2 eu/mole 

o-xylene (g) 


- ASggg = 84.3 eu/mole 


p-xylene (g) 


ethylbenzene (1) - AS°gg ® 60 


- A S 29 g = 84.2 eu/mole 
eu/mole 


Explain theoretically and justify their order. 


Solution : Since all of the molecules have identical mole¬ 

cular weights, and are at the same temperature and pressure 
the entropies can be compared by comparing states of aggre¬ 
gation and symmetries. The liquid has the least entropy 
since it is in a more ordered state. Concerning the gases, 
p-xylene is the most symmetrical (i.e. the entropy is mi¬ 
nimum), and ethylbenzene (g) is the least symetrical (i.e. 
the entropy is maximum). 


• PROBLEM 11-35 

According to the third law, AS, AC p and (3AS/9T) p 
approach zero as T approaches 0°K. Using the fol¬ 
lowing data, show that this is true. 

Data 

Chemical reaction; S R (gray) - S R (white) 


Temperature, 

# K 


Sn(gray) 


Sn(white) 

5 

eu mole* 1 

v, 

cal deg* 1 mole* 1 

S 

eu mole* 1 

1 cal deg* 1 mole* 1 

10 

0.12 

0.36 

0.14 

0.45 

20 

0.29 

0.84 

0.86 

1.1 

50 

1.9 

2.7 

2.7 

8.7 


Solution: From the data, at 10°K, 

AS = 0.14 - 0.12 = 0.02 and AC p = 0.45 - 0.36 = 0.09* 
at 20°K AS = 0.07 and ACp = 0.3. at 50° at 50°, AS = 0.8, ACp = 1.0. 
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Therefore, it can be seen that as 0° is approached, AS and 
ACp also approach zero. 

The average (3AS/8T) p between 20°K and 50°K is 
((0.8 - 0.07)/(50 - 20)) = 0.02. The average (3AS/3T)p bet¬ 
ween 10°K and 20°K is (0.07 - 0.02)/(20 - 10) = 0.005. 

Therefore, it can be seen that (3AS/3T)p approaches zero 
0°K is approached. 


• PROBLEM 11-36 

If N a molecules of argon and N R molecules of helium 
are mixed, calculate the probabilities, W A and W H , of 
the individual gases and the probability, W AR , of the 
mixture, and the entropy change due to mixing. Also 
develop an expression for the entropy change per mole 
of mixture formed, if the mole fractions are X A and X 

Assume that both gases are ideal and that the process takes 
place at constant temperature and constant pressure. 


N molecules 

H of He 

+ 

N„ molecules 

A 

of argon 


N + N_ molecules 

H A 

Total of Ni 


Total of N 2 

-^ 

Total of Ni + N 2 

cells 


cells 


cells 


Solution: The following diagram describes the process: 

The probability W, for N indistinguishable molecules in N Q 
cells = N 2 a /N a ! = W A . Similarly, W H = H /N H !. These equa¬ 
tions are valid since the number of cells is much greater 
than the number of molecules. The number of ways of placing 
the total number of molecules in the total number of cells 
is equal to 

(N 1 + N 2 )(N 1 + N 2 “ 1)(N 1 + n 2 " 2 > ••• 

( Nl + N 2 - N A - N H + V 
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This can be approximated to 

(N x + N 2 ) (N A + N hVn a ! N h ! 

Hence, for the gas mixture, 

•ah ■ <*1 * V ( ' ,H * V 


The entropy change is 

AS = k in W f . nal 
k = Boltzmann*s constant 


- k ln •initial wberc 


AS = (k In W AH ) - (k In W A + k ln W R ) 

= k In|^(N 1 + N 2 ) (N H + N A>/N a ! N H l] 

- jk ln(N 1 Nli /N H !) + k ln(N 2 N A/N A ! )J 
= - k ln [N/H N 2 N A/( Ni + N 2 ) (N A + %>] 


This expression is modified to 
AS = - k ln 


N t N H 


n 2 n a 


(N x + N 2 ?Hj \( Nl + N 2 ) N Aj 


N. N h 

= - k ln (X A A x R H ) = - k(N A + N„) 


A H' 

n A N xi 1 / (n a + N H ) 
ln(X A A X H H ) 


For 1 mole of mixture, N A + N R ® Nq (Nq = Avogadro's niunber). 
Since R = k Nq, 

X A Xtj 

AS = - R ln(X A A X R H ) 

= - R(X a ln X A + X H ln X R ) 
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• PROBLEM 11-37 


Calculate the most probable distribution and the thermo¬ 
dynamic probability (ft) for a system of eight molecules 
distributed among six available energy levels. The total 
system energy is 4 ergs and the individual levels have 
energies of 0, 1, 2, 3, 4, and 5 ergs, respectfully. Also 
determine the entropy of the system. 


Solution : In order to illustrate the possible distributions, 
two conditions must be satisfied. The first is that the sys¬ 
tem’s total energy is equal to four ergs. The second is that 
the system has eight molecules. There are five possible dis¬ 
tributions that comply with these requirements. 


The symbols used will be defined as follows: 

Energy levels; = 0 er £ s > e i = 1 > £ 2 ~ 2 ’ e 3 = 3> e 4 = 4 > 
£ 5 “ 5 - 

Number of molecules, n^; thermodynamic probability = ft 
Using these symbols, the criterion is 

^ n i e i = 4 ergs £n^ = 8 molecules. 


Each distribution has a certain number of ways. This number 
is found by using the following equation: 

# of ways = (Total # of molecules)!/pr(n^! )~1 


The distribution 
distribution. 

with 

the 

most 

# of ways is 

the most 

probable 

The five distributions 

for 

the 

problem 

at hand are: 


Distribution e ( 

o 

II 

o 

o 

H 

II 

H 

e 2~ 2 

e 3 =3 

^ 4 = 4 

e =5 

0 

# of 


n o 

n i 

n 2 

n 3 

n 4 

n 5 

ways 

(1) 

7 

0 

0 

0 

1 

0 

8 

C2) 

6 

1 

0 

1 

0 

0 

56 

(3) 

6 

0 

2 

0 

0 

0 

28 

(4) 

5 

2 

1 

0 

0 

0 

168 

(5) 

4 

4 

0 

0 

0 

0 

70 
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As can be seen, the most probable distribution is number 4. 
As an illustration, if distribution number one is taken, 

E n i e i * (7)(0) + (1)(4) = 4 ergs 

E ni = 7 + 1 = 8 

# of ways = 8!/(7!)•(1!) = 8 

For the system, 

ft = Z(# of ways) 

= 8 + 56 + 28 + 168 + 70 
= 330 

The entropy of the system is, 

S = k lnft(This is the Boltzraann-Planck rela¬ 
tion k = Boltzmann’s constant.) 

= 1.38(10~ 16 )ln(330) 

= 8.0 x 10 ^ erg/deg 
= 1.92 x 10 -16 cal deg -1 
= 1.92 x 10 -16 eu 


SECOND LAW ANALYSIS OF REACTING 
SYSTEMS 

• PROBLEM 11-38 

Calculate the change in entropy for liquid water @ -5°C 
and 1 atm to ice at -5°C and 1 atm. Use the following data: 

C p for H 2 0 (s) = 9 cal deg -1 mole -1 

Cp for H 2 0(1) = 18 cal deg 1 mole -1 

AH fusion ® ® 0< - : an d 1 atm is 1,440 cal/mole 


Solution : The AS for each step is calculated and the sum of 
all these terms gives the entropy change for the process. 
The entropy change is obtained by calculating the entropies 
of the following three steps: 
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(A) heating the H 2 0(1) from 5°C -*■ 0°C 

(B) phase transition H 2 0(1) -*■ H 2 0(s) @ 0°C 

(C) cooling H 2 0 (s) from 0°C ** -5°C 

For step (A): 


273 

AS A = ( C p dT/T = 18(In 273/268) eu = 0.333 

268 

For step (B): 

“b ■ - H fusion/ T - -l.«0/273 - -5.27 eu 

AHfusion S iven for the reverse reaction, that is, 
H 2 0(s) H 2 0(1), hence the negative sign is used. 

For step (C): 

268 neo 

f C p dT/T =9 In =-0.166 

' 273 

as a + as b +AS C 

0.333 + (-5.27) + (-0.166) 

-5.1 eu 


AS C = 


AS, 


TOT 


• PROBLEM 11-39 


Iron reacts with oxygen at high temperatures (T> 910°C) 
with the following reaction: 


Fe(Y) + |0 2 (g) 


FeO(s) 


Calculate the entropy of this reaction at 1 atm. pressure 
and 1,200 °C. Use the following data: 

Data 

25°C < T < 760°C: Fe(a) x + J0 2 (g) = FeO(s) 


(A) reaction 

(B) reaction @ T = 760°C 


Fe(a) 1 = Fe(a) 2 (The 

subscripts 1 and 2 refer 
to the form of solid me¬ 
tal that is being dealt 
with. The (a) and (y) 
also refer to the form 
of the solid lattice of 
the metal). 
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CC) 

reaction @ 760°C <T < 910°C: 

Fe(a) 2 + *0 2 (g) = FeO(s) 

(D) 

reaction @ T = 910°C: 

Fe(a) 2 = Fe(y) 

(E) 

reaction @ 910°C <. T: 

Fe(y) + i0 2 (g) = FeO(s) 


St andard ent ropies: 


s° 

cal deg 1 mole 1 


Fe(a) 1 

6.49 


o 2 (g) 

49.02 


FeO(s) 

14.05 


Enthalpies and Heat capacities: 

For reaction (A): AC p = 3.9 - 4.42 x 1CT 3 T - 0.47 x 10' 5 T' 2 
(valid for temperature range 25°C < T < 760°C) 


For reaction (B): AH = +660 cal/mole 
For reaction (C): 

AC p = -0.92 + 1.50 x 10" 3 T - 0.47 x 10 5 T -2 
(valid for temperature range 760°C <. T < 910°C) 
For reaction (D): AH = +220 cal/mole 
For reaction (E): AC p = 6.24 - 3.16 x 10“ 2 T - 0.47 

c o 

x 10 

(valid for temperature range 910°C ^ T < 1,378°C) 


Solution : Using the equation 


AS = 


2 C P 

-yf dT 


in conjunction with Hess's law and the data given, the entro¬ 
py of the reaction under consideration, (reaction E) at the 
desired temperature (1,200°C), can be obtained. If reaction 
B is subtracted from reaction A, reaction C is obtained. If 
reaction D is subtracted from C, the desired reaction (E) is 
obtained. Therefore, all that needs to be done is to substract 
the corresponding entropies (of reaction) and account for 
temperature change by using the equation shown above for AS 
dependence on temperature. 
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From the standard entropy data, 
for reaction (A ) @ 25°C, 

AS® — O ® _ O ® 1C® 

298 a FeO(s) cs Fe(a) 1 * ° 2 <S) 

= -16.95 cal/deg 

The entropy change over the temperature interval 25°C to 
273°C is 

1,033 
( AC p 

AS 1,033 " AS 298 = | ~T~ ‘ dT 

298 

1,033 

= | [ 3 .90T -1 - 4.42 x 10 -3 - 0.47 

298 

x 10 5 T"^jdT 
= 4.85 - 3.25- 0.25 
= 1.35 

A3 1,033 = 1-35 + AS® 98 

= 1.35 - 16.95 

= -15.60 cal/deg 

at 760°C (1,033°K), the iron changes form from 
Fe(a)^ FeCaJg. entro Py change is 

AH _ 660 _ „ , , -1 , -1 

~ i "~ Q 33 = 0.64 cal deg mole 

For reaction C (which equals reactions A - B) 

AS 1,033 ^^l.OSS^reaction A “ ^ AS 1,033^reaction B 

= -15.6 - 0.64 
= -16.24 cal/deg 

at 910°C, iron again changes form as shown by reaction D, 
Fe(a) 2 = Fe(y) 

The entropy change is 

AS 1 183 = 220/1,183 = 0.19 cal/deg mole 
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The entropy change for reaction C at 910° C is 


1,183 


AS 1.183 


- AS 


1 033 = [ [j-0-92 + 1.5 x 10~ 3 T-0.47 x10~ 5 T~ 2 ] 

1,033 T 


dT 


= -0.92 In + 1.5 x 10~ 3 (1,183-1,033) 

+ 0.24 x 10 s x ^X7l83)"2' _ (1,033)2) 

= 0.10 

AS 1,183 = 0,1 + AS 1,033 
= -16.24 + 0.1 
= -16.14 cal/deg 


Equation E is found by subtracting reaction D from C, 
(C) 


(D) 


Fe(a) 2 + J0 2 = FeO(s) 


Fe(a) 2 = Fe(y) 


(E) Fe(Y) + 40 2 = FeO(s) 

(AS E ) 1.183°K = ^C^l.lSS ~ ^ AS D^1.183 


= -16.19 - 0.19 
= -16.33 cal/deg 


However 
1,473' K 


AS 


, the temperature that 


0 

1,473 


AS 


1,183 


1,473 

1,183 


AS 0 is needed is at is 1,200°C 
( AC p) re action E Arr 


AS 1,473 

= AS 0 

y 

183 

+ 6.24 

In 

1,473 

T7TS3 ~ 


3.16 

X 

10~ 3 (1,473 

- 1,183) + 


0.24 

X 

10 5 - 

xu (1 

1 1 
,473) 2 (1,183) 2 


= -16. 

33 

+ 0.45 



AS i.473 

= -15. 

88 

cal/deg 

= 

AS 1,200°C 
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• PROBLEM 11-40 


The temperature of spontaneous solidification for copper 
is 1,120°K and the melting point is 1,356°K. Calculate 
the Gibbs free -energy change at the spontaneous solidi¬ 
fication temperature using the following data. 

Data 

Reaction: Cu (i) = ^ u (s) 

AH° = -3,100 cal (@ 1,356°K). 

AC p = -2.09 + 1.5 x 10" 3 T 


Solution : By using the Gibbs-Helmoltz equation along with the 
given data (to solve for the integration constant), the Gibbs 
free-energy can be calculated. 


The Gibbs-Helmholtz equation is 



(The Ah with the superscript zero is the enthalpy at 1 atm, 
while the AH with the subscript zero is a constant) 


After substitution of AC p , 


Ag t = - T j jjjp - + °- 75 x 10 3 ] dT 

= -T | + 0.75 x 10 -3 jdT 

AG® = AH + 2.09T InT - 0.75 x 10 _3 T 2 + IT, 

1 0 


where and I are integration constants. H comes from the 

integration of the Kirchoff equation. These constants can be 
evaluated either by knowing AG° at two temperatures or AG° 
and Ah 0 at one temperature. For the problem at hand, the in¬ 
formation that is given consists of AG° and AH 0 at one temp¬ 
erature. 
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at the melting point, 
AH® = -3,100 cal 


and AG° = 0 (since at the melting point, it 

is an equilibrium process). 

By using the equation 

AH 1 356 = AH o + { C P dT ' AH o can be calculated - 

✓ 

AH 1 356 = - 3 « 100 = AH 0 + (-2.09 + 1.50 x 10 -3 T) dt 

= AH - 2.09 x 1,356 + 0.75 x 10 _3 (1,356) 2 
o 

AH = -1,650 cal 

Substituting this value into the expression obtained earli¬ 
er for AG^,, 

AG®, = -1,650 + 2.09TlnT - 0.75 x 10 -3 T 2 + IT (cal/mole) 
Since AG^ ggg =0, T = 1,356°K 

0 = -1,650 + 2.09(1,356)In(1,356) - 0.75 x 10 _3 (1,356) 2 
+ 1(1,356) 

I = -12.85 

/. AG£ = -1,650 + 2.09TlnT - 0.75 x 10 -3 T 2 - 12.85T 

(cal/mole) 

.-. <§ 1,120°K 

AG^ ^20 = -5^0 cal/mole 
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• PROBLEM 11-41 


Copper normally solidifies at a temperature of 1356 C K, 
but can exist in the super-cooled liquid form up to a 
temperature of 1120°K,after which it starts solidifying 
spontaneously. Determine the entropy change for the 
solidification of copper at its temperature of sponta¬ 
neous solidification (1120°K). Use the following data 
to solve the problem: 

Data for Cu(l) - v Cu(s) 

C ^ = 7.50 cal deg~* mole"** 

P Cu(1) 6 

C =5.41+1.50 x 10 _3 T cal deg -1 mole -1 

P Cu(s) 

AH°= -3100 cal 



the entropy at the desired temperature can be calculated. 
However, the entropy change at one temperature should be 
known. At the melting point, 

“isss ' -TT ' T3SB ’ - 2 ' 28 cal de8_1 ” ole ~ 1 

From the data 

= C pCu(s) “ C pCu(l) = ~ 2 - 09 + 1 - 5 x 10 T cal deg 

mole”^ 

The change in the entropy of reaction between 1120°K and 
1356°K is given by 




-2.28 + 0.046 



• PROBLEM 11-42 


Calculate the entropy change for 

(a) H 2 0 (s, -20°C, 1 atm) -> HgO (s, 0°C, 1 atm) 

(b) H 2 0 (s, -20°C, 1 atm) > H 2 0 (1, 20°C, 1 atm) 

Assume C p (H 2 0, 1 ) = 18 cal deg -1 mole -1 , C p (H 2 0, s) 

= 9 cal deg 1 mole 1 and AH. . = 1440 cal deg -1 mole 

ius ion 

and also that the heat capacities are independent of 
temperature. 



Solution: Since C is not a function of temperature, AS is 

given by p 

C P I T dT 

T 2 

(a) AS = C p | ^ = CplnC^/^) 

- - 1- (Si) 

AS = 0.68 eu/mole 

(b) AS = AS X (for heating H 2 0(s) From -20°C to 0°C) 

+ AS 2 (for melting @ 0°C) 

+ ASg (for heating H 2 0(1) from 0°C to +20°C) 

ASj = 9 In (273/253) = 0.68 
AS 2 =AH/T = 1440/273 = 5.27 
AS 3 = 18 In (293/273) = 1.27 
AS = 0.68 + 5.27 + 1.27 = 7.22 eu 


736 


The 3 individual entropies must be determined separately, 
since 

293 

| CpdT/T cannot be found directly due to the 

253 

presence of both sensible and latent heat. 


• PROBLEM 11-43 


Methane reacts with water vapor at 25°C by the fol¬ 
lowing reaction : 

CH 4 (g) + H 2 0(g) --> CO(g) + 3H 2 (g) 

Using the following data, calculate the standard 
Gibbs free-energy change for this reaction. 

Data 

o - 1 ft - 1 - 1 

AHggg (kcal mole ) S 298^ cal deg mole ) 


CH 4 (g) 

-17.89 

44.5 

C0(g) 

-26.40 

47.3 

H 2 (g) 

0 

31.2 

H 2 0(g) 

-57.80 

45.1 


Solution : The standard Gibbs free-energy can be obtained 

from the defining relation, 

h G° = AH q - TAS° 

4H * - <“co ♦ 3 M H 2 ' - <<h 4 * S 2 0> 

- (-26.40) + (0) - (-17.89) - (-57.80) 


= 49.29 kcal/mole 


AS« = (S& + 


3S H, 


} ■ (S CH 4 + S H 2 0 ) 


= (47.3) + (3x31.2) - (44.5) - (45.1) 
-1 -1 

= 51.3 cal deg mole 
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ZG“ 98 = 49,290 - 51.3T 

= 49,290 - 15,280 
= 34 kcal/mole 

A spontaneous reaction is always accompanied by a decrease in 
free energy. But since the standard free energy change is 
positive, the reaction will not proceed as indicated at this 
temperature. Therefore at 25°C, hydrogen and CO will react 
to form CH^ + HgO. 


• PROBLEM 11-44 


Determine the latent heat of vaporization of liquid 
carbon tetrachloride at its boiling point of 350°K. 
The vapor pressure of CC1 4 is a function of temper¬ 
ature and is given by: 

gP = -2,400T -1 - 5.30 logT + 23.60 
(P = mmHg). Assume ideal gas behavior. 


Solution : For the vaporization of a liquid, the volume of 

the liquid is negligible compared to that of the vapor. 
Therefore the volume change closely approximates the volume 
of the vapor. Since the gas behaves ideally, 

RT 

AV = V = -p- . Then the Clapeyron equation to calculate AH. 

dT = TAV 
dP AH 


dP = AH_ = PAH 
dT TAV RT 7 


dlnP _ AH 
dT RT 2 


or 


dlogP _ H 

dT 4.575T* 


This is one form of the Clausius-Clapeyron equation 
For the given problem, 

_ 2 


= 2,400T" 


5.30 

2.303 T ’ deg 


AH = 4.575T 2 (2.400T -2 - 2.3T *) 
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@ 350°K, 

AH = 7,300 cal/mole 


• PROBLEM 11-45 


Derive an expression for the temperature dependence 
on pressure. Also, determine the melting point of 
sodium 5 atm using the following data; 

Data for sodium 

mol wt = 23 g/mole 

when P = 1 atm, melting point = 371° K 
AHfusion = cal/mole 

Increase in specific volume due to melting 
process = 0.0279 cc/g 


Solution : The equation that describes the effect of pressure 

on a phase change in a one-component system is the Clapeyron 
equation. The derivation applied to the fusion reaction is 
as follows. 

at equilibrium. 


G (s) = G(l) 


If the pressure and temperature of the system are changed 
infinitesimally, keeping the system at equilibrium. 


dG (s) - dG (l) 
Since dG = VdP - SdT 


(s) 


dP - S 


(s) 


dT - v d)- ® - s d) 


dT 


dT = V (l) ~ V (s) 
dP S, , x - S, 


'( 1 ) 


\s) 


AV 

AS 


At equilibrium, AS =AH/T 

dT = TAV 
dP AH 


This is the expression for temperature dependence on pressure 
for systems at equilibrium. 
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For the case of sodium melting @ 1 atm, 


a h _ 630 cal/mole 
23 g/mole 


27.4 cal/g 


T = 371° K 


AV = 0.0279 cc/g 


dT 

dP 


371 x 0.0279 
27.4 


= 0.378 deg cc cal 


1 cal = 41.293 cc atm 


dT -1 

3 p = 0.378 (deg cc cal ) * 


1 cal _ 

41.293 cc atm 


= 0.00915 deg atm 


Assuming this value is constant (not pressure dependent), for 
5 atm 

the increase in temperature = (0.00915 deg atm"**) x 5 atm 

= 0.04575 deg 

The melting point increases by only 0.04575 deg when 
the pressure is 5 atm. 

T melt @ 5 atm = 371.04575°K 


• PROBLEM 11-46 


Ammonia is produced by the following reaction: 

3H 2 + N 2 -> 2NH 3 

Determine the standard heat for the above reaction at a 
tempurature of 500°C, using the following data. 

AH . @ 25°C is equal to -22.08 kcal 

reaction 



a 

e 

Y 

nh 3 

6.086 

8.812 10 -3 

- 1.506 10 _6 

n 2 

6.524 

1.250 10“ 3 

- 0.001 io “ 6 

h 2 

6.947 

= 0.200 10 -3 

0.481 10~ 6 
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Solution : Using the data and the following equation , 


&h£ = AH 0 + AaT + T 2 + T* 

the change in enthalpy at the desired temperature can be cal¬ 
culated. 

From the reaction stoichiometry, 

a products ~ a reactants 
2(6.086) - 6.524 - 3(6.947) = -15.193 
2(8.812xl0 -3 ) - 3(-0.2xl0“ 3 ) - (1.25x10“*) 

1.6974 x 10“ 2 

2(-l.506xl0 -6 ) - (-0.OOlxlO -6 ) - 3(0.481xl0 -6 ) 
4.454 x 10 -6 


Aa = 


A3 = 


Ay = 


AH 


o 

T 


AHn 


AH r 


15.193T + 1 - 6 . 974xlQ — T 2 - 4,454x10 — T 3 

£* O 

15.193T + 8.487 x 10 -3 T 2 - 1.48 x 10"*T 3 


From the data given, it is known that H 25°C = “^2.08 kcal 

=-22,080 cal 

-22,080 = AH q - 15.193(298) + 8.487 x 10 _3 (298) 2 - 

1.48 x 10 -6 (298) 3 
AH q = -18,267 cal 

The standard heat of reaction @ 500°C is 

/ ®773°K = _18 > 297 “ 15.193(773) + 8.487 x 10 3 (773) 2 - 

1.48 x 10”*(773) 3 
= -25,570 cal 
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• PROBLEM 11-47 


An important variable that has to be taken into ac¬ 
count in rocket design is the coefficient of discharge. 
This coefficient is given by the following equation: 


<k«)/2(k-l) L (mol ^ y 

\ R ‘ ^ combustion / 

where k is a function of the particular fuel being 
used. 

Calculate the mass rate of discharge and the engine 
operating time if a particular fuel is used in a 
rocket engine operating at a chamber pressure of 1500 
psia and a throat cross-sectional area of 2 in 2 . Use 
the following fuel data to solve the problem. 

Data 


Total fuel wt = 25 lbm 

R = 48 lbf 2 sec 2 /lbm, lb mole°R 
k = 0.9 

mol wt of fuel = 20.6 
combustion temperature = 6750°R 



Solution : Once C D is calculated, the mass rate of flow and 

burning time can be calculated. 

„ / 2 V 1 - 9/2< -° 1)> / 0 .9(20.B)V 

T) ' \1.9/ ‘ y48(6750) j 

C D = 4.65 x 10 -3 lbm/lbj sec 

The mass rate of flow of gases is given by 

mrf = C D (cross sectional area)(chamber pressure) 

mrf = (4.65 x 10 -3 )(2)(1500) 

= 13.95 lb /sec 
m' 

The combustion duration of the fuel is given by 
25 ib 

4 sec 
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CHEMICAL EQUILIBRIUM 

• PROBLEM 11-48 


The effect of inert gas on equilibrium composition can 
be determined by the computation of the mixture compo¬ 
sition. Calculate the composition of the mixture at 
3,000°K and 1 atm pressure, for a mixture initially com¬ 
posed of 0.5 mol of carbon monoxide and 2.38 mol of air. 



Solution : The chemical equation for the ideal-gas reaction 

is: 

0.5CO + 0.50 2 + 1.88N 2 -^ xCO + y0 2 + zC0 2 + 1.88N 2 

From the carbon and oxygen balances, z = 0.5 - x and 
y = 1-5 - 2z z * = Q • 5 2 x (where x is the number of moles 

of CO at equilibrium). 


Total number of moles of mixture at equilibrium is 

Nir = x + y + Z + 1.88 = x + 0.5 - x + 0 - |* ~ + 1.88 = X - + ^ - ' — 

The equilibrium constant is not dependent on the amount ini¬ 
tially added, but only on the stoichiometry of the chemical 
reaction written with no excess species. The equation that 
describes the combustion of carbon monoxide is as follows: 

CO + i0 2 + i(3.76)N 2 -^ C0 2 + i(3.76)N 2 

K P ■ p co 2 / p co p o 2 * 

(N Q is inert, therefore, it does not show in the K equation) 

^ o ^ 

At 3,000 K and 1 atm pressure, K = 3.06. 

r 


Therefore, for the given problem. 
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The expression for K p is: 


K = 
P 


((0.5-x)/N t )p t 

Cp t ;(x/n t ) (( °‘^ + - x ) /n t )^ p t * 


_ (0,5-x) ( X - y . - g 6 ) 

KP= - 3 - 08 

K p = (0.5 - x)(x + 5.26)^ = 3.06x(0.5 + x)* 


By trial and error, a solution can be found. The answer ob¬ 
tained by this raethog is x = 0.24 mol of CO at the equili¬ 
brium state of 3,000°K and 1 atm pressure. It is apparent 
that the pressure of the system and the presence of inert 
gases must be taken into account when the equilibrium compo¬ 
sition of a reacting ideal-gas mixture at a given tempera¬ 
ture is evaluated. 


• PROBLEM 11-49 


For the reaction 

CH 4 + 20 2 + 7.56N 2 —► (a)C0 2 + (1 - a)CO + 2(c)H 2 0 

+ 2(1 - c)H 2 + (| - *a - c)0 2 
+ 7.56N 2 

calculate the maximum combustion temperature of methane 
when the initial temperature is 21.1^C and the initial 
pressure is 1 atm. Assume the process is carried out at 
constant volume. Use variable specific heat with 
chemical equilibrium to solve the problem. Use the 
following data. 

enthalpies @ 21.1°C 
H cr = 345,848 Btu/lb mole 

H co = 121,188 Btu/lb mole 

H„ = 102,465 Btu/lb mole 

n 2 


Solution : From the equilibrium constant and the energy bal¬ 
ance, using a trial and error method, the maximum combus¬ 
tion temperature can be determined. 
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INTERNAL ENERGIES 



530"R 

4680°R 

4740° R 

4800°R 

CO 

2915.8 

49950.7 

50721.4 

51492.7 

CO 

2628.3 

28280.7 

28691.0 

29101.7 

H 0 

3149.7 

39863.9 

40522.7 

41183.3 

H 

2539.6 

26167.3 

26563.7 

26961.2 

0 

2623.6 

29793.0 

30234.3 

30676.4 

N 

2628.3 

27971.7 

28379.3 

28787.4 


Moles of reactants 
Moles of products 


1 

+ 2 

+ 7.56 = 

10.56 = N r 

a 

+ (1 

- a) + 

2c + 2(1 - c) 

+ 

(3/2 

- a/2 - 

c) + 7.56 

a 

+ 1 

- a + 2c 

: + 2 - 2c 

+ 

3/2 

- a/2 - 

c + 7.56 

4. 

5 - 

a/2 - c 

+ 7.56 

12.06 

- a/2 - 

c = N 


The maximum temperature corresponds to the equilibrium temp¬ 
erature. Since N p , a, c and T (T = max. temp.) are unknown, 
three more equations must be written. 


For the CO reaction, CO + iOg—^C0 2 , 

(p co* 

K pn = -r , the second equation. 

<w<v* 


For the C0 2 , H 2 reaction, called the water gas reaction, 

co 2 + h 2 — m 2 o + CO, 

V = Tpco 2 >Tp£ 7 * the third equation - 


Taking p as the total pressure at equilibrium and noting 
that at the beginning of combustion p^V = N^RT^ and at the 

end of combustion pV = N p RT, 
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and 


at T, 







Now the energy balance must be used. The energy given off 
by combustion is equal to the energy absorbed by the prod¬ 
ucts. Therefore, the fourth necessary equation is 


EN p (U p final “ U p initial^ H CH. 


N co H co n h 2 h h 2 ' 


This equation is based upon comoustion taking place at tne 
initial conditions; the products absorb the energy libera¬ 
ted, causing their temperature to increase from the initial 
to the final temperature, which is the maximum temperature 
of combustion. 
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The equilibrium energy and the number of moles present de¬ 
pend on the temperature. However, there are four equations 
and four unknowns (N , a, c and T). Hence, they can be eva¬ 
luated. p 


From the combustion equation 

CH 4 + 20 2 + 7.56N 2 —►aCOg + (1 - a)CO 

+ 2cH 2 0 + 2(1 - c)H 2 + (|-f-c)o 2 + 7.56N 2 


the energy equation can be written, 

a(U 2 °2 - uf 2 ) + (1 - a)(U 2 ° - U^°) + 2c(U 2 2 ° - uj 2 °) 

+ 2(1 - c)(U 2 2 - uj 2 ) + (| - | - C )(U° 2 - U° 2 ) 

* 7.56(U»2 . „»2, , H . (1 . a)^ - 2(1 - c)^ 

4 2 

or 

a(U 2 ° 2 - uj° 2 ) + (1 - a)(U 2 ° - u£°) + 2c(U 2 2 ° - uj 2 °) 

+ 2(1 - c)(Ug 2 - Uj 2 ) +(§-§- cj(U° 2 - uj 2 ) 

+ 7 ' 56U 2 2 ’ H CH 4 - H CO - 2Ii H 2 + “»CO + 2 cH H 2 * 7 -56«J 2 - 


From the data given, all quantities on the right hand side 
of the equation are known. 


the equation becomes 

7.56U 2 2 = 39,600 + (a)121,188 + (c)204,930 


From the internal energy table, substitutions can be made 
for the energy differences in the energy equation. 
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At 4680°R 

a(47,034.9) + (1 - a)25,652.4 + (2c)36,714.2 

+ 2(1 - c)23,627.7 + §(3 - a - 2c)27,169.4 
+ 7.56(27,971.7) 

= 7,707.8a + 325,661.9 - 996.4c 
= 39.600 + 121,188a + 204,930c 

+ 205,926.4c = -286,061.9 + 113,390.3a 
Thus c = 1.394 - 0.553a (= ra - na) 


At 4740°R 

a(47,805.6) + (1 - a)26,062.7 + (2c)37,373.0 

+ 2(1 - c)24,024.1 + | - 0^27,610.7 

+ 7.56 x 28,379.3 
= 7,937.6a + 329,526.8 - 912.9c 
= 39,600 + 121,188a + 204,930c 

+ 205,842.9c = -289,926.8 + 113,240.4a 
c = 1.410 - 0.552a (= m - na) 

At 4800°R 

a(48,576.9) + (1 - a)26,473.4 + (2c)38,033.6 

+ 2(1 - c)24,421.6 +^| - | - cj 28,052.8 
+ 7.56 x 28,787.4 

= 8077.1a + 334,395.8 - 828.8c = 39,600 + 121,188a 

+ 204,930c - 205,758.8c = -294,795.8 + 113,110.9 
c = 1.438 - 0.551a(= m - na) 

K wgT = a(T - ~ c T where c = ra - na above 


?48 



Then K wg a - ( K wg - l)a(m - na) - m + na = 0 

K wg a “ K wg raa + K wg &2n + am - na 2 - ra + na =0 

° r n(K wg " 1)a2 + H 1 + m - K wg (ra - l)]a - m = 0 
At 4680°R, K wg = 6.214 

At 4740°R, K = 6.283 
' wg 

At 4800°R, K = 6.351 
’ wg 

At 4680°R 

0.553(6.214 - l)a 2 + [0.553 + 1.394 - 6.214(1.394 - 1)] a - 1.394 = 0 

2.88a 2 - 0.493a = 1.394 
a 2 - 0.171a = 0.484 

(a - 0.0855) 2 = 0.491 
a - 0.0855 = +0.702 
a = 0.787 

c = 1.394 - 0.553 x 0.787 
= 0.959 


At 4740°R 

0.552 x 6.283a 2 + (0.552 + 1.410 - 6.283x0.41)a - 1.410 = 0 
2.91a 2 - 0.608a = 1.410 
a 2 - 0.209a = 0.485 
(a - 0.104) 2 = 0.496 
a - 0.104 = ±0.705 

a = 0.809 

c = 1.410 - 0.552 x 0.809 
= 0.964 
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At 4800 °R 

0.551x 6.351a 2 +(0.551 + 1.438 - 6.351x 0.438)a - 1.438 = 0 
2.94a 2 - 0.791a = 1.438 
a 2 - 0.269a = 0.487 
(a - 0.134) 2 = 0.505 


a - 0.134 = +0.711 


a = 0.845 

c = 1.438 - 0.551 x 0.845 
= 0.973 


For the CO reaction 


k cot 


a 

1 - a 


/**Ti 

ve Q p T 
u 2 1 


where N R = moles of original mixture and e^ = moles of Og 

2 

at equilibrium conditions. 


COT 1 - a 

lQ g K COT + 2 log T = lo gr A_ + 1 log N r - l log e 

+ Z lo K T i - 2 lo S Pi 

where 




Values of K CQT from tables: at 4680°R = 15.95 and 

log 1Q K = 1.2027 
at 4740°R = 13.65 and 

log 10 K = 1.1351 
at 4800°R = 11.48 and 

log 1() K = 1.0599 
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These values were determined with the pressure being ex¬ 
pressed in atmospheres. The left side of the equation be¬ 
comes : 

at 4680°R, 1.2027 + £ log 4680 = 3.0378 

at 4740°R, 1.1351 + £ log 4740 = 2.9730 

at 4800°R, 1.0599 + £ log 4800 = 2.9005 

The right side of the equation can be evaluated from the 

values of a and c determined from the energy and the water 
gas equations. The constant terms are i log N R + i log T^ 

- i log = i log 10.56 + i log 530 - J log 1 = 1.8739. 




At 4800°R 

l0 e l - 0 4 l45 - z lo e (I - 2 tt 5 - °- 973 ) + 1 - 8739 

= log 5.45 - ^ log 0.105 + 1.8739 

= 0.7364 + 0.4894 + 1.8739 
= 3.0997 
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Interpolation or plotting can be used for the temperature de¬ 
termination. Plotting gives : 

From the plotting, T is found to be 4747°R, which is a much 
lower temperature than that indicated by a constant specific 
heat. The value of a e , is 0.966 and the value of c e , is 0.814. 
The combustion equation becomes: CH^ + 20 2 + 7.56N 2 -► 

0.966C0 2 + 0.034CO + 1.628H 2 0 + 0.372H 2 + 0.2030 2 + 7.56N 2 . 


• PROBLEM 11-50 


Calculate the equilibrium mixture of the carbon monoxide 
combustion reaction at 2504°C and 1 atm pressure. 

Assume that the CO reacts with a stoichiometric amount 

of air and that K for the reaction is equal to 49.365. 

P 


Solution : The complete reaction equation is: 

2CO + 0 2 + 3.77N 2 -* 2C0 2 + 3.77N 2 


If y stands for the fraction of the carbon which is in CO 
under equilibrium conditions, then the equilibrium mixture 
is composed of : 2y moles of CO, (2-2y) moles of C0 2 , y moles 
of 0 2 *. and 3.77 moles of N 2 . Therefore, the total number of 
moles isNp = 2y + 2- 2y + y + 3.77 = 5.77 + y. The partial 
pressures of the four reacting species are: 


P CO x C0 P T 


_2y_ p 

5.77+y T 


p co 2 x co 2 p t 


_ z 2 £_ 
. 77+y 


T 


p = x P = -^-P 

°2 °2 T 5.77+y T 


d = v P = 5.77 p 

N 2 N 2 T 5.77+y T 

using the equation P^^ = x^^ P TOTAL - 


Substituting these equalities into the K p equation, 


K n = ( p COr > 2 / ( P™) 2 Pn “ - a - ^ 2( -- 77+y) = 49. 


CO 


3647. 


y 3 P n 
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Assuming that P-, = 1 atm, this equation can be solved to at¬ 
tain a value for y, using a trail and error method. The an¬ 
swer obtained is y = 0.368. Therefore, the mole fractions 
are 


_2JL 


CO 5.77+y 


= 0.120 


X C0 2 5^77+y " °' 206 


x o 2 = wrrkj = °- 060 


x = —? • 7 7 = o 614 

X N 2 5.77+y U “ b14 


The actual number of moles of each species can be calculated 
also. 


moles CO = 2y = 0.736 
moles C0 2 = 2-2y = 1.264 

moles 0 2 = y = 0.368 and moles N 2 = 3.77 


The presence of N 2 will affect the extent of reaction but does 
not change the equilibrium constant. Excess oxygen causes the 
reaction to go further toward completion, but this excess will 
not affect the equilibrium constant since the equilibrium con¬ 
stant is independent of the amounts of reacting species that 
are actually present. 


• PROBLEM 11-51 

If K p for H 2^ g ) + l 2^ ~-* 2HI <g> at 25° C is 870, then 

assuming no solid iodine forms, calculate the number of 
moles of the following at equilibrium. 

(a) HI formed when H 2 = 0.5 moles and I 2 = 0.5 moles 

(b) I 2 formed when H 2 * 0.5 moles and HI = 1.5 moles. 


Solution : (a) If x is the number of moles of H 2 (which is 

equal to the number of moles of I 2 ) consumed in^the reaction, 
the following table can be constructed. 
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H 2 

h 

HI 


Initial 

0.5 

0.5 

0 

moles 

Consumed 

X 

X 

- 

moles 

Created 

- 

- 

2x 

moles 

Final 

0.5 - x 

0.5 - x 

2x 

moles 


Using the equilibrium constant, 

(since An = 0) 
(2x) 2 


870 = K = K 
P 11 


K n " 


(HI) 4 

<V('V 


(0.5 - x)2 


r = 870 


Taking the square root of both sides, 

2x = 14.75 - 29.5x 

x = 0.468 (The other root is x = 0.536 which 
is invalid since it implies that more Hg and Ig disappears 

than was present initially. Therefore, this root is dis¬ 
carded) . 

Therefore, 

2(0.468) = 0.936 moles of HI are formed. 


(b) If x = 
table can be 

the number of 
constructed. 

moles 


H 2 

*2 

Initial 

0.5 

0 

Consumed 

- 

- 

Created 

X 

X 

Final 

x + 0.5 

X 

(1.5 - 

2x) _ gyQ 


(x)(0.5 

+ x) B7U 


After cross 

multiplication, 

t 

2.25 - 6x + 4x 2 = 

870x 2 

866x 2 + 

441x - 2.25 = 

0 


of I 2 formed, the following 
HI 

1.5 moles 

2x moles 

moles 

1.5 - 2x moles 


+ 435x 
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Using the quadratic equation, 


_ -b ± /b 2 - 4ac 
x 2a 

x = 0.005 moles of I 2 formed. 
(The negative root is discarded.) 


• PROBLEM 11-52 


A mixture consisting of 50% CO and 50% 0 2 on a molar 
basis enters a device at lOOkPa and 25°C7 It emerges 
from the device at 3000K and 100 kPa. Assuming that 
any oxygen emerging is diatomic,determine the magni¬ 
tude and direction of the heat transfer for the 
steady state process. 


Solution : The chemical reaction 

0.5CO + 0.50 2 -—* C0 2 + CO + 0 2 

gives the products that emerge from the device. Furthermore 
co 2 --* CO + io 2 

gives the equilibrium equation for the products. Let e be 
the number of kmol of C0 2 dissociated, then 



O 

O 

CO + 

0.50 2 

Initial: 

0 

0.5 

0.5 

Change: 

+e 

-e 

-0.5e 


Equilibrium: e (0.5-e) (0.5 - 0.5e) 

Therefore the total number of kmol at equilibrium is 
n = e + (0.5 - e ) + (0.5 - 0.5e) = 1 - 0.5e, 

and the equilibrium mole fractions are 

e _ 0.5-e _ 0.5-0.5e 

y C0 2 - 1-0.5e ' y C0 1-0.5e ’ y 0 2 1-0.5e 

From the table of the equilibrium constants, K at T = 3000K 
is 

InK = -1.111 > K = 0.329 
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Substituting these values along with P = 0.1 MPa into the 
following equation, gives : 


K = 0.329 = 


f C0 ’ y 0 r 


Y C0 r 


(£) 


j+4-i 

i 


( 0-5- e\ /0.5-0.5e\ * 
Al-0.5e/\ 1-0.5e ) 

(iZBfe) 


or in more simplified form 


f <£) -(^) &** ) ■ °' 1084 

In the previous equation,the number of moles of each compo¬ 
nent must be greater than zero in order to obtain a physically 
meaningful root. Thus the root must lie in the range 

0 < e < 1 


The solution is found by trial and error as shown in the 
table. 


Assumed value 

f (e) 

for £ 

0.32 

0.1281 

0.325 

0.1173 

0.3291 

0.1084 


Therefore the number of moles of each component at equili¬ 
brium is 

n^Q = 0.3291, n^Q = 0.1709, n^ = 0.3355 
2 2 

and the overall process is 

0.5CO + 0.50 2 --* 0.3291C0 2 + 0.1709CO + 0.33550 2 


The heat transfer for the reaction can be calculated using 
the first law and obtaining the enthalpies from the table 
of the enthalpies of formation. Let the subscripts R and P 
stand for the products and reactants,respectively ; from the 
first law, written for this case (on a mole basis) 
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( 1 ) 


Q + E n.h = E n.h 
R P 

or solving for Q 

Q = [ n co 2 E co 2 +n co E co +n o/o 2 ] “ [ n co E co +n o 2 E o 2 ] 

J T=3000K L T=298K 


Using the tables of the enthalpies of formation with the 
formula 

h i = [^ h f*298 + ^ h T " h 298^] 

i 

where the subscript stands for the components at T=3000K, 

h co = -393,522 + 152,862 = -240,660 kJ/kmol 
2 

h co = -110,529 + 93,542 = -16,987 kJ/kmol 

h n = 0 + 98,098 = +98,098 kJ/kmol 

u 2 


and at T=298K 

h CQ = -110,529 


h 


0 


Substituting these values into equation (1), then 
Q = J7o. 3291)(-240,660) + (0.1709)(-16,987) + (0.3355)(98,098) 

- j(0.5)(-110,529)J 
= -6,072.09 kJ/kmol 


The negative sign indicates that the heat is added to the 
system. 
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EQUILIBRIUM CONSTANT 


• PROBLEM 11-53 


Carbon dioxide decomposes into carbon monoxide and 
oxygen by the following reaction: 

co 2 -—^ CO + io 2 . 

Calculate the equilibrium compositions and the extent 
of reaction at 5301°F and 1 atm. Assume that K under 
these conditions is equal to 0.647. p 



Solution : The equilibrium constant is related to the stoi¬ 

chiometric coefficients of a chemical equation. The CO com¬ 
bustion reaction may be rewritten using letters as the stoi¬ 
chiometric coefficients. The reaction will be written as 
f o1lows: 


bCO + c0 2 


The equilibrium constant will be 

(x co> • (x o > 

if _ _ 2 _b+c-a 

P , v %a *T0TAL 

^ x co 2 ; 


For the given problem, 


a = 1, b = 1, c = 0.5 and P„ 


= 1 atm. Therefore, 


X C0 x 0 r 


= 0.647 


Initially, stoichiometric proportions were present in the 
mixture. However, as the reaction proceeds, C0 9 reacts and 
its stoichiometric coefficient no longer equals 1. The same 
is true for the products of the reaction. To compensate 
for this imbalance, an extent or degree of reaction e is now 
written as follows. 

C0 2 - 1 (l-e)C0 2 + eCO + | 0 2 


The total number of moles at equilibrium is 
N TOTAL = +£ + 2 =1+ 2 
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The mole fractions at equilibrium are 


C0 9 l+e/2 


CO l+e/2 


a 0 2 l+e/2 

Therefore, the expression for is: 


[l+e/2)(l+e/2)^ _ 

(£}*) 


= 0.647 


K p (1-e )2(2+e) °- 4186 

Solving for K by trial and error methods,the following solu¬ 
tion is obtained: 

e = 0.578 

With this value, the equilibrium concentrations are obtained. 
X C0 2 = 1+7/2 = 0,327 


X C0 l+e/2 0,448 

x o 2 = = 0,225 


It was seen from this problem that not all of the C0 2 reacted 
and that a substantial portion of the equilibrium mixture 
contains C0 o - 


• PROBLEM 11-54 


Find the equilibrium constant for the reaction 


CO + h 2 o 


C0 2 + H 2 


at 77 F. Assume ideal gas behavior. 
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Solution : The equilibrium constant, K , can be determined 

from the following equation: ^ 

AG° = -RT In K 

P 

where AG° = change in standard Gibbs function 
R = gas constant 
T = temperature 

The change in the standard Gibbs function is given by 

= AG° j ^ - AG° 

products reactants 

The free energies of formation for all the constituents of 
the reaction are found from standard tables and are given 
below: 


Component 

Z!G 0 f cal/gm-mole (25°C) 

CO 

-32,810 

h 2 0 

-54,640 

H 2 

0 

co 2 

-94,260 


Therefore, 

AG° = AG° , . - AG° ^ . 

products reactants 

= (-94,260 - 0) - (-32,810 - 54,640) 

= -6810 cal/gm-mole 

= -12,250 Btu/lbm-mole 

Solving for In K p gives 

„ - aG° 12,250 Btu/lbm-mole x 778 ft-lb/Btu 

Jn *p RT 1545 ft•lb/lbm-mole- u R x 537°R 

= 11.5 

and K p = 98,000 
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• PROBLEM 11-55 


Ammonia decomposes by the following chemical reaction: 


Ml, 


iN 


2(g) 


+ iH 


2(g) 


where the free energy of formation is 

AG° = 10,400 - 7.IT log T - 3.79T cal 

Find the extent of dissociation of ammonia to form 
hydrogen and nitrogen at 523°K, 1.0 and 0.5 atm. 
Comment on the effect of pressure on ammonia disso¬ 
ciation. Assume ideal gas behavior. 


Solution: The stability of ammonia gas depends on pressure. 

Three independent simultaneous equations are necessary to 
solve for the three unknowns p MP , p„ and p w . 

JNH3 « 2 jn 2 

For the decomposition reaction, 

AG° = 10,400 - 7.IT log T - 3.79T cal 
@ 523°K 

£G° = -1677 cal 
tC 0 = -RT In K 


„ _( +1677 \ 

.. *p exp ^ (1.99)(523) ) 


K =5.01 
P 


From the chemical reaction. 


K = 
P 


3/2. 1/2 

H 2 N 2 
f NH„ 


= . 3/2 


= P 


H r 


rs 1 / 2 , 

Pn 2 ^ P NH, 


(due to ideal behavior) 


Since the dissociation of ammonia always results 
ation of 3 moles of H 2 for every one mole of Ng, 


in the form- 


3 p 


N r 


= P 


H r 


The third relation is, 

P N 2 + P H 2 + P NH 3 = P T0T 
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For P TQT = 1, 

p N 2 + p H 2 + p NH 3 


1 


4p N + P NH = 1 (substituting for p R ) 


Now substituting for p^ R 
pression. 


in the equilibrium constant ex- 


5.01 


(3p N ) 3/2 ( Pm ) 


N 2 

~+TT 


( -4p 


N r 


1/2 


After cross multiplication, 

5.2pj? + 20.04p M - 5.01 = 0 

w 2 

-20.04 ± /(20.04) 2 - 4(5.2)(-5701) 
P N 2 2(5.2) 

p^ — 0.236 


p„ = 3(0.236) = 0.708 
H 2 

p Nr = 1 - 0.236 - 0.708 = 0.056 
3 

@ 1 atm,94.4% (by volume) of the NH^ will dissociate. 
For P TO x = 0 • 5 atm , 
p H 2 + p NH 3 + p N 2 = °- 5 

4p N 2 + P NH 3 = °* 5 


Plugging into the equilibrium constant expression, 

2 

5.2p N + 20.04p^ - 2.505 = 0 

2 2 

_ -20.04 ± /(20.04) 1 - 4(5.2)(-2.505) 

P N 2 2(5.2) 

P N =0.12 
N 2 

p„ =0.36 
H 2 

p nh 3 = 0,02 

.'. @0.5 atm,96% (by volume) of the NHg dissociates. 
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The trend seen in this problem follows Le Chatelier's prin¬ 
ciple. Since 1 mole of gas reacts to give 2 moles of gas 

(U + m ) as the pressure is raised, the reverse reaction 
2 2 

is favored and therefore, the dissociation decreases. 


• PROBLEM 11-56 


A certain steel containing 0.7 weight-percent carbon 
is in equilibrium with a methane-hydrogen gas mix¬ 
ture containing 99 percent hydrogen and 1 percent 
methane by volume at 1,173°K and 1 atm. Find the acti¬ 
vity of carbon in the steel and the equilibrium volume 
percentages of a carbon monoxide-carbon dioxide mix¬ 
ture at equilibrium with the steel at the same condi¬ 
tions. Use the following data to solve the problem 
and assume all gases are ideal. 

Data 

For the reaction 

(s, graphite) 2(g) x- 4(g) 

AG° = -21,600 + 26.2T cal 

For the reaction 

C0 2(g) + C (s, graphite) — 2C0 (g) 

AG° = 40,800 - 41.7T cal 


Solution : This problem is a typical example of the principle 

of determining the equilibrium conditions of a certain reac¬ 
tion from the known conditions of a similar reaction. The 
carbon activity in the steel is found by the H 2 - CH^ equi¬ 
librium gas composition. Using this activity, the molal ana¬ 
lysis of a CO - C0 2 gas mixture can be obtained. 


For the C - H 2 - CH 4 equilibrium, 


1,173 K 


AG° = -21,600 + 26.2(1,173) 


In K = 
P 


= 9,132.6 cal 
-AG° 


RT 

-9,132.6 


ln K p " <i.&)< 1/1737 " _3 * 9 

K =0.02 
P 
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f CH 4 
K = —-^ 


p f H2 .a c 


Since all gases are ideal, 


CH. 


Kp P H„• a C 


Substituting the given equilibrium gas compositions, 

P™ = (0.01) 1 atm 
Ui 4 

P„ = 0.99 (1) atm 
H 2 


0 .01 


K = 


p (0.99) z a 


*- = 0.02 

4 n 


0 .01 


.*. The activity of the carbon in the steel (relative to 
graphite as the standard state) is 0.51. 


The CO - COg gas composition in equilibrium with the steel 
(carbon) is obtained from the reaction 


@ 1,173°K 


C °2(g) 

+ 

> 

C (s) ^ 

— 2C0 (g) 

AG° = 

40, 

800 - 

41.7T cal 

II 

O 

8 

40, 

800 - 

41.7(1,173) 

= 

-8, 

114.1 

cal 

K 

P 

exp 

( +8 

,114.1 '\ 

1 1 T73§ 

x l’i73j 


From the chemical reaction, 

K p = f cc/ f co 2 ,a c 


Since all gases are ideal. 


K p ” p co /p co ‘ a c 
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Substituting for K p and a .g, 


p co/ p co 2 = 16 - 47 

but P C0 + P C0 2 = P TOT = 1 
p co = 16 - 47(1 - P C0> 

or 

p co + 16 - 47P C0 - 16 - 47 = 0 

Using the quadratic equation, 

t, _ -16.47 ± /(16..47)*' - 4(-16 .47) 

CO 2- 

Pqq = 0.946 atm (The negative root is neglected) 

P^q = 0.054 atm 
2 

The gas contains 94.6% CO and 5.4% C0„ (by volume). 

a * 


• PROBLEM 11-57 

Carbon monoxide reacts with oxygen according to the 
following chemical equation: 

CO + 40 2 = C0 2 

A stoichiometric mixture of CO and 0 2 enters a reactor 
at 100°C. C0 2 , CO and 0 2 leave the reactor in chemi¬ 

cal equilibrium at 1,527°C and 2 atm. K p for the reac¬ 
tion at 1,527%C is equal to 1 x 10 3,9 atm _i . Calculate, 
the partial pressures of C0 2 , CO and 0 2 in the products. 


Solution : Assuming ideal gas behavior, using the informa¬ 

tion obtained from reaction stoichiometry, mass conservation, 
and the expression, the partial pressures of all the spe¬ 
cies can be calculated. 


7 65 



The expression for K is 

P 

K p = P-F^T = 1 x lo3 ‘ 9 atm“* 

p CO o 2 5 

Due to the ideal gas assumption, 

C0 2 + P C0 + P 0 2 = P TOT = 2 

and 


initial # atoms^ 
initial # atomsj - P - 


By the law of atomic conservation,carbon balance: 

n C0 2 (initial) + n CO(initial) = n C0 2 (final) + n CO(final) 
where n = number of atoms of carbon in each species present. 

Oxygen balance: 

2n C0 2 (initial) + n C0(initial) + 2n 0 2 (initial) = 

2n C0 2 (final) + n CO(final) + 2n 0 2 (final) 

Since n^ (initial) = balances are: 

2 

n C0(initial) = n C0 2 (final) + n C0(final) 

and 

n C0(initial) + 2n 0 2 (initial) = 2n C0 2 (final) + n CO(final) 

+ 2n 0 2 (final) 


If n C0(initial) 
oxygen balance. 


in the carbon balance is substituted in the 

an expression for n^ (initial) * s Stained. 

2 


n 0 2 (initial) n 0 2 (final) + in C0 2 (final) 
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The feed stream consists of a stoichiometric ratio of CO to 

0 o . In other words, = 2 ( a ratio of 2:1 from 

^ n 0 2 (initial) 

the chemical equation). Therefore, 

P C0(initial) _ * °CO(fipal) _ ^ 

°0 2 ( initial) “cyfinal) * 4n C0 2 (final) 


Since the atomic ratios are proportional to the partial pres¬ 
sures. 


P C0(final) = 2 
P 0 2 (final) 


or 


P 


CO 



(The subscript "final" has 


been dropped since now there is no confusion regarding which 
pressure is being referred to.) 


Since all of the pressures 


or 


auu u.p 


p co„ + p co + p o r 

A £ 

P co 2 + 3p o 2 - 2 


2, 

2 


Plugging these values into the K expression, 

P 


C0 r 


1 x KT 


°2 °2 


16,000 3 / 2 = P, 

'-'o ' 


co r 


CO, 


(2P rt P n *) 2P- 


2 

3/2 


But 3P 02 = 2 - P C02 


Therefore, 


2 - PcQ i 3 / 2 

p » 2 - 3 2 


This equation can be solved by trial and error. 
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If P^q = 1.9 is tried, a value of P^q 
2 2 
This shows that the first attempt was too high. If 

P„ = 1.999 is tried, a value of P™ = 0.2435 is obtained. 


= 243.5 is obtained. 


Therefore, it is seen that this trial was too low. After a 
few trials, the correct value is obtained. 


P C0 = atra 

2 

P = (2 - 1.996)/3 = 0.00133 atm 
°2 

P = 2P n = 0.00267 atm 

tU Un 


The extent of reaction is very high, and the small amounts 
of Og and CO in the product mixture are due to C0 2 disso¬ 
ciation at high temperatures. 


• PROBLEM 11-58 


What is the equilibrium composition of a mixture of 
carbon monoxide, carbon dioxide, and molecular oxygen 
at 3000°K and 30 psia? Assume the mixture contains 
5 atoms of oxygen per atom of carbon. 


Solution : The reaction is given by C0 2 — A CO + i0 2 

and the equilibrium constant for this dissociation reaction 
is given by 


K(T) 



1 


where P = reaction pressure 

Pq = some reference pressure (atmospheric) 
x^ = mole fraction of substance i 
K = equilibrium constant 

Pq is arbitrarily chosen to be 1 atmosphere or 14.7 psia. 


From a table of the equilibrium constant, it is found that at 
3000°K, log 1Q K -0.469 or K = 0.340. 
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Thus, 


0,238 


x CO 



x co 2 


- 0 - 34 °*(^ 7 ) 



The above equation represents an equilibrium constraint on 
the system. A mole fraction constraint can also be written 
for the system, 

x co + x co 2 + x 0 2 = 1 


since the mole fractions must sum to unity. A third con¬ 
straint for the system is the ratio of carbon atoms to oxygen 
atoms in the mixture: 1 carbon atom is present for every 
five oxygen atoms. So, 


x co 2 + X C 0 


2 x C0 2 + x co + 2 x 0 2 


1 

5 


The three constraints represent three simultaneous 


with three unknowns, which are x 


C0 r 


x co and x o r 


equations 

These 


three equations can be solved using some numerical technique. 
The solution is found to be 


x^q = 0.0891 

x n = 0.615 
u 2 

*co 2 - 0 296 

which is the equilibrium 


composition of this system. 


• PROBLEM 11-59 


In a continuously fed catalytic ammonia converter 
1 mol of nitrogen reacts with 3 mol of hydrogen ac¬ 
cording to the following chemical reaction: 

N 2 + 3H 2 = 2NH 3 

The converter is operated at a pressure of 100 atm and 
a temperature of 350 C. The equilibrium constant for 
this reaction K is equal to 14.4 x 10" 6 at 500 C. The 
enthalpy of reaction AH 0 is -25,800 cal/g-molat the de¬ 
sired temperatures. All standard states are assumed to 
be pure components at 1 atm pressure. Assume ideal-gas 
and Lewis-Randall behavior. Calculate the equilibrium 
conversion of nitrogen to ammonia. 
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Solution : The equilibrium constant is given at a temperature 

of 500 a C, therefore, the Q equilibrium constant (K) at the op¬ 
erating temperature (350 C) must be calculated. Once this 
value is known, K , the equilibrium constant based on mole 
fractions, can be ra determined and the equilibrium conversion 
obtained. 

To calculate K at 350°C, the following equation is used: 


In 


marl 

l 2 

tkjzt 

x i 


AH° 

RT 2 


dT 


Substituting the numerical values. 


In 


623 U K 

r' K) 623°K 


(K, 773°K 


, f r-25,80(f ] dT 

_Lo_.L T 2 J 


773°K 


Integrating, 

1 - 9S7 5=ilrTE ln [i4:ffio-] - ^25,8oo(gjj - 


Simplifying, 


In 


l^ K) 623°K 


14.4 x 10 


-6 


8.036 

1.987 


= 4.044 


Hence, 


( K) 623 = 14 - 4 x 10 " 


. o'. 1 . = g 216 x 10' 


K is related to K m by the expression 

K K 

K - m P 
K 


Therefore, 


K IT 


k = ^ 

m K 


Since the standard-state conditions are all pure components 


at 1 atm, f° = 1 atm and K° 


1 - . -2 
= 1 atm 


K is 
P 


ff‘ f 

directly related to the system pressure by the expression 

K = = — 

P pp3 p 2 
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Since p = 100 atm, K p = (100 atm) 2 = 1 x 10 4 atm 2 


Now, K can be calculated, 
m 

K K° 


K = 


m K 


= (8.216 x 10“ 4 X1 atm" 2 ) 


1 x 10 atm 


,-2 


K = 8.216 
m 


Setting up a table of property values for the reacting mix¬ 
ture based on 1 mol of nitrogen feed and x mol of N Q reac¬ 
ting, ^ 


Table 1 




N 2 

H 2 

ira 3 

Total 

Initial 


1 

3 

0 

4 

Formed by 

reaction 

-X 

-3x 

2x 

-2x 

Final 

1- 

-x 

3-3x 

2x 

4-2x 

Final mole 

/1. 

fraction^ 

Si) 

/ 3-3x\ 

(A) 

1.0 


By using the calculated value of K , x can be obtained. 



" \(\) 


Therefore, 


8.216 

8.216 


((1 


( 2x V 

VTOTAL/ (where T0TAL=4-2x 

-x)/TOT)((3-3x)/TOT) 


) 


(4x 2 )(4-2x) 2 
(1-x) (3-3x) 3 


The solution of this equation for x gives the equilibrium 
conversions of Ng to NH^. Since this is a fourth order equa¬ 
tion, a trial and error method is adopted. Examination of 
the range of possible values for x shows that 0 <. x < 1. 

Since is a relatively small number, it is quite possible 

that x cannot be a very small number (since there would be a 
small denominator resulting in a large K^). A good first 

guess,therefore, is x = 0.5. For this value of x, K =5.33. 
9 9 m 

This shows that a higher value for x is needed. After a few 

trials, the exact value obtained is x = 0.54. 
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Table 2 


Trial # 

X 

K 

m 

x , = high or low? 

1 

0.5 

5.33 

low 

2 

0.6 

16.33 

high 

3 

0.53 

7.37 

low 

4 

0.54 

8.22 

correct 


Therefore, it is seen that the maximum conversion of N 2 to 
NHg under the given conditions is 0.54/1.0 * 0.54 or 54% con¬ 
version . 


EQUILIBRIUM CONSTANT DEPENDENCE ON 
TEMPERATURE 


• PROBLEM 11-60 

Hydrogen reacts with iodine gas by the chemical re¬ 
action: 

H 2 (g) + *2 (g) 2HI <g> 

Kp for this reaction is equal to 870 @ 25°C and 

AH 25 = -2480 cal. Calculate K @ 40°C for the follow¬ 
ing two cases. ” 

(a) If AH is constant for this temperature range. 

(b) If AH varies with temperature. 


Solution: can be calculated by using the equation 

din Kp/dT = AH°/RT 2 

After integration, 

, _ K p (@T 2 J _ AH 0 ( T 2 ~ T l\ 
log K p (@1^) ~ 2.303R V T 1 T 2 J 
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substitution into this equation yields: 


log K p (@ 313°K) - log 870 - 987) ((firoU)) 

K p - 712 


Due to the fact that Ah < 0, K decreases with an increasing 
temperature. 


If AH is not constant, it must be expressed as a function of 
temperature. Therefore 

AEp = AH ][ t+ Aa T + (Ab/2)T 2 + (Ac/3)T 3 + . . . . 


In K = 
P 


(1/RT 2 )(AH I + AaT + (Ab/2)T 2 + (Ac/3)T a 

+ . . .)dT + I 


or 


In K = 
P 


AH t a aw 

—- + — InT + —T + —T 2 + 
RT R ±UL 2R 1 6R 1 


. + I 


This equation allows us to find K p at any temperature within 
the range of valid parameters a, b, c,provided the parameters 
and the integration constants I, AH, are known. The value of 
the integration constant I can be calculated by finding K 
(orAG°) at a particular temperature. p 


• PROBLEM 11-61 


The sodium chloride formation reaction is 

Na (1) + *Cl 2(g) NaCl (s) . 

The standard heat of formation of sodium chloride is 
equal to -98.6 kcal mole”^ and is temperature inde¬ 
pendent. When Hg and HC1 gas are in equilibrium with 

liquid sodium and solid NaCl. the partial pressure of 
chlorine gas is 1.672 x 10 mmHg <§ 773°K. Using this 
information, determine the equilibrium partial pressure 
of chlorine @ 823°K. 
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Solution: Using the van't Hoff equation,at the second 

temperature can be found. Due to the fact that AH^ is a 
constant, the approximate form is used. Before this cal¬ 
culation is performed, the known value of the partial pres¬ 
sure of chlorine is used to obtain K @ 773°K. 

P 


For the NaCl formation reaction. 


K = 


NaCl 


a 

^a^Clg 


If sodium and NaCl are in their standard pure states and the 
Clg behaves as an ideal gas , 


K 


P 



P 



1.672 x 10” 43 mmHg ■ 2.2 x 10~ 46 atm 


K 

P 


_ 1 

(2.2 x lO -1 * 6 )* 


= 6.74 x 10 22 @ 500°C 


This value is now substituted into the van't Hoff equation 
(integrated form) as K^, 


In 


RV 


vqj 


AH ( 1 1 \ 

‘ R V T 2 " V 


ln(6.74 x 10 22 ) - In Kg 1.&87 ^823 “ 773 ) 


K 2 = 1.36 x 10 21 


Now, 


1 

P C1 9 ■ W 

Z p 

1 

P C1 2 (1.36 x 10* 1 )* 

* 5.40 x 10"" 3 atm. 
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This problem can also be solved by calculating AG° @ 773°K 
from K 773 and solving for AS 0 in the equation 

AG° = AH 0 - TAS°. 

Assuming that AH 0 and AS 0 are temperature independent, then 
AG° @ 873 can be calculated, from which can be obtained. 


• PROBLEM 11-62 

Hydrochloric acid gas reacts with oxygen by the fol¬ 
lowing reaction : 

2HCl(g) + i0 2 (g) — H 2 0(g) + Cl 2 (g) 

If AG 298 = ~ 9 - 098 kcal and ^298 = “ 13 - 672 kcal, cal- 
culate Kp and AG° @ 400°K using the following heat 
capacity data. 

heat capacity data 

(all heat capacities are in cal mole“^deg“^) 

HCl(g), £° = 6.7319 + 0.4325 (10 -3 )T + 3.697(10 -7 )T 2 

0 o (g), C° = 6.0954 + 3.2533(10~ 3 )T - 10.171(10 -7 )T 2 

H o 0(g), C° = 7.219 + 2.374(10 -3 )T + 2.67(10 _? )T 2 
z p 

Cl 0 (g), C° = 7.5755 + 2.4244(10 -3 )T - 9.65(10 _7 )T 2 
z p 

Also develop the expression for the variation of 
[the equilibrium constant based on concentrations] 
with temperature. 


Solution : From the heat capacity data, AH® can be calcula¬ 

ted. Using this value, can be evaluated. 

From the heat capacity data, Aa, Ab, and Ac can be evaluated 

and this leads to AC . 

P 

Therefore, AC 0 = -1.7170 + 2.3067(10" 3 )T - 9.288(10 -7 )T 2 
P 

Using the equation 

AH° = AH° + AaT + (Ab/2)T 2 + (Ac/3)T 3 
at 298°K, AH® = -13,254 cal. Since AG^ gg = -9098 cal, 
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1„ Kp(® 298) - “ . 15 . 36 2 


Using the equation 


d In K 


dT 


-E = AH°/RT 2 


or 


In K p = j Ql/RT 2 )(AH° + AaT + (Ab/2)T 2 + (Ac/3)T^JdT +1 


-ah'; 

_: + iifi In T + — T + T 2 + T 

RT R in 1 2R 1 0R 1 1 


15 35«> - 13,254 1.7170 ofto 0 , 

15 - 352 (T7987)C298727 " TT9S7 ln 298 - 2 + 


2 -3067(IQ- 3 ) 9 288(10 -/ ) 2 

5(17967) 298,2 (571.987) (298.2) + I 

or I = -2.263 

at any temperature, K p can be calculated. 


ln K 

P 


13,254 1.7170 

I.987T 1.987 


ln T + 


2.3067(10" 3 ) 
2(1.98?) 


9.288(10 7 ) 

5(17987) T 


2.263 


T 


at T 


400°K, In K p = 1.3095 x 10 4 . 


AG° = -RT ln K p = -(1.987)(400)ln(1.3095 x 10 4 ) 
= -7535 cal 


The variation of K with temperature is obtained by taking 

the logarithm on both sides of the equation, K = K (RT)^ n , 

P c 

and taking the derivative with respect to temperature, 
d ln K 

-ar-E = d In K c /dT + An/T 

But d ln K = AH°/RT 2 
P 


d ln K 

c 

dT 



An/T = [AH 0 


An( RT)[] /RT 2 


.\ d ln K 
-dT" 


£ = AE°/RT 


2 
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• PROBLEM 11-63 


Hydrogen and oxygen liquids are used as fuels for a 
rocket engine which is designed to operate at a cham¬ 
ber pressure of 15 atmospheres, and the gas feed temp¬ 
erature is -100 °F. Calculate the maximum temperature 
that can be attained in the combustion chamber when the 
dissociation is 0.02 and 0.2. Assume a constant pres¬ 
sure combustion and no OH product. Use table (1) for 
equilibrium constant values. 
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Solution : The amount of dissociation will be defined as x in 
the equation 


H 2 + i0 2 


(1 - x)H 2 0 + xH 2 + |x0 2 


where 0 < x < 1 

The number of moles in the product is then 
N = (1 - x) + x + Jx = 2 - £~ 


relates the mole fraction 


P. n. 

The equation p - :: = -- = x. 

^TOT TOT 

of the products to the partial pressures so that 

p = 2(1 - x) 

f H 2 0 2 + x *TOT 

p = 2 x p 

H 2 2 + x TOT 


0 2 2 + x TOT 


Now from table (1) 


k p = 


< p h 2 >^ p o 2 ) 1/2 


For x = 0.02, 
P, 


15 = 0.297 atm 


«2 V 2 ' 02 " 

p o 2 - (r§§> 15 )= 0149 at ” 

V ( 2;? - i : o2° 2) ) 15 ■ 14 - 554 at ” 


Then K P = - 0.00788 


log K = -2.103 
P 


The temperature which corresponds to the maximum temperature 
for x = 0.02 is obtained by interpolating the data in table 
( 1 ). 

Therefore, 

T = 2553°K 

For x = 0.2 

P„ =2.73 atm 
H 2 
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P n =1.36 atm 


P H q= 10.9 atm 

K = 0.292 
P 

and 

log K p = -0.534 

From table (1) 

T * 3150°K (approximately) - 


• PROBLEM 11-64 


Carbon monoxide reacts with water by the following 
reaction : 

CO + h 2 o - -—^ co 2 + h 2 

If the gas feed stream contains 20 mole % Ho, 6 mole 
% CO, 2 mole % C0 2 and 72 mole % HgO @ 477o£ and the 
total pressure is ± atm, calculate xhe conversion at¬ 
tained at 700, 800 and 900°K. Assume ideal gas 
behavior. Use the following entropies, heat capacity 
and heats of formation data to solve the problem. 

units = calories; g mol, °K 77 8 



CO 

h 2 o 

C0 2 

H 2 


-26,416 

-57,798 

-94,052 

— 

S' ,298‘ > K,latm 

47.301 

45.106 

51.061 

31.211 

a 

6.420 

7.256 

6.214 

6.947 

bxio 3 

1.665 

2.298 

10.396 

-0.200 

cxlO 6 

-0.196 

0.283 

-3.545 

0.481 


Solution : From the data, AH, AS can be determined. From 

these quantities AG can be calculated. From AG, K is ob¬ 
tained and then conversion can be calculated. The heat of 
reaction @ 298°K and 1 atm is 
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^298 ^ ^products ^reactants 

= -94,052 + 26,416 + 57,798 = -9838 cal/gmole 

The entropy change of reaction @ 298°K 

^298 ~ ^ ^298 ^products ” ^ ^298 ^reactants 

= 51.061 + 31.211 - 47.301 - 45.106 = -10.135 

cal^ mole°K 

^ ^ ^products ” ^ a ^reactants 

= 6.214 + 6.947 - 6.420 - 7.256 = -0.515 

Ab - (k)p ro d uC ts ” ^^reactants 

= [lO.396-0.200-1.665-2.298] x 10" 3 = 6.233 x 10" 

Ac - ( c )p roc j uc ts " ^reactants 

= £-3.545+0.481+0.196-0.283] x 10" 6 = -3.151 x 10 


Using the following equations, AH°, AS^ and AG^, are calcu¬ 
lated . 

(A) AH° = AH° 98 - Aa(298) - 4p(298) 2 - -^(298) 3 

(B) ASq = AS° 9g - Aa ln(298) - Ab(298) - -^(298) 2 

(C) AG° = AHq + (Aa -AS Q ) - AaT ln(T)-4pT 2 - ^pT # 


AH° = -9838 + (0.515)(298) - (6.233x10“ /2)(298) 2 
+ (3. 151x10 -6 /3)(298) 3 = -9934 cal/g mole 
AS° = -10.135 + 0.515 In(298) - (6.233xl0“ 3 )(298) 
+ (3. 151 x 10 “ 6 /2)(298) 2 = -8.92 cal/g mole 


■ ■ _ _ 3 

(AG°/T) = -(9934/T) + 8.41 + 0.515 In T- (6.233x10 /2)T 

+ (3.151x10“ 6 /6)T 2 
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Using the equation 

In K = - tmP/RT 

the equilibrium constant can be determined. 


T°K 

AG r /T 

In K = 

-AG°/RT 

K 

700 

-4,33 

2.18 

8.85 

800 

CN 

r- 

CN 

1 

1.37 

3.'93 

900 

1 

H» 

U1 

O 

0,755 

2.13 


Assuming a basis of 100 moles of feed gas and x moles of 
carbon monoxide reacted, the moles of each species present 
at equilibrium are: 


moles 


CO 

6-x 

h 2 0 

72-x 

co 2 

2+x 

H 2 

20+x 


Total 100 

The equilibrium expression is 



substitution of the number of moles of each species at equi¬ 
librium gives 

K = (20+x)(2+x)/(6-x)(72-x) 

The quadratic equation may be solved to determine x as a 
function of K, 

1- [l- (0.284)(K-0.0926)(K-l)/(K+0.282 

X = - 

( 0.0257 )(K-l)/(K+0.282) 

The value of x is obtained for three different temperatures 
using the corresponding value of K. 

Where x/6 indicates the fraction of the original CO that has 
reacted before equilibrium is reached. 
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• PROBLEM 11-65 


Ethanol is produced from carbon monoxide gas and 
hydrogen gas as shown by the reaction 

2C0 <g> ♦ 4H 2(6> -- C 2 H 5 OH (g> * H 2°(g> 

Using the following data, show K as a function of 
temperature. 

Data 


T°K 

AF°caly^ mole 

200 

-39,662 

400 

-17,884 

600 

5,168 


CO: C p 

H 2 : C p 

C 2 H 5 OH: C p 

H 2 0: C p 


Heat Capacities (cal/gmol°K) 
6.60 + 1.2 x 10" 3 T 
6.62 + 8.1x10” **T 

3.58 + 4.985xlO" 2 T - 16.99xlO” 6 T 2 
8.22 + 1.5xlO" 4 T + 1.34x10" 6 T 2 


Solution: By using the equations 

AF° = - RT In K and 

AH ^ 

I-= (R In K- Aa In T - T - T 2 ) = y 

A plot of y versus 1/T makes it possible to calculate AHq° 
from the slope and I from the intercept. An expression for K 
as a function of temperature can then be easily obtained. 

The equation for C p is in the form of 

C = a + bT + cT 2 . 

P 

The difference of the terms is calculated from the stoichio¬ 
metry of the equation. The method used is: 

a products ” a reactants ” ^ 

For our reaction, a prQducts = a(H 2 0) + a(C 2 H 5 OH), 

a reactants = 2a ( co ) + 4 a(H 2 ). The same method is used to 
calculate Ac and Ab. 
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The difference between terms in the C p equations are calcu¬ 
lated as follows: 

Aa = 3.58 + 8.22 - 2(6.60) - 4(6.62) 

Aa = -27.88 Ab = 0.04436 Ac = -15.65x10"* 

From the data, R In K can be calculated. 

@ T = 200°K, AF° = -39,662 = -RT In K 

Therefore, R InK= 39,662/200 = 198.3 

@ T = 400°K, R In K = 17,884/400 = 44.7 

@ T = 600°K, R In K = -$168/600 = -8.61 

By plugging in these values and the values obtained for Aa, 
Ab, Ac, a value for y at each temperature is obtained. 

T°K 
200 
400 
600 


400 

300 

y 200 

100 


0 0.001 0.002 0.003 0.004 0.005 

1/T 


: In K 

y 

1/T 

98.3 

341.9 

0.05 

44.7 

203.2 

0.0025 

8.61 

157.5 

0.00166 



From the plot of y vs. i,a slope of 55,400 cal/g is obtained, 

and is equal to —AHq°. The y intercept is 65.0 and is equal 

to I. By multiplying y by T and rearranging the equation, an 
expression for K as a function of T is obtained. 

T (R In K + 27.88 InT- 0.02218T + 12.61xlO -6 T 2 ) = 

65T + 55,400 
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L F° = -RTlnK = -55,400 + 27.88T In T - 0.02218T 2 + 2.61 x 
10"V - 65.0T 

or _6 

55,400 27.88 m 0.02218 m . 2.61x10 m2 . 65.0 

Xn K RT R in 1 R 1 R 1 R 
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CHAPTER 12 


FLOW THROUGH NOZZLES AND 
BLADE PASSAGES 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 785 to 
824 for step-by-step solutions to problems. 


Flow in nozzles, compressors, and natural gas pipelines are applications of 
compressible gas flow. To describe this flow, simultaneous solutions are required 
of the continuity equation, momentum equation, and energy equation (first law of 
thermodynamics). For nozzle and pipeline flow of an ideal gas, there are tabu¬ 
lated solutions available with the Mach number as the independent variable, and 
they are very useful in equipment design and analysis. In compressible flow a 
maximum flow rate can occur, and further reduction in the pressure at the end of 
the nozzle or duct will not increase the flow rate. The flow is said to be choked. 
Also, shock waves can occur in compressible flow in nozzles. 

Compressible gas flow is turbulent, and the velocity profile is essentially flat, 
i.e., the velocity is uniform over the cross section of the duct except very near the 
wall, where the velocity goes to zero. This uniform velocity profile approxima¬ 
tion is used to simplify the continuity, momentum, and energy equations; relatively 
simple algebraic equations are obtained which accurately describe the flow. 

Compressible Flow in Nozzles and Ducts 

The continuity equation for compressible flow in a variable area duct or 
nozzle is: 

iv = p Au (1) 

where iv is the mass flow rate—a constant for steady flow, p is the gas density at 
the cross section which has area A, and u is the velocity at that point. 

All three variables on the right side of Eq. (1) change with distance along the 
axis of the duct. For example, in a converging nozzle the area decreases from the 
reservoir (where the flow enters) to the exit of the nozzle. The velocity continuously 
increases from essentially zero at the reservoir to a maximum value at the exit. 
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and the density decreases from the reservoir to the exit. 

To determine how the pressure varies along the axis of a variable area duct 
for the flow of a compressible gas, it is necessary to solve the mechanical energy 
balance obtained from the equation for the conservation of momentum. This 
equation in differential form for one-dimensional flow is: 

udu + — + gdz + = 0 (2) 

p 6 2D 

where the terms represent kinetic energy, pressure-volume work, potential en¬ 
ergy, and energy loss to friction. 


If the flow is incompressible (constant density) and frictionless, Eq. (2) can 
be integrated to give Bemouli’s equation, which is: 


Mi 2 Pi 

~T + « +gz i 

2 pj 


P, 

' + + g z 2 


2 p2 

Subscripts 1 and 2 refer to entrance and exit conditions for the duct. 


( 3 ) 


Bemouli’s equation can be used for gas flow when the density change is less 
than 10 percent, which limits the flow to a Mach number of less than 0.2. The 
Mach number, M = u/u s , is the ratio of the gas velocity to the velocity of sound at 
the temperature of the gas, T. The velocity of sound for an ideal gas can be com¬ 
puted using u s = ( kRT) vl where k = CplC v is the ratio of the heat capacities at con¬ 
stant pressure and constant volume, and is equal to 1.4 for an ideal gas. R is the 
universal gas constant, 1.995 m 2 /sec 2 K or 1718 ft 2 /sec 2 R. 

When the flow is compressible, the mechanical energy balance, Eq. (2), must 
be solved simultaneously with the continuity equation, Eq. (1), and energy equation 
(first law of thermodynamics). Also, the potential energy change for gas flow, 
gdz, is small compared to the other terms, and can be neglected. However, the 
density, p, is a function of pressure, and the term dP/p must be integrated along 
the duct. This gives two cases for the solution of Eq. (2). One is adiabatic flow in 
a constant area duct with friction, i.e., a pipeline, and the other is adiabatic and 
isentropic flow (no friction) in a variable area duct, i.e., a nozzle. 

For the case of adiabatic flow in a variable area duct, a simple relation for an 
ideal gas with a Prandtl number of 3/4 is obtained from the solution of the energy 
equation which is given below: 

C p (T-T a ) + ^ = 0 (4) 

This is a design equation for both nozzle and pipeline flow. 

The ideal gas equation of state is required for the solution of compressible 
flow problems, and it is: 

P = pRT/M„ (5) 
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where M w is the molecular weight of the gas. 


Isentropic Flow in Nozzles 

There are many forms of the equations for the solution of isentropic flow in a 
nozzle, and these are based on flow through a nozzle that is upstream from a 
large reservoir. The velocity is essentially zero at the entrance to the nozzle, and 
the temperature and pressure are that of the reservoir. The following equations 
are a convenient way to present some of the results for this flow. 


First, for a given mass flow rate, w, consider the pressure, P, along the axis of 
a nozzle to be the independent variable. The velocity can be computed as a 
function of this pressure by integrating Eq. (2) (udu + dP/p = 0) using stagnation 
conditions, where u 0 = 0 at P 0 and T 0 to the velocity u at P and T at points along 
the axis of the duct. This gives: 

( 6 ) 


2kP n 


P 0 (*-l) 


A o 


This shows that the velocity increases with decreasing pressure along the axis of 
the duct. 


The temperature at this point is obtained from Eq. (5) as: 

T = T 0 ~— ( 7 ) 

° 2 

This shows that the temperature decreases along the axis of the duct. 

The density is given by the following equation: 



This cross-sectional area of the duct is computed from the continuity equation: 

A = w/pu (9) 

In the above equation, the mass flow rate, w, in the numerator is constant, and 
the denominator is the product of an increasing velocity and decreasing density. 
Beginning at the entrance of the duct, the area will decrease as the velocity 
increases to the point where the velocity is equal to the velocity of sound [u = 
(kRT) l/2 )\. Then the area will increase so the velocity can continue to increase. 
The point of minimum area is called the throat of the nozzle. There is subsonic 
flow in the converging section before the throat, and supersonic flow in the 
diverging section past the throat. This design is called a converging-diverging 
nozzle, and it is required on jet and rocket engines to have supersonic flow 
exiting the nozzle. 

The Mach number, M, is defined as the ratio of the fluid velocity to the 
velocity of sound. 
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In summary, the velocity increases and the temperature and density decrease 
as the pressure decreases along the nozzle axis. The cross-sectional area of the 
nozzle goes through a minimum as the pressure decreases along the nozzle. The 
velocity reaches the velocity of sound at this minimum area, and a small pressure 
wave cannot pass this point which is required to have the pressure profile read¬ 
justed to increase the rate of flow. Consequently, the mass flow rate is at its 
maximum value, and the flow is said to be choked. The velocity increases in the 
diverging section and is supersonic (Mach number greater than one). The flow in 
the converging section is subsonic (Mach number less than one), and the velocity 
at the throat is sonic (Mach number equal to one). For an ideal gas, the conditions 
at the throat can be computed using the following equations: 
t* p* * 

— = 0.8333 —-0.5283 0.6339 (13) 

To Po Po 

and the maximum mass flow rate can be computed using the following equation: 
w J kP n 2 / 2 

More elaborate experimental and theoretical methods are required to relate 
the variation of the area with axial distance to have a properly designed nozzle. 
However, for the range of industrial applications, this information is available 
from manufacturers. Specifying upstream and downstream conditions from these 
calculation procedures are sufficient for use in determining the correct length of 
nozzles. 



Finally, nozzles provide a high-velocity gas stream to impinge on blades in 
turbines and provide thrust in jet and rocket engines. The flow in converging- 
diverging nozzles was described, and design equations presented. Additional in¬ 
formation about flow in blade passages is given later in this chapter. 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Flow Through Nozzles and 
Blade Passages” 


STAGNATION PROPERTIES 


• PROBLEM 12-1 


Superheated steam* at 400 psia and 600°F, is flowing 
through a pipe with a velocity of 300 ft/sec. The flow 
starts from a point 10 ft. above the lowest part of the 
pipe line system. Determine the stagnation properties. 


Solution : P, = 400 psia 

T x * 600 # F 

At Pj and T t from steam tables 

Enthalpy h x = 1307.4 Btu/lb, entropy S t = 1.5901 Btu/lb°F 
and specific volume Vj = 1.4763 ft 3 /lb. 


Therefore the stagnation pressure is 


Pi + 


_:_ + i 

2 gv 1 v, 


Therefore 


' P« 


= 400 + -t 300 * 12 ^ 


2*(32.2*12)x[1.4763*(12)*] 


(10 x12) 


[1.4763x(12) 3 ] 
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= 406.62 psia. 


Stagnation enthalpy 
h 0 = h x + 



Z 

J 


= 1307.4 


(300) 2 
2x778x32,2 


10 

778 


= 1309.21 Btu/lb. 

And stagnation entropy = S 0 = Sj = 1.5901 Btu/lb-°F 

Therefore for stagnation pressure Po = 406.62 psia and 
stagnation enthalpy ho = 1309.21 Btu/lb from steam tables, 
by interpolation. 


Stagnation temperature is - 605°F and stagnation den- 


Po = — = 


1 

1.4643 


= 0.683 lb/ft 3 


• PROBLEM 12-2 


A pipe has air flowing through it steadily with a mass 
flow rate of 35 lbm/s-ft 2 . In the first section of the 
pipe, the pressure and temperature of the air are 60 
psia and 100°F. In another section of pipe further 
downstream, the pressure is 40 psia. Calculate the vel¬ 
ocity and the Mach number of the airflow at the second 
section of the pipe. Assume the pipe has a constant 
area, no heat transfer, no change in potential energy, 
the flow is one-dimensional and air is an ideal gas with 
constant specific heats of C D = 0.24 Btu/lbm°R and 
C v = 0.171 Btu/lbm°R. P 


Solution : To calculate the velocity and the Mach number at 
the second section, the temperature at this section must be 
obtained. From the first law and the continuity equation, 


hi + 




For an ideal gas, 

hi - h 2 = Cp(Ti - T 2 ) 
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Combining the above equations it is obtained 


C p (T i-T 2 ) 


_ [ml 2 f R 2 1 ffT 2 ] 2 fTjl 2 

- [ j ] [^j [[piJ - (prj_ 


Substituting the values,it reduces to 

n oa ^tu /•*«<-» _> r.\On _ /oc\2 Ibn * 2 (1.986/29 ) 2 Btu 2 


0 24 (560 - T? ) °R = (35} 2 (1«986/29 ) Btu 

°’^ 4 lbm^R (5b0 Tz) R S2ft“ 2(32.2) lbm*°R2 


lbf »S 2 | T 2 2 560 2 | ®R 2 

lbm/ft (40xl44) z " (60xl44) 2 lbfi/ft 4 

778 ft lbf/Btu 

134.4 - 0.24T 2 = 69.41^3.014 x 10 -8 T 2 2 -0.0042J 

134.4 - 0.24T 2 = 2.09 x10 -6 T 2 2 - 0.2916 

2.09 x10 -6 T 2 2 + 0.24T 2 - 134.692 = 0 

T 2 2 + 1.14874x10 5 T 2 - 6.4469346x10 7 = 0 

m _ -1.14874 x 10 s +./(1.14874x10* ) 2 + 4(1)(6.4469xl0 7 ) 


Therefore 


T 2 = 554°R 


For an ideal gas, the velocity of sound is, 


c = /kg c RT 


(k = 1.4 for air) 


at T 2 = 554° R, 


- 


32,2x1545x5541* ft/sec 


C 2 = 1153 ft/sec 
From the equation of continuity, 


m — P 2 — 
A = p2V2 = RTl V2 


Therefore 


35x1545x554 

29x40x144 


v 2 = 179 ft/sec 
Therefore the Mach number is, 


.. _ v 2 _ 179 _ ^ , cc 

“ 2 " £7 " IT53 " °- 155 
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• PROBLEM 12-3 


An air diffuser has an efficiency of 70 percent. The 
air enters at 333°K and 1.02 atm, and leaves at 2,8 atm. 
Calculate the pressure coefficient and the initial ve¬ 
locity. Assume 

Cp . = constant =0,24 cal/g°C and k ^ *1.4 

air ' air 



# 


Fig. 1. 


Solution : From the figure, it can be seen that P 2 =P 2 ’ =2.8 
atm, where the prime refers to the actual state (including 
the efficiency). The theoretical process is an isentropic 
one and hence, the appropriate relations are used. T 2 is ob¬ 
tained by using the equation: 


T 2 


= T x 


fp ^(k-i)/k 

i_2. 

l P lJ 



( 1 . 4-1 ) / 1.4 


444°K 


The actual temperature T 2 ' is obtained by using the dif¬ 
fuser efficiency, that is 


e 


= J »rTi 

T 2 ' -T i 


0.70 


444 - 333 
T 2 ’ - 333 


T 2 * = T fa = 492°K 


Using kinetic energy and an energy balance the initial 
velocity is obtained, that is 

K ‘ ■ ^ ■ Cp(T,' -T.) 


788 



j = 427 (The value of J is obtained 

caJ ^ as shown below. ) 


J = 778 


J = 778 irr^* 9 ^ - U i x (0 - 304 ^ meters x (0.45359) yg 
Btu 252cal ft lb 

lOOOg = 427 HLLg 
Kg (a) 

V x = ^2 x 9.8 m/sec 2 x 427 21 | x 0.24 |f| (492 - 333 )°k| ‘ 
Vj = 565 m/sec 

The pressure coefficient n , can be calculated by 

p _ p 

n r = ' ip* where is the pressure along the 


line 1-b (see figure). 

r nk/(k-o 

p b = p > %- 




= 4 atm 


Therefore, 


2.8 - 1.02 

>r 4-1.02 


= 0.597 


• PROBLEM 12-4 


Using the steam tables, calculate the velocity in a 
nozzle at a point where the pressure is 40 Psia when 
the superheated steam flows from a boiler. The initial 
boiler conditions are 

P(pressure) = 80 Psia, T(temperature) = 500°F, and 
V(velocity) = 0. 


Solution : From the steam tables, knowing the initial condi¬ 

tions, it is obtained, 

h Q = 1281.1 Btu/lbm 
S o = 1.7346 Btu/lbm°R 
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This process is isoentropic. Therefore, the initial en¬ 
tropy is equal to the final entropy. At S = 1,7346 Btu/lbra°R 
and P = 40 Psia by interpolation 

T f = 357°F 


h f = 1215.1 Btu/lbm 


Therefore, 


V “ / 2 <h 0 -h f )g c 


V = i/2x(1281.1-1215. l)Btu/lbm x 778,26 ft^b 32,2 lbm-ft 

Btu lb-sec 2 


= 1819 ft/sec 


• PROBLEM 12-5 


An adiabatically run air turbine has a nozzle of 4 in. 
diameter. The air flowing through the nozzle, has a 
pressure of 735 psia and a temperature of 350®R. Cal¬ 
culate the air velocity as a function of P 2 /P 1 and also 
the maximum output of air if k = 1.35. 


Solution : The air velocity is calculated by using the velo¬ 
city equation for flow through turbines, i.e. 


V 

V 



RT K 1* 
M K-l, 


2.08 


x 10 3 



1 -M 

[P 2 J 

fpil 0 ' 289 ! 

bij J 


(K-1)/K 


ft/sec 


Tabulated results 


p /p 

2 1 

V 

1 

0 

0.9 

341 

0.8 

492 

0.7 

616 

0.6 

733 

0.5 

843 

0.4 

955 

0.3 

1080 

0.2 

1220 

0.1 

1390 

0 

2080 
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To calculate maximum air output, 


(^critical ' (** 


critical 


= 0.536 


= 0.536 


>2 critical = 394 psia 


^ r r394^°- 259r T i 

■itical velocity(V c ) = 2„08xl0 3 1 - 735 = **03 ft/sec 


critical specific volume (v Q ) 


RT 1 /MP 1 

(P 2 /Pi),, l/K 


0.177 
(P2/P1) ’ 


0.177 


= 0.28 


volume critical = 028 f t 3 /lbm 

velocity Rn _ 

critical mass velocity = G = ^ 

* c Spvolume c 0,28 

= 2868 lbm/ft 2 sec 


max. amount of air = W = A*G 

max c 


■ i* iM 


= 0.873x 10“ 3 x 2868 = 2.5 lb/sec. 


NOZZLE EXIT CONDITIONS 

• PROBLEM 12-6 


Air is flowing tnrough a nozzle with a 90% efficiency and 
an expansion rate of 2.0 Kg/s. The inlet conditions are 
P = 550kPa and T = 680°K. If the exit pressure is 120kPa 
calculate the actual exit area, velocity and enthalpy. 
Assume K = 1.4. 
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Solution: The temperature T 2 is given by 


T 2 = T, 


'p,'|( k ‘ 1 >/ k 


= 680 


120 l 0-2 

550J 


= 440°K 


The efficiency of the nozzle 

n(ef ficiency) = = 0.90 

or 

68Q - -I 2 ' =09 
680 - 440 U ' y 

Therefore the exit temperature (T 2 ') = 464°K 

The exit enthalpy(h 2 1 ) = CpT 2 1 = 1.004x464 = 465,8 KJ/kg 
The velocity(V 2 1 ) = /2(h Q -h i )= /2Cp(T o -T 2 *) 

= /2xl004x(680-464) = 658 m/s 
Specific volume = = 2 ±20 *(KKf = 1-109 m3 / k S 


The exit area = 


_ m(specific volume) _ (2)(1,109) 


= 3.37 x 10“ 3 m 2 


• PROBLEM 12-7 


Air is flowing through a nozzle at a rate of 5 lb/sec. 

The inlet pressure and temperature is 200 psia and 400°F 
respectively. The outlet pressure is 20 psia and the ef¬ 
ficiency of the nozzle is 85%. Calculate the exit velo¬ 
city and the exit areas for the nozzle. 

Assume C p = 0.24 Btu/lbm°F and k = 1.4. 


Solution: 



Tz = 445°R 


The corrected temperature T 2 ' according to the nozzle ef- 
ficiency is 
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CpCTi-Tz) = nC p (T,-T 2 ) 

T 2 ' = Ti - M(Ti-T 2 ) 

= 860 - 0.85(860 - 445) 
T 2 ' = 507°R 

Exit velocity V 2 = V2g C (Tj-T 2 ’) 

c p 

= v 2x32x0.24x778x(860-507) 

= 2060 ft/sec 

Volume = 22-— 

Pi 

1545 ft•lb f /lb mol. °R x 507°R 
20 lb f /in 2 

1545 ft • lb./lb mol°R 2 2% ff o1 x 507°R 
Volume = - * -291bs- 

lb- 

20 —- 144in 2 /ft 2 
in 2 


1545x507 

20x144x29 


0.37x507 

20 


= 9.37 ft 3 /lb 


Exit area 


W (volume) 
velocity 


Exit area = 0.0227 ft 2 


(5 lb/sec)(9.37 ft 3 /lb) 
(2060 ft/sec) 


• PROBLEM 12-8 


A tube with an internal diameter 3 in. has air travel¬ 
ing through it. The entering air has a density of 0,409, 
a velocity of 250 ft/sec, and is at a temperature and 
pressure of 660°K and 6.805 atm. Calculate the final 
conditions and exit velocity if the air is heated by 
600 Btu/sec. Use the following data to solve the prob¬ 
lem. 

Data 

mean C D (at 660°R)=0.24 
mean C p (0<T<T 2 ) = 0.248 
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Solution : G = P 1 V 1 = 0.409 * 250 = 102.25 lb/ft 2 sec 


and, 


GA = 102 X = 5 4 q lb/sec 


Therefore the amount of heat added per pound is, 

600 Btu/sec ,„„ ,,, 

5:6 Ib ' /sec = 120 Btu / lb 

P 2 can be solved for by using the equation, 

P 2 +~- = P x +-^~ = (6.805atm)x f14.696 

g c P 2 g c Pi l atmJ 

x (144in 2 /ft 2 )+ (102.25) 2 

^ ' 1 ; (32.17)(0.409) 

= 15,195 psfa 

„ . (102.25) 2 _ 

Pz (32.17)(p 2 ) 15,195 psfa 

however, assuming ideal gas behavior 
P 2 = p 2 RT 2 , R = 53,35 


Therefore 


53.35p 2 T 2 + — = 15,195 
P 2 


( 1 ) 


from the data, mean C p = 0.24 Btu/lb°F (at 660°R) 


Therefore v 2 

h 2 +TT— = 0.24 x 200 + 
2g c 


250 2 


2x32»17x778 


+ 120 


Therefore v 2 

h 2 + = 169.26 

2 Sn 


For 0< T< T 2 mean C p = 0.248 

0.248T 2 + 2g c p G 2 x 778 = °* 248T2 + 2(32)(pz )^778 

= 169.26 


Therefore 0.248T 2 + 21 = 169.26 

P 2 

or n 91 

0.248p 2 T 2 + = 169.26 p 2 (2) 
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(1) 


53.35p 2 T 2 + =£=■ = 15195 
P 2 

divide eq.(l) by 215.1 

0.248p 2 T 2 + = 70.64 

P2 

subtract eq.(2) from eq.(la) 

= 169.26p 2 - 70.64 
P 2 
or 

-1•3 = 169o26p 2 - 70.64p2 

2 

169.26p* - 70•64p 2 + 1-3 = 0 


Using the quadratic equation, 


_ _ +70.64±/(-70.64) 2 - 4(169.26)(1.3) 

P2 2(169.26) 

p 2 = 0.019 lb/ft 3 

p 2 = 0.398 lb/ft 3 


Using the latter root, from equation (2) 


or 


0.248(0.398)T 2 + = 169.96(0.398) 


T 2 = 679.97°F 


Therefore 


or 


P 2 = p 2 RT 2 = (0.398)(53.35)(1139.97) 


= 24,205 psfa 
= 168 psia 


2g c *778 

V 2 

(2g c )(778) 


169.26 - (0.248)(679.97) 

= 0.627 
= 31,407 


Therefore, V 2 = 177 ft/sec 

or _ Rl Vi _ (0.409)(250) 

2 pi (0.398) 

= 256 ft/sec 


(la) 
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• PROBLEM 12-9 


I A nozzle has air flowing through it at a rate of 

0.251b/sec. The inlet conditions are; = 35 psia, 

= 650°R and specific volume = 6.0 ft 3 /lb. The air 

enters with a velocity of 550 fps and leaves with a 
pressure of 18 psia. Compute the nozzle outlet cross- 
sectional area. Assume that the air expands inside the 
nozzle frictionlessly according to the relation 
pv 1 * 4 = constant and that the change in elevation between 
inlet and outlet is negligible. 


Solution : The outlet specific volume (V 2 ) is found by using 

the equation, p iv i k4 = P 2 V 2 104 , since Vi and both pressures are 
known. 

The outlet velocity V 2 can be calculated by using the 
expression, 

( 2 V 2 V 2 

* ■ - J vdp - -tif-- £ <Z2 - Zi) 

From these values, the outlet area can be obtained by 
the use of the continuity equation, 

Mv 

A ~ _2_ 


Using the equation pv 1 * 4 = const., 


fPil 

V2 = vi [piJ 


1 / K « 


= 6(35/18) ^ =9.65 ft 3 /H> 


Since there is no work done on or by the air, and the 
elevation change is negligible, the work expression reduces 
to, 


V 2 V 2 


2g, 




vdp 


Vi is known and the right-hand side can be integrated 
since v is a function of p. This allows for the calculation 

of V . 

2 

r2 


Therefore 


or 


V z V 2 e2 

’ -» - J Vdp - f- (Z 2 - Zl ) 

J - 0 

(riri) ■'"M ''' 


V 2 V 2 

2 - 1 = 0 - c 

2g„ ° C 


l/l.4 
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■ - ^4 


1- 1/1-4 


(35)(6.0)(144) 


1-1/1.4 


= 18,314 ft-lb/lb 


V 2 = ^2( 32.2 ) (18,314 ) + (550)2 


= 1217 ft/sec 


Therefore the exit nozzle area is 


MV 2 _ 0.25 x 9.65 


A 2 = 0,0019 ft' 


• PROBLEM 12-10 


A converging nozzle has air flowing through it. Calcu¬ 
late the stagnation temperature T q and pressure p Q if 

at point A within the nozzle, = 40 psia, = 2000°R, 

= 500 ft/sec and A^ (cross-sectional area) = 0,2ft 2 , 

Also calculate the sonic velocity, mach number at this 
section and the exit area Ag, exit pressure Pg, temper¬ 
ature Tg, and velocity Vg if the exit mach number is one. 
Assume air to be an ideal gas with y = 1,40, 


Solution: The stagnation temperature is 

t = T + -ini v 2 
o A 2yR V A 


Therefore, 


T = 2000°R + 
o 


(1.4-1)(500) 2 ft 2 /sec 2 
2xl.4x53.35 


= 2021°R 

The stagnation pressure is 


fT 1 y/(Y -1 ) 
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Therefore 


x 


lb v f202ll 1 ' l, “ 1 ^ 


p o - 40 fn^ x {?m} 

= 41 lb/in 2 
The sonic velocity is 

C A - / f |a 7 


= ( 1 . 4 x 53.35 2000°R x 32.2 


C A = 2193 ft/sec 


The mach number is, 
V 


M A 2 5 193 0,228 


The exit pressure is 

P. 


Therefore, 


y c ‘ p ; - 0 528 


P_ = 0.528P^ = 0.528(41psia) = 21.65 lb/in' 

D 0 


V B = C B 


The exit velocity is 

\i 


■ (& 8T o)' 


■ (ttItt ’' 53 - 35 Ssi x 32 - 2 KiiS) ! 


= 2013 ft/sec 
The exit temperature is, 


T = —— T 

a B y+1 


= M—1 

o (l.4+lj 


(2021°R) 


Tg = 1684°R 


To calculate the exit area, the mass rate of flow is re¬ 
quired. Therefore, 

Pa 40 -J-T- x 144 in 2 /ft 2 

A RT A 53.35 2000°R 

P A = 0.054 lbm/ft 3 
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= JjL = 21.65 x 144 
P B RTg 53.35 x 1684 

Pg = 0.035 lbm/ft 3 

Using the equation of continuity, 

A = P A A A V A = 0.054 X 0.2 X 500 = n 2 

P B V B 0.035 x 2013 uu " IX 


• PROBLEM 12-11 


Find the throat area, exit area and the exit Mach number 
for a nozzle having an efficiency of 90%, The initial 
air pressure and temperature are 60 psia and 1500°R re¬ 
spectively. The air mass flow rate is 0.6 lb/sec and 
the exit pressure is 14.696 psia. 


Solution: The air flow is assumed to be ideal. Therefore, 

the throat pressure is calculated by 


'c f2l< k / k - 1 > 

*T" M 

C 2 1 1.4 / ] 

c • 60 (t7§+t) 


Therefore, , „ xw/w-i 

P c ■ 6< Hr!nJ -60X0.53 

= 31.8 psia 


The throat temperature is obtained by the use of the 
isentropic expansion equation. 


Therefore, 


T C _ P c k 


T = 1500 
c 


31.8l 1,4 1 / 1,4 


Pfc 8 ) 


= 1251°R 


The throat velocity is 


V c - / 2 gJc p Ti(I-T2/T1 


Therefore, 


V c = 2x32.2 iHr*778 f -!^x0.24 ^^x( 1500-1251 )°r] 


799 


= 1730 ft/sec 

The throat specific volume is calculated by using the 
ideal gas equation 

„ = 53.35 ft-lbf/lbm°Rxl251°R 

v c (31.8*144)lbf/ft 2 

= 14.6 ft 3 /lb 


The area of the throat is given by 

a = AiV! _ A 2 V 2 
Vl v 2 


Therefore, 


0.6 


A c x 1730 ft/sec 
lbm/sec = 14.6 ft 3 /lbm 


A c = 0.0051 ft 2 = 0.729 inch 2 


The exit isentropic temperature is given by 
|ll| = ^ 14.696j 1A “ 1 / 1 -‘* 


Therefore, 


T 2 = 1500(0.67) 
= 1004°R 


The actual exit velocity is obtained by using the equa¬ 
tion, 

v *(actual) ' 

and 

hi = CpT 1 

Therefore, 

V z(actual) - [2-32.2ft/ Se cx778ft-lb/Btux0.24 

x (1500-1004)°Rx0.9oJ 

^(actual) * 2317 ft7se<: - 

The actual exit temperature is calculated by the equa¬ 
tion , 

V hl - h2) ideal = (hl " h2 Actual 
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or 


W I ' 1 - T! >ldeal ‘ C P< T - T ’ Actual 


Therefore, 


0.90(1500-1004) = 1500 -T 


2 actual 


T 2 actual = 1054 ° R 


The exit specific volume is calculated by the ideal gas 
equation using P 0Xit = 14.696 psia and T 0xit = 1054°R. 


1054°R 


fore, 


Therefore, 

v exit ’ 53 ' 35 x 14-696 ;"i44 

'exit ’ 26 ' 4 

The exit area is obtained by the same method used be- 

A .t* 2317 ft/sec 
0.6 lb/sec 26.4 ft 3 /lb 

A exit = °- 0068 ft * = 098 in2 
The acoustic velocity at the exit is, 


V exit = /gkRT actual 

V exit = < 32 - 2 ft/sec 2 x 1 . 4 x 53.35 ft*lb/lb°Rx 1054°R)^ 
= 1592 ft/sec 


Therefore the Mach number is 

_ 2317 
fl exit 1592 


• PROBLEM 12-12 


Steam, flowing through a convergent nozzle, is subjected 
to isentropic expansion. The pressure and enthalpy at 
the inlet and outlet are given in the figure ( 1 ), the 
pressure and velocity changes across the length of the 
nozzle are also shown. 

Derive an expression for the velocity of steam at the 
outlet in terms of enthapy and pressure ratio. 
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Convergence nozzle sections along 
with (P) and (V) changes 



Fig, 1. 


Solution (a) : Consider the nozzle at sections 1-1 and 2-2. 
The energy balance equation for the steam flow rate of unit 
weight per second is given by 

* ■*» - ", ♦ < l > 

where H and V are enthalpy and velocity of steam and W and Q 
are work and heat transfer. 

Since, the expansion through nozzle is considered as 
isentropic, and, also as there is no external work done 
during the flow of steam, both the heat transfer and work 
transfer have zero values 


Q = 0 
W = 0 


Using these conditions in equation (1), we get. 


V 2 Z 




V 2 

2gj 


= (Hi-H 2 ) + 


Vi z 


i.e. 


2gJ 

V 2 = /2gJ(Hi-H 2 )+ Vi 2 


( 2 ) 
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Usually, the velocity of steam entering the nozzle (Vj) 
is very small as compared to the velocity at exit, and there¬ 
fore, Vi can be neglected. 

V 2 « /igJO^-Ha) = /Zg3U'H) ise 


= /2 X 9.81 X 427(AH) ige 


i.e 


V 2 = 91.5/AiT 

ise 


(3) 


Where Ah^ is the isentropic enthalpy drop per unit 
weight of steam when, the pressure drop is from p i to p 2 , 

This is the general energy equation irrespective of the 
shape. 


(b) The isentropic flow of steam through the nozzle may be 
approximately represented by an equation. 

pv 11 = constant (4) 

Where n = 1*135 for saturated steam 
=1*3 for superheated steam 

These values are approximate only because actually the 
value of n varies during the expansion. 

Enthalpy of steam gets reduced during its isentropic ex¬ 
pansion as it flows through the nozzle. The reduction in en¬ 
thalpy results in an equal amount of increase in kinetic 
energy as given by eq.(2). 


The work done during expansion is equal to the heat drop 
(which is equal to Rankine area). 


i.e. 


V 2 2 _ V 1 2 _ f piVi - P 2 V 2 I n 

2g 2g [ 1 Jn-1 


Where Vi = (specific of steam at entry) 

v 2 = (volume of steam at exit) 

Vi << V 2 and can be neglected 

then V 2 2 _ n f xr X7 . 

"2f “ n^T (PlVl “P 2V2 > 

= n LE2V2] 

n - 1 l P1V1J 

But pivi n = p 2 v 2 n by eqn. (4) 

i - ter 


V2 

V 
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Substituting this in the above equation, we get 


2 g 


1 

n-i 


■ fen 


n - 1 


= p iVi [ x - fe] ] 


n - 1 


Vz - (K) ” ] 


• PROBLEM 12-13 


Superheated steam at 330 psia and 600°F, is flowing 
through a nozzle at a rate of 12,000 lb/hr. The final 
pressure at the exit is 5 psia„ The velocity coeffi¬ 
cient and the discharge coefficients are 0,92 and 0,95 
respectively. Calculate a) the exit jet velocity and 
b) the areas at the throat and the exit. 


Solution: Nozzles are designed at maximum rate of discharge 
The pressure ratio for maximum discharge is defined as crit¬ 
ical pressure ratio and is given by 


n 



For super heated steam n = 1*3 
• p t 

. . = 0.5457. 

0 

For the initial conditions 

P Q = 330 psia T q = 600°F 
and mass flow rate w = 12000 lb/hr. 
From steam tables 

Enthalpy h Q = 1313 Btu/lb 


804 



Entropy S Q « 1.6153 Btu/lb°F 

and P = P x 0.5457 

t 0 

= 330 x 0.5457 * 180 psia. 

At P t = 180 psia and S Q = 1.6153 Btu/lb°F from tables 
h tg = 1243*4 Btu/lb and specific volume v tg = 2,8508 ft 3 /lb. 
Also for P 2 = 5 psia and S Q = 1.6153 

h 2g = 990.65 Btu/lb. 
a) The exit velocity is given by 

% - c v /Zijrars— 

where (AH)^ gen = isentropic enthalpy drop 

= h - h, 

0 2 s 

and Cy = velocity coefficient = 0.92. 

Substituting the values 

V 2 = 0.92/2X 32.2X 778x(1313-990.65) 

V - 3697 ft/sec. 


b) The velocity at the throat is given by 
- * , 2gj(aH) lseI1 


where 


* h o - l ts 


v t = /2X32.2X778X(1313-1243.4) 


= 1867.4 ft/sec 


The throat area is given by 

a . JL xliS 

‘ C ‘ *«. 

where C. ■* coefficient of discharge = 0.95 


. _ (12000/3600) „ 2.8508 

a t 0.95 - 1867.4 

= 0.00536 ft 2 ^ 0.772 in 2 . 
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Enthalpy at the exit is given by 


h2 = h o - n n (h o- h 2s> 

where n n is the nozzle efficiency = (Cy) 2 . 

Substituting the values 

h 2 = 1313 - (0 -92) 2 x (1313 - 990.65) 
1040 Btu/lb. 


For P 2 = 5 psia and h 2 = 1040 Btu/lb 
From tables specific volume v 2 - 67.6 


Therefore the exit area is given by 


a 2 


w x 


v 2 


V 2 


12000] 67.6 

3600 3697 


- 0.061 ft 2 = 8o784 in 2 . 


IMPULSE AND REACTION STAGES OF TURBINES 

• PROBLEM 12-14 


Calculate the internal efficiency and reheat factor for 
a three-stage turbine operating between an initial pres¬ 
sure of 100 psia, saturated steam, and a final pressure 
of 1 psia. Assume that the approach velocity is negli¬ 
gible, the stage efficiency is 65 percent and the process 
is isentropic. 


Solution : The intermediate pressures, pi, p 2 are fixed by 
dividing the overall enthalpy drop into equal steps. 

The initial conditions are: (refer to the figure) 



h a = 1187.2 Btu/lb 


s a = 1.6026 Btu/lb°R 

at 1.0 psia, 

h, s = 895 Btu/lb 

and constant 

s = 1.6026 Btu/lb°R 


The enthalpy drop is divided into three parts: 
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h lg = 1090 Btu/lb Pi = 28.0 psia 

h 2g = 993 Btu/lb P 2 = 6.2 psia 

The internal efficiency is based on the work delivered 
to the shaft and does not consider the bearing losses. 


hi 

Sl 

h 2 ' 

h 2 

s 2 

h 3 ' 

h 3 

Efficiency 


1187-0.65(1187- 1090) = 1124 Btu/lb 
1.650 Btu/lb°R 
1024 Btu/lb 

1124 - (0.65)(1124 - 1024) = 1059 Btu/lb 
1.706 Btu/lb°R 
953 Btu/lb 

1059 - (0.65)(1059 - 953) = 990 Btu/lb 

W„ 


_ 1187 - 990 _ n 

i i o»7 one v ■ 


h a -h 3 s 1187 - 895 


675 


Reheat factor 


0.675 




0.65 


• PROBLEM 12-15 


Steam is flowing through a nozzle with a velocity of 
1800 ft/sec at an angle of 18 deg with the rotational 
plane. The turbine blade has a peripheral velocity of 
900 ft/sec and has the same entrance and exit angles. 
Compute the work done per pound of steam per second and 
the steam exit condition. Assume that ten percent of 
the initial kinetic energy relative to the blade is 
transformed into enthalpy by the friction of the water 
vapor passing over the blade. 
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Solution : The work done is calculated as follows: (refer to 

figure A & B) 

WxCosQ = 1,800 cosl 8 ° = 1712 ft/sec 
w^ine = 1,800 sinl 8 ° = 556 ft/sec 
Referring to Fig. A, 

w,' = /(1712 - 900) 2 + (556) 2 

{(1712-900) is the actual steam velocity^ 
wi’ = 984 ft/sec 

a = tan_1 (ffl) = 34 * 4# 

W 2 is calculated by 

(W 2 f ) 2 / 2 g = ( 1 - fraction of kinetic energy lost) 

x(W 1 ’) 2 /2g 

(w 2 * ) 2 = 0.9(w x ' ) 2 = 0 0 9(984) 2 
w 2 = 934 ft/sec 

w 2 cosg = 934 cos 34.4° (since a=g) 

= 771 ft/sec 

w 2 * sing = 934 sin 34.4° = 528 ft/sec 

Since (peripheral velocity) is 900 ft/sec, W 2 is 
given by 

W 2 = ✓( 900-771)4 + (52BP = /(W + TW 
= 544 ft/sec 

work = (v^cose - w 2 cosy)(w b /g) 

= (1712 - 129)x (900/32.2) 

= 44,245 ft lb = 56.9 Btu/(lb/sec) 

The exit condition is obtained as 
H 2 -H! =|(w x 2 -w 2 2 )/ 2 g|- W QUt 

= {1800 2 - 544 2 )/64.^- 44,245 
= 1470 ft-lb = 1.9 Btu 

The value of H 2 is 1.9 Btu higher than H x at the same 
pressure. 
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• PROBLEM 12-16 


Superheated steam with an initial state of 70 psia and 
400°F enters a symmetrical impulse stage turbine. The 
pressure of the steam after isentropic expansion is 10 
psia. The velocity of the blade is 1000 ft/sec. The 
efficiency and the angle of the nozzle (a) are 92%, and 
20° respectively. The ratio of relative velocity leav¬ 
ing the blade to the relative velocity entering is 0.95 
If the blade outlet angle ( B) is 30°, calculate (a) the 
work done by the stage and (b) the blade efficiency. 



Impulse Stage 



Velocity diagram for impulse stage 
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Solution : The impulse stage turbine setup along with the 

velocity diagram is shown in the figure. 

At P Q = 70 psia and T 0 = 400°F from steam tables 
h 0 = 1232 Btu/lb and S Q = 1.6951 Btu/lb°F. 

Isentropic expansion occurs with the reduction of pres¬ 
sure to P ( = 10 psia 


Therefore at Pi = 10 psia and S Q = 1.6951 Btu/lb°F from 

steam tables hi - 1084 Btu/lb. Now the velocity of the steam 
leaving the nozzle is given by 


V, - ^2gj(iH) isen x 


where (AH). = isentropic enthalpy drop 

1S6I1 


and 


= h o -hi 

= efficiency of the nozzle. 


Substituting the values 

Vi = /2x32.2x778x(1232-1084)X0.92 
- 2612 ft/sec 

Then the other velocities can be calculated as the 
angles a and B and the bucket velocity coefficient are known. 

The relations used are summarized below along with their 
values 

Zj = VjSinot = 2612 sin20° = 893 

yi = Vicosa = 2612 cos20° = 2455 

yiH = yi - Vfo — 2455 - 1000 = 1455 

V iR = /zf + y? R = [(893) 2 + (1455)2]* = 1707 

V zR = C b V lR = 0 . 95 x 1707 = 1622 
y 2R = V 2 R cos8 = 1622 cos30° = 1405 
y 2 = y 2 R + V fe = 1405 + 1000 = 2405 

Z 2 = V 2R sing = 1622 sin30° = 811 
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2538 


v 2 = /zf+7f = |j: 811 ) 2 +( 2405)^ = 

Blade angles = Tan -1 = Tan" 1 - 32° 

The work done per second per unit weight of fluid is 
given by, 

Work = Force x Distance 

W = (V 2R COS0 - V 1r cosB ) \ 

g 

= (-1622cos32°- 1707cos30° ) 
a -88629 ft-lb/lb 

The negative sign has no significance here. 

b) Blade efficiency is given by 


J_ _ (88629)(2)(32.2) _ 


(Vi^2g) 


(2612)2 


0.837 


n b - 84% 


• PROBLEM 12-17 


The isentropic enthalpy drop for a fluid flow through a 
simple impulse turbine stage is 60 Btu/lb. Pressure and 
velocity profiles along with the velocity component dia¬ 
grams are shown in figures 1 and 2 0 Assume the approach 
velocity to be negligible. For the data given below, 
calculate 

(a) the work done per pound of fluid flow; 

(b) the axial thrust per pound of fluid flow per 
second; and 

(c) the nozzle-bucket efficiency, 

= 0.9 V b = 750 ft/sec 

C b = 0.85 a = 25° 

and 8 = 35°. 
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Fig. 1. Impulse Stage 



Fig. 2. Velocity components 


Solution: Energy equation for nozzle, considering the flow 

rate of unit weight per second is given by 


Vi 2 

2gJ 


+ 


Hi 


V 2 

2gJ 


+ H + W ± Q 


Since the expansion through the nozzle is considered as 
isentropic and since no external work is done during the 
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flow, both the heat transfer and the work done have zero 
values. 


hi 

2gJ 


+ 


Hi 



As the approach velocity of fluid to the nozzle is very 
small compared to the velocity at exit V can be neglected. 


Vil „ 
2gJ 


H - Hi 


(AH). 
v y ise 

(isentropic drop) 


Considering the velocity factor Cy 


Vi = /2gJ(AH) ise 


( 1 ) 


Substituting the values 

Vi = 0.9/2x32.2x778x60 
= 1560 ft/sec 
Therefore the components 

xi = Vicosa = 1560cos25° - 1414 ft/sec 
yi = Visina = 1560sin25° = 659 ft/sec 


Therefore x jR = xi - = 1414- 750 = 664 ft/sec 

Vir - /x* R +yf = /(664) z + (659) 2 
= 935.5 ft/sec 

V 2R = C b V iR = 0.85X 935.5 s 795 ft/sec 
and x 2R = -795 x cos35° ^ -651 ft/sec 


Negative tangential direction is indicated in x zR and 
y 2 = V 2R sinB = 795xsin35° 

- 456 ft/sec 

(a) Work done per pound of the fluid flowing is given by 

"x - \ 

. §§ 4*651 X 750 
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^ 30629 ft lbf/lbm. 

(b) The axial force on the bucket by the fluid flow is 
given by 


F A = I (yi " y2) + P‘ a l-P^2 

For a simple turbine, no pressure drop occurs and the 
area of cross-section would be the same throughout. 

Therefore, 

F A = I (yi-y 2 ) = WT2 * (659-456) 

= 6.3 lbf/lbm per sec. 


(c) Nozzle blade efficiency is given by 


W_ 


30629 


'nb 


V± 

c -v 



1560 
. 0 


)/’ 


- 0.66 


2x32,2 


• PROBLEM 12-18 


A fluid is moving through a single stage impulse turbine 
with a weight flow rate of 20 lb/min. The absolute noz¬ 
zle outlet velocity and the blade velocity are 1600 ft/ 
sec and 900 ft/sec respectively. The nozzle angle is 10° 
while the blade angle at the outlet is 33°, Neglecting 
the turbulence and the frictional effects, calculate 

a) the force exerted on the moving blades, and 

b) the rate of mechanical energy transmitted. 


velocity diagram for impulse turbines 



Absolute velocity (V^ 
at inlet 

Nozzle 


Nozzle 

pr-* 

^Velocity of flow 
at inlet 

Relative velocity 


-velocity 
.whirl at 
inlet (y 2 ) 

Blade. 

speed V b , N 
Velocity 

flow at outlet^ w _ ^ 

. y \ Blade angle 

Absolute velocity « 2 of at outlet 

.t outlet V 2 : utl#t 


at inlet (V^ R ) 


.Relative a velocity 


at outlet (V. 


2R' 


bd 

■ y. ■ cos a 

cd 


y JL^L 

ca 

" v ir" 

/ Z 1 * y lR 

C *€ 

! ” ^2R 

■S^IR 

JC 

’ - y 2R “ ^R 008 

Jb 

’ “ y 2 

* y 2R +V b 

Je 

“ Z 2 ” 

V 2r 6 

eb' 

,.v 2 - 
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Solution : The velocity diagram for the single stage impulse 
turbine is shown in the figure. 

Whirl velocity at the inlet is given by 

y 1 = Vjcosoi 

where V 1 - Absolute velocity of the fluid at the inlet 
= 1600 ft/sec. 

and a - the nozzle angle = 10°. 

Therefore, y 1 = 1600cosl0° =* 1576 ft/sec. 

Relative velocity at the inlet is given by 

V X £ = V x 2 + V b 2 - 2V i V b cos a(by law of cosine) 

= (1600) 2 + (900) 2 - 2 x 1600 x 900 x coslO 0 
Therefore, V, D ^ 731 ft/sec. 

i it 

Then relative velocity at the outlet is given by 

V 2 R = VxR 

Since frictional effect is neglected C b =l. Therefore, 

V 2R = V iR = 731 ft/sec. 

y 2R = “V 2R cosg = -731cos33° 

= -613 ft/sec. 

Therefore, y 2 = y 2R + V fe = -613 + 900 

= 287 ft/sec. 

a) Force exerted on the moving blade is given by 

F = Force exerted on the fluid in the negative direction 
= mass x change in velocity 

= w * (yj - y 2 ) 

= 2 3 °/ 6 2 - x (1576 - 287) 
y 13.34 lb. 

b) Rate of mechanical energy transmitted is given by 

E t = Forcex (Blade Velocity) 
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= Fxv b 

= 13.34 x 900 

= 12006 ft.lb/sec. ^ 15.43 Btu/sec. 


MASS FLOW HATE THROUGH A NOZZLE 

• PROBLEM 12-19 


Derive an expression for the maximum discharge rate and 
maximum velocity at the exit for the isentropic expan¬ 
sion of steam through a nozzle. 



Fig. 1. Discharge as a function of pressure ratio 


Solution : a) Consider an isentropic expansion of steam 

through a nozzle from pressure p 1 to p 2 , 

The velocity at the exit (V 2 ) is given by 


v 2 


2 g 


n - 1 


PlV, 




n- 1 
n 


The flow of steam through the nozzle is given by 


( 1 ) 


where 


rn 


v 2 


( 2 ) 


m = Mass of steam passing through the 
s nozzle per second. 


816 





A 2 = Area at exit of convergent nozzle 
or at the throat of convergent di¬ 
vergent nozzle, 

V 2 = Velocity at exit 

v 2 = Volume of unit weight of steam at 
exit of nozzle. 


Substituting the value of V 2 from equation (1) into equa¬ 
tion (2) 


n- 1 


m s = ff/ 2g FTi Pi v i 


/_ ■> n 

1 _ Rz. 

[PiJ 


But PiV x = p 2 v 2 n 


El| -v. 
P 2 


\n 

P2.I 

iPiJ 


v 2 = v x 

Substituting this value of v 2 in the above equation, 


m 



(3) 


The above equation shows that the flow is dependent on 

only as n is fixed. 

Pi 


Therefore for maximum discharge 


dm 

—— = 0 



on simplification gives 

n 



T 


( 4 ) 
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This pressure ratio which gives maximum discharge through 
the nozzle is known as critical pressure ratio 

where n = 1.135 for saturated steam 

and n = 1.3 for superheated steam. 

Now substituting equation (4) in equation (3) 



Thus the mass flow of the steam is independent of the 
exit pressure but depends on initial pressure and throat 
area. 

b) The maximum velocity of steam at the throat of the noz¬ 
zle is obtained by substituting the value of the critical 
pressure ratio (eq. 4) in equation (1). 


and on simplification 


n- 1 


(V *>max =/ 2g FTT Pi v i 



< V *>max =/ 2 * 


F+T 


• PROBLEM 12-20 


Air behaving as an ideal gas at 25 Bar and 50°C enters 
a converging nozzle having the exit cross-sectional area 
6 x 10“ 4 m 2 with negligible initial velocity. The flow is 
isentropic. Calculate the mass flow rate (Kg/sec) and 
the linear velocity (m/sec) at the exit if 
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a) the exit pressure is 15 Bar, and 

b) the exit pressure is 12 Bar. 
Properties of air: Cp = 32 KJ/kg.mol.°K 

C y = 20.84 KJ/kg.mol,°K 
and M = 29 Kg/Kg.mol. 


Solution : The critical pressure for the flow through nozzle 

is given by 


n 



where P l = 25 Bar. 

and ” - ^ - 2^4 ' 1 ' 5355 ' 

U5355 

( o lTTJSsr A 

Therefore P c - 25 L ^ „ J » 12.66 Bar. 


a) The exit pressure is greater than P c . Therefore the 
mass flow rate is subsonic and is given by 



and A 2 = 6 x 10 4 m 2 . 


= 6x10-“ (2)(l)fi^|||f](25x10*)(26.99) 


r 2 ^ 
1.5355 1,5355 

X (0.6) -(0.6) 


“ 3.42 kg/sec. 
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Velocity V is given by 



V cs 295 m/sec. 

b) Exit pressure = 12 Bar = 12x 10 s N/m 2 , 

Since the pressure is below the critical pressure 



~ 3,48 kg/sec. 


Throat velocity of the air is given by 



335 m/sec 


• PROBLEM 12-21 

Steam at 450 psia and 600°F, with negligible initial 
velocity is flowing through a nozzle. The nozzle effi¬ 
ciency and the area of the throat are 93% and 0.75 in 2 
respectively. The exit steam is at 30 psia after the 
isentropic expansion in the nozzle. Calculate 

a) the mass flow rate at equilibrium flow; 

b) the mass flow rate at supersaturated flow; and 

c) the exit area. 
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Solution : At Pressure Pj = 450 psia 

and Temperature Tj = 600°F 

from the steam tables 

Enthalpy hi = 1302.5 Btu/lb • 

Specific volume Vi = 1.2691 ft 3 /lb * 

and Entropy S t = 1.5711 Btu/lb°F. 

For Pressure P 2 = 30 psia and Si = S 2 =1.5711 Btu/lb°F 
from steam tables h 2 =1076 Btu/lb from Mollier diagram 
Quality of steam = 11.5% = 0.115, efficiency of the nozzle 
r) n = 0.93. 


and 


n qo = hi-h 2 1 = 1302.5 -h 2 ’ 

(h i-h 2 ) (1302.5- 1076) 

s 

h 2 * “ 1092 Btu/lb. 
v 2 ' =12.9 ft 3 /lbra. 


a) For equilibrium flow at the throat 

P t(e) = °- 545p i = 0.545 x450 0; 245 psia 
and s t(e) = s > = 1-5711 Btu/lb-°F 

From steam tables h t ( e ) = 1234.6 Btu/lb. 

v t(e) = 1 - 9333 ft 3 /n>- 
V t(e) = 223 -8*^i-h t(e) 

= 223. 8/L302 3 - 1234.6 

V t(e) ~ 1844 ft / sec - 
A* * V. 


mass flow rate m = 


'MSl 


t(e) 


_ (0.75/144)(1844) 
1.9333 

. . m “ 4.97 lb/sec. 


(a) 


b) For supersaturated flow, velocity at the throat is given 

by / - 

v t(s> 7 2g rrr P' v >f - (p^j ] 

where n = 1.3 for superheated steam. 
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Now 


1/1-3 


v t(s) -J (2)(32.2)[i^|](450xl44)(1.2691)|l-[- 
* 1733 ft/sec 

v t ( s) - v '(p^) ,/n ■ ' i - 269 i >(m ) 1 

i 2.026 ft 3 /lb. 

A f xV , . 

mass flow rate m = — "■ ■■ ■ > s * 

V t(s) 

= (0.75/144X1733) 

2.026 

. " . m = 4.46 lb/sec 
From (a) and (b) 

error for m = ’ 4 * 27 ®° = 10 •3% 


245 

450 


0.3 

TF' 


(b) 


c) At the exit 

V 2 ' = 223.8/hi~h 2 ' 

= 223.8/T302.'5 - 1092 


= 3247 ft/sec 


Area at the exit A 2 


• * • A 2 ’ ^2.55 in 2 . 


mv 2 ’ 

V 2 ‘ 

4.46 x 12.9 
3247 

0.01772 ft 2 


• PROBLEM 12-22 


An ideal gas, at 42 psia and 250°F, enters a convergent 
conical channel having an inlet diameter of 6.5 in. and 
an outlet diameter of 0.5 in. 

Neglecting the effect of friction, calculate 

a) the maximum rate of flow through the channel at 
the entrance in lb/min and ft 3 /min; 
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b) the linear velocity at the outlet in ft/sec; 

c) the outlet temperature; and 

d) the rate of flow in lb/min if the outlet pressure 
is 30 psia. 

The properties of gas are 

molecular weight = 14.0 
heat capacity = 0.55. 


Solution : The isentropic gas flow through the nozzle (con 

cal channel) can be defined by 

PV n = constant 


where 


n = and b = 


1.985 


= 0.1418 


For finding C v ; C v 


C - b 

p 


= 0.55 - 


1.985 


= 0.408 


= 1.146 


For maximum discharge through nozzle 


El = f_ 2 _j n_1 = r 2 ~ | 

Pi [n+lj |_(1.146+1)J 


(.l.lWi-1 J 


= 0.5752 


. . P 2 = P x x 0.5752 = 42 x 0.5752 = 24.158 psia 
Vj = (E° - • 73 ^ ± 46 . Q) ■ 12.96 ft 3 /lb. 


Specific volume at the outlet 


= 2 f PiVi ) = 

n+l[ P 2 J 


2 42 x 12.96 

2.146 24.158 


21 ft 3 /lb. 
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a) Maximum rate of flo w through the nozzle is given by 

1 n+I 

i n-1 


ra (max) = M* n 


fell 


2 

n+] 


Substituting the values 


m 


_ nx(0.5/12) 2 / f42xl44'| r 2 "I °‘ 

(max)-4 (32.2)(1.146)x^ 12>&6 j 

= 0.1066 lb/sec * 6.4 lb/min. 


2 *146 

146 


b) Linear velocity at the outlet 

v = m (max) V 2 _ 0.1066 x 21 

2 A 2 tt/ 4 x (0.5/12)2 

= 1642 ft/sec. 


c) 


Temperature at the outlet is given by 


T 2 


T 


■Kf /Cp 


(250 + 460) 


|o.5752j 


0* 1416 
0.55 


= 616°R = 156°F 


d) General equation for the mass flow rate through the noz¬ 
zle is given by 


n+r 


m = ffi 2g i^i PlVl [(?t) n '(I?) n ] 

Substituting the values knowing the pressure P 2 = 30 psia, 


m 


[tt/4x(Q.5/12) 2 ] 

12.96 


2x32.2x 



X42X12.96 


X 




m “ 8.428 x 10 3 lb/sec = 0.505 lb/min 
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CHAPTER 13 


HEAT TRANSFER 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 825 to 
919 for step-by-step solutions to problems. 


Heat transfer gives additional information for the analysis of energy transport 
problems by describing the rate at which energy is transferred. Thermodynamics 
describes the amount of energy transferred but not the rate at which it is trans¬ 
ferred. The rate of heat transfer is described by a rate equation which is a function 
of the temperature gradient. When this rate equation is combined with the first 
law of thermodynamics for an open system, the rate of heat transfer can be 
evaluated for equipment and processes such as furnaces, heat exchangers, engines, 
and many other devices. 

There are three mechanisms for heat transfer: conduction, convection, and 
radiation. Heat is transferred by the motion of adjacent molecules in conduction, 
which is the dominant mechanism in solids, and also occurs in liquids and gases. 
Heat is transferred by the mixing of fluid elements in convention, which is the 
dominant mode of transport in liquids and gases. Natural convection refers to 
heat transfer from density differences induced by temperature differences, and 
forced convection refers to heat transfer from fluid motion induced by a mechani¬ 
cal device such as a pump or impeller. In radiation, heat is transferred by elec¬ 
tromagnetic radiation, and this rate depends on the fourth power of the absolute 
temperature rather than the local temperature gradient, as in conduction and 
convection. 


Conduction 


For conduction, the equation relating the rate of heat transfer per unit area 
(heat flux), q, and the temperature gradient, VT, is Fourier’s law, i.e., q = - kVT. 
This is a vector equation that defines the thermal conductivity, k, and a compo¬ 
nent of the heat flux in the Jt-direction for this equation is: 


Qx 



( 1 ) 


For heat conduction in a solid, the first law of thermodynamics combined 
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with Fourier’s law gives V 2 7 = 0. Integrating this equation for one-dimensional 
heat conduction gives a linear temperature profile in a solid. The temperatures 
are specified at each end of the solid for this simple case. 


This analysis can be extended for steady heat transfer through a wall made of 
multilayers, each having a different thermal conductivity, and the following equa¬ 
tion for the heat transfer rate Q = q *4 can be obtained by applying Eq. (1) to each 
layer: 




0i -Jll. 

Ax, 


-k 2 A 


( 5 - 5 ) 

Ax 2 


=... = -k n A 


A x„ 


( 2 ) 


Knowing the thermal conductivity k t and thickness Ajc ( for each layer, the rate 
of heat transfer can be computed knowing the external wall temperatures T x and 
7/i+l with the following equation, obtained using Eq. (2): 


£ M _ZL_Zfl±i_ 

IA x,/kiA 


( 3 ) 


This equation is analogous to Ohm’s law for electrical conduction, where 
A Xi/k(A is a measure of the individual resistances to heat flow which sum to the 
overall resistance, and T, - T „+, is the overall driving force. Also, comparable 
results can be obtained for conductive heat flow in cylinders and spheres using 
Fourier’s law in cylindrical and spherical coordinates. 


General Energy Equation 


For systems with higher dimensions and unsteady heat flow, the general 
energy equation is required. This is the first law of thermodynamics for an open 
system, and it can be written in several forms. One convenient form uses the 
substantial derivative, D/Dt = d /dt = v • V: 



gain of energy internal irreversible energy 

internal input energy energy generation 

energy by increase increase by 


conduction by viscous 

compression dissipation 


An interpretation of the rate of energy transfer per unit volume is given under 
each term. The term on the left side of the equation describes unsteady and 
convective heat transport in the flowing system. The first term on the right side 
gives the input to the system by conduction, and Fourier’s law is used to replace 
q with T y i.e., q = -kWT. The second term is the pressure-volume work term for a 
flow system, and an equation of state such as the ideal gas law (P = pRT/m w ) is 
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required to relate the pressure and temperature. The third term describes the 
irreversible generation of energy by degradation of mechanical energy to thermal 
energy (friction heating). The last term describes energy generation throughout 
the material by resistance heating, for example. 

For solids, Eq. (4) simplifies to the following one: 

pc p ^ = kV z T (5) 

This is a time-dependent partial differential equation, and it requires initial and 
boundary conditions for a solution. There are numerous solutions for this equa¬ 
tion for steady heat transfer (left side equal to zero) in two and three dimensions, 
and many for unsteady heat flow in one and two dimensions. The method of 
separation of variables is one of the more successful methods used in solving this 
partial differential equation for various geometries such as slabs, cylinders, and 
spheres. However, other methods for solving partial differential equations have 
also been used. The results from these solutions are presented in graphical form 
for use in design. More elaborate problems require numerical solutions using a 
computer to solve the set of nonlinear algebraic equations obtained from 
discretizing the partial differential equation. 

Convective Heat Transfer 

Convective heat transfer requires solving Eq. (4) with the convective terms 
on the left side along with appropriate terms from the right side. For example, gas 
flow will require the convective term and the P-V work term but not the conduc¬ 
tion, viscous dissipation, or generation terms. For laminar flow, Eq. (4) can be 
used directly in this form. However, for turbulent flow, the equation must be 
time-averaged to be used. Time-averaging introduces additional terms in the 
equation, which require approximations to describe these turbulent energy transport 
terms. Although some solutions have been reported, the use of advanced numerical 
methods and large mainframe computers have been required. This effort has been 
justified for large, expensive, and new systems, e.g., rocket engines. However, 
numerous approximate methods have been developed which accurately describe 
the performance of industrial equipment. 


Heat Exchangers 


An approximate method using an integral analysis of the energy equation 
leads to an equation for the performance of heat exchangers. The heat transfer 
rate in a heat exchanger can be computed using the following equation, which 
uses an overall heat transfer coefficient, U 0 : 


Q~u 0 a 0 


AT 2 - A7) 
In AT 2 / Ar, 


( 6 ) 


where A T 2 is the temperature difference between the hot and cold fluids at one 
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end of the heat exchanger, and AT X is the temperature difference at the other end. 
The flows of the hot and cold fluids are usually countercurrent, but can be 
concurrent. U a is the overall heat transfer coefficient based on the outside surface 
area A a of the heat exchanger. 


The equation for U 0 has the sum of the individual resistances as shown be¬ 
low: 




1 


1 A r 1 

— + —+ — 

h; k h„ 


( 7 ) 


where and h„ are heat transfer coefficients to and from the fluids to the tube 
wall, and Ar and k are the heat exchanger tube wall thickness and thermal con¬ 
ductivity. There are more elaborate forms of this equation which account for area 
variations, fouling, etc. 


The individual heat transfer coefficients are evaluated from correlations which 
are based on experimental measurements. An example of a correlation is given 
below: 


Nu = 0.0365Re° 8 Pr° 62 (8) 

where Nu = h/pc p u is the Nusselt number. Re = Dup/p is the Reynolds number, and 
Pr = c p n/k is the Prandtl number. The coefficient and exponents have been evalu¬ 
ated from experimental data. 

To use the correlation in Eq. (8), the fluid properties, C p ,\i,k, and mean fluid 
velocity, u, in the heat exchanger are evaluated. The heat transfer coefficients 
and h a can be computed from Eq. (8). Then they are used in Eq. (7) to evaluate the 
overall heat transfer coefficient U 0 . Consequently, heat exchangers can be de¬ 
signed using correlations of experimental data from similar fluids. 


Radiation 

The design equation for radiative heat transfer is given by the following 
equation: 

qn = oA l F l2 (T l *-T 2 *) (9) 

where q X2 is the net heat transfer between grey surfaces 1 and 2, and F 12 is the in¬ 
terchange factor between the two surfaces. A x is the area of surface one. T x and T 2 
are the temperatures of surfaces one and two in degrees absolute. 

Eq. (9) was developed using a combination of information. First, the radiant 
heat flux from a body is eoT 4 by the Stefan-Boltzmann law, where e is the emis- 
sivity of the body and o = 5.676xl(HW/m 2 # 4 is the Stefan-Boltzmann constant. 
Radiant interchange between two surfaces incorporates a view factor in the en¬ 
ergy balance. When the surfaces are grey and emissivity and absorptivity are 
equal, the view factor and the emissivity are incorporated into the interchange 
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factor given by the following equation for the two surfaces connected by refrac¬ 
tory reradiating zones: 


-1 + ± 
An 


The emissivities e t and e 2 are properties of the surface. F )2 is the view factor, and 
graphs are available for various configurations. 


The equation for radiant heat transfer between a grey surface and a gas which 
emits and absorbs radiation is similar to Eq. (9): 

q = oAe'(e g r g 4 -a g r, 4 ) (11) 

where e' is an effective emissivity [=(e + l)/2] of the enclosure. The emissivity of 
the gas. Eg, is evaluated at the temperature of the gas, T g . The absorptivity of the 
gas, a p is evaluated at the temperature of the surface, T t . There are charts and 
graphs available to evaluate these parameters. 


In summary, heat transfer provides additional information for the analysis of 
energy transport by describing the rate of energy transfer. The first law of ther¬ 
modynamics for a general open system was described, along with the modes of 
heat transfer: conduction, convection, and radiation. Important design equations 
were given for conduction and convection, for the design of heat exchangers, and 
for radiation heat transfer. 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Heat Transfer” 


CONDUCTION 

• PROBLEM 13-1 


Determine the rate of heat flow per unit area through a 
composite wall, as shown in the figure. A 2 in. layer 
of fire brick (ki=1.0 Btu/hr ft°F) is placed between 
two 0.25 in. thick steel plates (k,=30 Btu/hr ft # F). 

The surface of the brick face adjoining the steel plate 
is rough and has only 30 percent of the brick area in 
contact with the steel plates. The average height of 
the asperities is 1/32 inch. If the temperatures on the 
two outer steel plates are 200°F and 800 # F respectively, 
find the rate of heat flow per unit area. 




Solution : For the wall section shown it is assumed that the 
asperities are evenly distributed. Then the overall heat 
transfer coefficient for the composite wall is 


u 


Ri + 


1/2 

R»Rs 

R4+R$ 


+ Rs 


(l) 


The thermal resistance of the steel plate (R 3 ), on the 
basis of unit area is 


Rb 


L 3 _ 0.25 

k 3 (12)(30) 

0.694 xlo“*hr sq ft # F/Btu 


The thermal resistance of the brick asperities, per unit 
area is 


R 4 


L 2 __ 1/32 

0.3ki “ 12x0.03x1 


= 8.7X10 3 hr sq ft # F/Btu 


The air trapped in between the steel plate and the fire brick 
is very less and the effects of convection are negligible. 
Hence, the heat transfer through the air is assumed to take 
place by conduction alone. The thermal conductivity of air 
is taken at 300°F and is equal to k =0.02 Btu/hr ft®F, Then 
the thermal resistance of air (Rs) a is 

u _ Lb _ 1/32 

5 “ 0.7 k. “ 12x0.7x0.02 
a 

= 187 x 10 -3 hr sq ft°F/Btu 

The factors 0.3 and 0.7 used in calculating R* and Rs are 
the percent areas of the total areas for the two separate heat 
flow paths. 

The total thermal resistance for the two paths, R* and 
Rs, is 


Rb 


R»Rs 

R4+R5 

8.7x187x10*® 
(8.7+187) x 10 -i 


8.3 x 10~ 3 hrsqft # F/Btu 


Therefore, the thermal resistance of one-half the fire brick 
Ri is 

R i = I ^ = \ Hxi 0 " 83.5xl0* 3 hr sq ft°F/Btu 

Then, the value of u, the overall heat transfer coefficient 
is determined by substituting the values of Ri, R 2 (Ri»+Rs) 
and R 3 in equation 1, 
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Heat transfer rate (q/A) is given by 

q/A = u AT 

= 5.4(800-200) - 3250 Btu/hr sq ft 

The thermal resistance due to the roughness of the adjoining 
surfaces is called contact resistance. 


• PROBLEM 13-2 


Determine the temperature distribution in a semi¬ 
infinite two-dimensional flat plate shown in the figure, 
if the base temperature is F(x) and the ambient tempera¬ 
ture is T». 
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Since the boundary conditions are not homogeneous, the dif¬ 
ferential equation cannot be solved by the method of separ¬ 
ation of variables. It requires the differential equation 
and three of the boundary conditions to be homogeneous. 

This can be achieved by a simple transformation 

6 = T-T 

00 


Writing the differential equation and boundary conditions in 
terms of 0, 


a 2 0 . a 2 e n 

Tx* + ‘SF* = 0 

(1) 

0(x,O) - F(x) -T„ = f(x) 

(2) 

0 (0,y) = 0 

(3) 

6 (L,y) = 0 

(4) 

0 (x,«o) = 0 

(5) 


The solution to the equation (1) by the method of 
separation of variables is 

6 (x,y) = (A cosXx+B sinXx)(Ce Xy +De -Xy ) 

where 

A, B, C, D and X are constants. 

Using the boundary condition (3) 

6 (0,y) - (A+0)(Ce Xy +D e -Xy ) = 0 

Therefore A - 0 

so, 0(x,y) * B sinXx(Ce Xy +De -Xy ) 

The constant B can be absorbed into the constants C and 
D. 

Therefore, 

0 (x,y) * sinXx(Ce Xy +De“ Xy ) 

Using the boundary condition (5) 

0(x,») ■ sinXxCCe^+De - **) * 0 

From the above equation C - 0. Therefore the differential 
equation becomes 

0(x,y) ■ sinXx(De -Xy ) 
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Now using the boundary condition (4) 



0(L.y) - 

De-^ 

sinXL - 0 

Since 

D f 0, 

sinXL 

■ 0 

Therefore 

XL * nir 

n 

“ 1 , . . .00 

or 

, nir 

A IT 


(6) 


The solution 0(x,y) ■ De -X ^ sinXx, is a particular solu¬ 
tion of the equation (1). 


The general solution is obtained by summing all the 
particular solutions. 

« -X y 

Therefore 0(x,y) - l D e sinX x is the general 
solution. n*L 


Using the non-homogeneous boundary condition (2) 

00 

f(x) = ^ D sinX x 

n=L 
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• PROBLEM 13-3 


The walls of a furnace 3 ft.* 4 ft,* 2,5 ft,, are made 
from a refractory material 4J in, thick and having an 
average thermal conductivity of 0.8 Btu/hr ft°F, 

The inner and outer surface temperatures are 400°F and 
100°F, respectively. Determine the heat loss by con¬ 
duction over a period of 24 hours. 



Solution : For an arbitrary number of plane sections having 
a total area of £a and M edges, the shape factor is 

S = || + 0.54 aM (1) 


where the shape factor for an edge section, s=0.54a has been 
experimentally determined. The quantities Ay and a are 
shown in the figure. 


Similarly, the shape factor for corner sections has been 
experimentally determined. For N corners, 

S = 0.15(Ay)N (2) 


Since the inside dimensions are greater than 1/5 the thick¬ 
ness of the wall, the combined shape factor for plane sec¬ 
tions and corners is determined by combining equations (1) 
and (2), which gives 
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s 


. ( 2(3x4)42(4x2.5^2(3x2.3) ) + <4(0 . 54) (4+3+2 . 5] , 

+ («(0.15) 

= 157.5 + 20.5 + 0.45 

The first, second and third terms represent the individ¬ 
ual shape factor for the plane sections, the edge sections 
and the corners, respectively. 

The heat flow per hour is given by 

Q = Sk(ti-t 2 ) 
q - 178.5(0.8)(400 - 100) 

= 42,800 Btu/hr 


Therefore, after 24 hours, the heat loss is 

Q = 42,800 x 24 
= 1,028,000 Btu. 


• PROBLEM 13-4 


Find the solution for a region, with steady state heat 
conduction, having boundaries at x=0, x=a, y=0 and 
y=f(x) and boundary conditions as shown in the figure. 
Use the Galerkin method of partial integration, with 
respect to the y variable. Take the heat generation 
rate to be constant. 
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Solution : The appropriate equations and boundary conditions 
for this problem are 

, , da) 

|_T + |_T + f = 0 in o < x < a, 0 < y < f(x) 

(lb) 

at x=0,x=a, and y=f(x) 
at y=0 (lc) 



Using the Galerkin method, partial integration of equation 
(la) with respect to y, yields 



Now, taking a one-term trial solution 


Ti(x,y) = X(x) • ♦i(y) 

where 

<My) = [y 2 - f 2 (x)] 


(3a) 

(3b) 


The boundary conditions y=0 and y=f(x) are satisfied by this 
solution, but the function X(x) is not known. Substituting 
the trial solution into equation (2) and doing a partial in¬ 
tegration with respect to the y variable, gives an ordinary 
differential equation which can be used to determine the 
function X(x), 

2/5 f 2 X" + 2ff'X' + (ff"+f ' 2 -1)X= -^in (Xx < a (4a) 
for X = 0 at x = 0 and x = a (4b) 


The function X(x) can be determined, once the function f(x), 
defining the form of the boundary, is specified. There are 
two special cases: 


1. y=f(x)=b: The region is rectangular and the 

equation (4a) becomes 

X" - X = inO<x<a (5a) 

X = 0 at x = 0 and x = a, (5b) 

and the one term approximate solution becomes 

Ti (x,y) = (y 2 -b 2 )X(x) (6) 
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where 


2 . y 


X(x) 


cos h (/2.5 jjJ - 
cos h ^/2.5 


f(x) = &x: For this case eq.(4a) becomes 
x 2 X" + 5xX' + X = in 0 < x < a 

x = 0 at x = 0 and x = a 


(7a) 

(7b) 


Equation (7a) is an Euler type equation that can be solved 
by finding a solution for X(x) in the form x n . Substitution 

of X = x n into the homogenous part of eq.(7a), gives the 
expression 

n 2 + 4n + 5 - £§^ = 0 (8a) 

Hence 

ni , n2 = -2±/4 - S (8b) 


where g _ 5(B 2 -!) 


(8c) 


Hence the complete solution for X(x) can be written as 

X(x) = Cl x ni + c 2 x“ 2 - P(x) (8d) 


where P(x) is the particular solution of equation (7a) 

P(x) - g/2k(B 2 -l) 

and the coefficients ci and C 2 are determined by the appli¬ 
cation of the boundary conditions given in equation (7b), 
Since the solution of X(x) is now known, the one term ap¬ 
proximate solution is 

Ti(x,y) = (y 2 -3 2 x 2 ) X(x) 


• PROBLEM 13-5 


A 3 inch schedule 40 pipe is covered with two layers of 
insulations. The inner layer (ki *0.050) is 2 inches 
thick and the outer layer (k 2 =0.037) is li inches thick. 
Calculate the heat loss, in Btu/hr per unit length, if 
the outer surface temperature of the pipe is 670°F and 
the outer surface temperature of the outer layer of 
insulation is 100°F. 
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First 

— insulation 
layer 
Second 
insulation 
layer 


pipe 


Solution: The outer diameter of the pipe is the inner dia¬ 
meter of the first layer of insulation. Therefore, 

Outer diameter of pipe = 3.50 in., ri=1.75 in. 

Outer diameter of 

first layer = 3.50 + 4.00 = 7.50 in. 


Outer diameter of 

second layer 


r2=3.75 in. 
7.50 + 2.50 = 10.0 in., 


rs=5.0 in. 


For the first layer of insulation, the mean radius is 


_ r2-ri 
r mi ln(r2/ri) 


3,75-1.75 
ln(3.75/1.75) 


2.62 in. 


For the second layer of insulation, the mean radius is 


_ r3-r2 

r m 2 ln(rj/r 2 ) 


5,00-3.75 

ln(5.00/3.75) 


4.345 in. 


The thermal resistance of the first layer of insulation is 


Ri 


f2-ri 

2 irk i r m 
mi 

3.75-1.75 

2ir(0.05)(2.62) 


2.43 
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The thermal resistance of the second layer of insulation 


Rz 


r s-r 2 
2 irk 2 r 

m2 

5.00-3.75 
2ir(0.037)4.345 


1.24 


The heat loss (q), per unit length, is given by 

_ _ AT 
q Ri+R 2 

670-100 

2.43+1.24 

q = 155.3 Btu/hr per foot length of pipe 


• PROBLEM 13-6 


A right circular cylinder, having a constant thermal 
conductivity k and no heat generation, has all its sur¬ 
faces at 0 except for the surface at z=L which has the 
temperature T = T 0 J 0 (2.4O5r/R). The temperature T is a 
function of the radial coordinate r, T 0 is a known 
constant and J 0 (2.405 r/R) is the ordinary Bessel 
function of the first kind and zero order. Derive an 
exact analytical expression for the steady state tempera¬ 
ture distribution within the cylinder. 


T”ToJo(2.405^) 
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Solution : The most appropriate equation for this problem 
is the general conduction equation in the circular cylindri¬ 
cal coordinate system 

3 2 T A 3T t 1 3 2 T , 3 2 T ( q'" _ 1 3 T 
3r* r 3r r* 36 2 3Z* k « 3x 


Dropping the generation term, the transient term and the 
circumferential conduction term, the equation reduces to 


3 2 T 1 3T 3 2 T 

TF* + r 3? + 3z* = 0 


( 1 ) 


The boundary conditions are 


(a) 

At 

r = 

0 

and 

0 < z < L 

3T/3r = 

(b) 

At 

r = 

R 

and 

0 < z < L 

T = 

(c) 

At 

z = 

0 

and 

0 < r < R 

T = 

(d) 

At 

z = 

L 

and 

0 < r < R 

T = 


Equation (1) is solved by the separation of variables tech¬ 
nique. Let the solution be of the form T=Q(r) P(z), Sub¬ 
stitute in eq.(l) and separate the functions 

d*Q/ dr 2 + (1/r)dQ/dr _ -d 2 P/dz 2 
Q P 


Since Q depends only on r and P depends only on z, the left- 
hand side depends only on r and the right-hand side depends 
only on z. The left-hand side of the equation must equal 
the right-hand side for all values of r and z in the con¬ 
duction region, even though r and z can be varied independ¬ 
ently of each other. 


This equality can hold only if both sides of the equa¬ 
tion are equal to the same constant, say -X 2 . This is 
called the separation constant. Equate both sides of equa¬ 
tion (1) to -X 2 , which gives 



Equation (2) is solved by the classical operator technique, 
and since the z domain is finite, the results are converted 
to the hyperbolic functions 

P = A x sinh Xz + A 2 cosh Xz 
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Equation (3) is a Bessel equation whose solution is given as 

Q = BiJo(Xr) + B2yo(*r) 

Hence, 

T = [BiJ 0 (Xr)+B 2 yo(Xr)](AiSinhXz+ A 2 coshXz) (4) 


Applying boundary condition (a) to eq.(4), the derivative 
with respect to r gives a term Ji(Xr) and yi(Xr). Since 
J 1 (0)=0 and yi(0)+-«, B 2 =0 is taken to satisfy boundary 
condition (a). 

Let B 1 A 2 = C 2 
and 

B iA 1 = Ci 


Equation (4) becomes 

T - J 0 ( Xr ) (C 1 sinh Xz+C 2 cosh Xz) (5) 


For boundary condition (b) to exist, it is required that at 
r=R, T=0 for all z. Hence, 

0 = Jo(XR)(Cisinh Xz+C 2 COSh Xz) 


The functions of z cannot satisfy the condition, which must 
hold for all z in the region 

Jo(XR) = 0 (6) 


Equation (6) is a transcendental equation for the posi¬ 
tive roots of the equation, that is, for the values of X n R 

that make Jo equal to zero. To determine these roots, plot 
Jo(XR) versus XR. The points at which the curve cuts the 
XR axis are those values of XR which satisfy equation (6). 
Now equation (5) becomes 

T = Jo(X n r)(Cisinh X r z + C 2 COsh X r z) (7) 


Applying the boundary condition (c) to equation (7) gives 
C2=0; hence, equation (7) becomes 

T = Cisinh X n zJo(X n r) (8) 

There are an infinite number of solutions, because there 

are an infinite number of X which satisfy all the condi- 

n 

tions, except condition (d) which has not been considered as 
yet. Boundary condition (d) is: at z=L and 0< r < R 

T = ToJo(2.405 r/R) (9) 


837 



Setting z=L and multiplying the arguments in equation 

(8) of both sinh A z and Jo(A r) above and below by R and 
7 n n 

equating it to equation (9), yields 

Cisinh(X n RL/R)Jo(X n R r/R) = T 0 Jo(2.405 r/R) (10) 


This equation can only be solved if 2.405 is a value of 
A n R that satisfies equation (6), else the solution of equa¬ 
tion (8), in the form of equation (11) has to be used 


T = 


L C r 


n=l 


sinh X q zJ 0 (A Q r ) 


( 11 ) 


Now taking A n R=2.405, it is seen from equation (10) that 


Cj = 


_T],_ 

sinh(2.405 L/R) 


Hence, the steady state temperature distribution is 


T(r,z) 


= T 0 


sinh(2.405 z/R) 
sinh(2.405 L/R) 


J 0 (2.405 r/R) 


• PROBLEM 13-7 


(a) A steam pipe, having an outside temperature of 
180°F, is buried in the earth (k=0.60 Btu/hr ft # F) 
at a depth of 2 feet. The diameter of the pipe is 
6 inches. If the soil surface temperature is at 
50°F, calculate the heat transfer rate per foot 
from the pipe. 

(b) If the heat transfer rate, from the pipe in part 
(a), is to be reduced to 100 Btu/hr ft by adding 
insulation (k =0.03 Btu/hr ft°F), while the phys- 

A 

ical system remains the same, determine the re¬ 
quired outside diameter of the insulation. 


Solution: The physical system is that of a horizontal pipe 
buried in a semi-infinite medium having an isothermal sur¬ 
face. The conduction shape factor for this system, having 
the restrictions L»D and D > 3r is 


cosh -1 (2z/D) 
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The shape factor for this system is 


Therefore 


Shape factor 


S ln(2D/r) 

where D = Depth = 2 ft. 

r = Radius = 3in.= 0.25ft. 

5 = 

6 ln(4/0.25) 

S = 2.26 


Heat loss q = kS(Tj-T 2 ) 

where Ti = Outer surface temp=180°F 
T 2 = Ground surface temp=50 # F 

Therefore 

q = 0.6 x 2.26(180 - 50) 


q = 176.28 Btu/hr ft 


Plane surface at T 2 


7777777777777777777777F777 


2 ft 



The buried steampipe. 


(b) In this case, the outside surface temperature of the 
insulation is unknown. An expression for heat loss (q) in 
terms of the shape factor for the system is 

q = kSCT^Tz) (1) 

and the expression for the conduction heat transfer rate 
across 'a 1 , in the absence of transients, heat generation, 
or heat flow in any other direction other than radial is 
given as 
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( 2 ) 


_ = 2nk a (To-Ti) 

Q ‘ ln(r 2 /rj) 

where r 2 * outer radius of 
insulation 


Since r i /r l 


d 2 /d t = d 2 /0.5 * 2d Z| equation (2) becomes 


q 


27 r(0.03H180 - T, ) 
ln(2d 2 ) 


_ 0.1884(180 - T,) 
ln(2d 2 ) 


(3) 


Rearranging equation (1) and substituting in equation 
(3) we get, 


T i = T 2 + q/kS 


( 1 ) 


_ _ 0.1884(180 - T, - q/kS) 

q - I n (2d 2 f 


0 = 180 - T 2 - q/kS - q In 2d 2 /0.1884 

n = 180 - T, 

q 5.31n(2d 2 )+l/kS 


(4) 


Since the depth D = 2ft., the shape factor is 

q _ _ 2_7T_ 

cosh~i(2D/r 2 ) 

because in this case the restriction is only 


r 


The second restriction D>3r, which was a valid restric¬ 
tion in part(a), is not applicable as the outer radius of 
the insulation is not known. 


cosh”i(2/Jd 2 ) 

_ _ 2 IT 

cosh _1 (4/d 2 ) 

. „ = 0-6 x 2 tt 

KC> cosh -1 (4/d 2 ) 

and 1/kS = cosh ^^y d » ^ 

= 0.266 cosh -1 (4/d2) 


840 



Substituting this value of 1/kS into equation (4) gives 

180 - T 2 

q “ 5.31n(2dz)+0.266coshr*(4/d 2 ) 


substituting the values 

T 2 = 50°F 

and q = 100 Btu/hr ft 


100 


_ 180 - 50 

5.31n(2d 2 )+0.266cosh“ 1 (4/d 2 ) 


(5) 


Equation (5) must be solved by the method of trial and error. 
5.31n(2d2) + 0.266 cosh" 1 (4/d2) = 1.3 


1 st trial 

let d 2 ■ 1 ft. 

5.31n(2) + 0.266 cosh -1 (4) = 4.22. 
This value of d 2 is too high. 


2 nd trial 

let d 2 = 0.60 ft. 

5.31n(l.2) + 0.266 cosh -1 (6.67) = 1.65 
The value of d 2 is still high. 


3rd trial 

let d 2 = 0.55 

5 .31n(l.1)+ 0.266 cosh -1 (7.27)= 1.22 

This value is very close, but lower than the required value 
of d2 • 


4th trial 

let d 2 = 0.56 

5.31n(1.12) + 0.266 cosh -1 (7.14) = 1.3 


The outside diameter of the insulation should therefore be 
about d 2 = 0.56 ft. = 6.72 in. 
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• PROBLEM 13-8 


The lateral surface of a copper rod is insulated and its 
two ends are maintained at a constant temperature of 
70°F. The rod is 0.2 in. in diameter and 1 ft. long and 
its thermal conductivity is 220 Btu/hr ft°F. Conduction 
in the rod is one-dimensional (along the length). Cal¬ 
culate the maximum electrical current that may be 
carried by the rod, such that the temperature at any 
point should not exceed 250°F. Do the calculations for 
two values of electrical resistivity 

a) Constant at 1.73x10" 6 ohm-cm 

b) equal to 1.73[l+0.002(t-70)]><10 -6 ohm-cm 
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Using these conditions, the differential equation can be 
solved. Integrating twice gives 

t + Jf f- 2 = Bx + C 


Solving for the constants by inserting the boundary con¬ 
ditions , 


B = 


t 2 — 11 
X2-X1 



(X2+X1 ) 


c = 


X2 t 1 —X 1 t 2* 
X 2 —X 1 


q* 

2 k X > X * 


Inserting these constants in the integrated expression, 


Substituting the numerical values into this equation, 

250 * |j70 + 7 ( y9 (0.5 )^j + q* ~ ] 

from which _ . 

q* * 3.168x10 5 Btu/hr ft* 

Also, * = RI 2 

H Volume 

Equating these two expressions for q*, 

3.168 x10 s . 2 . 60 xlQ—xl a x3.413 

[l2xxx (0.2) ! ]/1728 

4 

from which the maximum current I is found to be 279 Amp. 

(b) The given linear resistivity law yields a linear resist 
ance 

R = 2.60 x10 -4 [1 + 0.002(t-70)] 

The heat generation will also depend linearly on tempera 
ture, with the rate constant b=0.002 1/ # F. This is because 
linearly dependent heat generation follows the relation 

q* = q*[l+b(t-t L )] 

The differential equation in this case is 
2 +- 

utb(t-t L » - o 
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The boundary conditions are 


At 

x=0: 

dt _ 
dx 

At 

x=L: 

t = 


This differential equation when solved gives the expression 
for q* and also the expression 


t o 


1 

b 


l cos mL 
where 


m 





Substituting the numerical values in this equation gives 


and 

Therefore, 


250 - 70 + o 002 j^ C os(0.5m) 1_ \ 

m = 1.489 1/ft. 

*£ = d-489) 2 

= 2.44 x 10 s Btu/hr ft 3 


The quantity q* is the dissipated energy corresponding to the 
coefficient in the above resistance law. Again,equating both 
the expressions for q£ 


or 


q* = 2.44 x lo 5 

Li 

I = 245 Amp. 


2.60x10 4 xI 2 x3.413 
[l2xirx ( 0^2j 2 ] /1728 


• PROBLEM 13-9 


A fin of length L having an insulated tip, has a uniform 
initial temperature T^, equal to that of the ambient. 

The base temperature is suddenly changed to T 0 and is 
maintained at that temperature. Find a first order so¬ 
lution that gives the approximate temperature variation 
in the fin. 


Solution : The solution involves the penetration depth , and 
its formulation may be given in two successive time domains. 
In the first domain, the penetration depth is less than or 
equal to the length of the fin,and in the second domain, the 
temperature of the tip rises from zero to a steady value. 
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Fig. 1 


Consider the lumped control volume and the differential 
system shown in Fig. 1, the integral formulation of the 
problem for the first time domain is 


1 d f T o 

a dt J 0 


0dx 



( 1 ) 


where 6 = T-T^ and x has its origin at the penetra¬ 
tion depth. 


It is convenient to select a spacewise parabolic, time- 
wise unspecified Kantorovich profile which satisfies the 
boundary conditions of the problem and which is expressed in 
terms of the penetration depth 



Insertion of equation (2) into equation (1) and subsequent 
integration gives the nonlinear differential equation 



am 2 T o 


6a 
~To ’ 


which can be made linear in terms of t 2 /2 as follows: 



2am 2 (t o/2) 


= 6a. 


(3) 
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Equation (3) is to be satisfied by the condition 


and the solution is 


T 0 (O) = 0 


T 0 



am 2 

e 



(4) 

(5) 


This equation is now used to determine the penetration time, 
to, at which t 0 (to) = L. It is given as 

to = 2^ ln ( l-vi a / 6 )' (6) 

where y = mL. 


Now, 

ranging, 

obtained 


inserting equation 
the temperature of 

e (x,t) = 

r 0 


(5) into equation (2) and rear- 
the fin in the first domain is 

_ m 2 x 2 _ ,rj 

6[1 - exp(-2am 2 t)] 


The differential and lumped systems for the second time do¬ 
main are shown in Fig. 2. 


Differential Element 

_^_ 


r--"IV! 

L _^_ 

r - n 

i 

i 

_ 1 

P 

Tip 

/ -**H 

Control Volume 1 1 




Since the tip of the fin is insulated, rather than referring 

to figure (2), the integral formulation of the problem for 
the second time domain is obtained by replacing to by L in 
equation (3). 


& 

111 

a dtJO 


6dx 




8dx. 
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Now, introducing the dimensionless variable £ - x/L and 
the parameter p = mL in equation (8), which on rearranging 
gives 


Lf. _d_ j 1 
a dtJo 


0d£ 




0d£. 


The first order Ritz profile is employed, ao is a time de¬ 
pendent parameter, and the function a 0 (t) is to be determined, 
therefore 


0(S,t)/0 o = 1 - (1 - £ z )a 0 (t). (10) 


This is a first order Kantorovich profile. Inserting equa¬ 
tion (10) into equation (9) and integrating, we get 


dai 

dt 




(ID 


The initial condition to be employed on equation (11) is 


&o(to) * 1 


( 12 ) 


Then the solution of equation (11) which satisfies eq. (12) 
is 


U 2 /2 


1 - 


y‘/6 


»•<*> = 1+^73 + iT y g fe exp 


_- 3 ( : 


1 + 


)^ a 


(13) 


Introducing equation (13) into equation (10) gives the temp¬ 
erature of the fin in the second time domain, 


HK.t) 

6o 


1- (l-£ 2 ) 


(l^73 + l + y^3 c xp 


(14) 


As t-^to, equation (14) approaches the upper limit of the 
first time domain solution, equation (2) for t 0 =L, and as 
t-*-®, it tends to the steady solution given by the equation 


iL Ukl = i __(1 _ f 2 ) 

9 0 1 + p2/3 ' 


(15) 


The error of equation (14) is of the order of that obtained 
in eq.(15). 
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Temperature 


• PROBLEM 13-10 


A wire, 5/8 in. diameter, at a temperature of 500°F is 
suddenly exposed to a cooling medium which is at 110°F. 
Evaluate the temperature response when the cooling me¬ 
dium is 

a) water (h=15 Btu/hr.ft 2 . °F.)and 

b) air (h * 2 Btu/hr .ft 2 . °F.) 


Given the properties of the wire material 

p = 560 lb/ft 3 , k = 216 Btu/hr.ft.°F 
and C p = 0.09 Btu/lb.°F. 



Cooling of wire in air and in water. 


Solution: The Biot number is defined as 


Bi = H 

kA 


where h - convective heat transfer coefficient 

k - thermal conductivity of the wire material 
V - volume of the wire 
A - surface area of the wire 










Therefore for water 


Bi 


(15) x tt/ 4 D 2 L 
216 x 7 r DL 


= 15 x 
216 4 2l6 


9.04 x10 


- 4 


(5/8x12) 

4 


which is less than 0.1, hence the lumped parameter analysis 
is valid for the temperature history of the wire. The Biot 
number will be less for air as the cooling medium. 


The temperature history can be found from the lumped 
parameter analysis equation as 

t t h A t h x t A 

s T ^T r = e " pC d V = e“p x c V 

where T is the temperature of the cooling wire at any 
instant of time t 

T 0 is the temperature of the wire at time t = 0 

T a is the temperature of the cooling fluid and re¬ 
mains constant during the process of cooling. 


Substituting the known values in the equation, yields 

ht v A 

T- 110.0 __ T- 110.0 _ 0.09 x 560 V 

500 - 110.0 390 e 

ht x 4 x 12 

T - 110 = 390 e“ 0•09x560x5/8 o F 


= 390 e - 1 * 5238 Xht °F 


For air 


390 e -1 - 5238 x 2 x t 0p . 
390 S 3,04t # f 


and for water = 390 e 22-8 ^ 

Thus, the temperature history for cooling wire 

in air T = 110+ 390 e -3,04t °F and 

a 

in water = no + 390 e -22>8t 

Cooling curves are shown in the figure for both air and water. 
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• PROBLEM 13-11 


A liquid is maintained at a uniform temperature T^, 

above its melting temperature. One boundary of it is 
suddenly lowered and maintained at temperature To below 
its melting temperature. 

Evaluate the location of the solid liquid interface and 
also the temperature distribution throughout the system. 



0 s(t) 

Solidification in a half-space. 
Two phase problem. 


Solution : The differential equation for the representation 
of the solid phase is 


_ ! W.C.t) 

&X 2 Og it 

in 0 < x < s( t), 

t > 0 

(i) 

T g (x,t) = To 

at x = 0, t > 0 


(2) 

and, for liquid phase 

3% ± 3T £ (x,t) 

3x* ai 3t 

in s(t) < x < «, 

t > 0 

(3) 

T £ (x,t) = 

for t = 0, in x 

> 0 

(4) 

T £ (x,t) -► T i 

as x + t > 0 


(5) 

conditions for and at the interface x = s(t) 




T g (x,t) = T £ (x,t) = T m at x = s( t) , t^O (6) 


k s “3# - k *-aF = *=s(t), t>0 (7) 
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Now, assume a solution of the form 


T g (x,t) = To + A erf |x/2(a g t )^j (8) 

The equation (1) for solid phase, and its boundary condition 
are satisfied. 


Again, assume a solution for T^(x,t) as 

T^x.t) = T.+B erfc[x/2(ait)ij (9) 

The differential equation (3) for liquid phase and initial 
and boundary conditions (5) and (4) are satisfied. 


A and B are the constants. Substituting equations (8) 
and (9) into the interface equation (6) yields 


To + A erf(X) = T ± + B erfc 



= T 


m 


where 


1 - 2^i ° r S(t > * 21( V )J 


( 10 ) 

(ii) 


The constants A and B found from equation (10) are 

T - T T - T. 

* _ m o R _ _ m 1 _ 

erf ( X) ' erfc[X(a g /ot £ )£] 

Now, the temperature distribution in the solid and liquid 
phases can be obtained by substituting the values of constants 
A and B into equations (8) and (9). 


Thus 


T g (x,t) -T c erf[x/2(a s t)i] 


T Jl (x,t) - T ± _ erfc(x/2(a jl t)i] 
T m- T i = •rfc[A(« g /« ll )*] 


( 12 ) 

(13) 


In order to find an expression for the constant X, expres¬ 
sions for s(t), T g (x,t) and T^(x,t), obtained from equations 

(11), (12) and (13) respectively, are substituted into equa¬ 
tion (7), which results in 


-X 2 


e 

erf(X) 


Mi 

k sK 


i T m _T i e _X(a s/° t Jl ) _ XL/? 

T m - T o erfc[X(a g /a £ )i] “ C pg (T m - T q ) 


(14) 
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Thus, after evaluating X, the interface temperature s(t), 

the temperature distribution T (x,t) in the solid phase and 

s 

Tjj,(x,t) in the liquid phase can be obtained from equations 
(11), (12) and (13) respectively. 


• PROBLEM 13-12 


A solid metallic block of width 2b is initially at 
an uniform temperature T c . Instantaneously the tem¬ 
perature, at time t®0, at both the end surfaces is 
raised to and maintained at Tj_. 

Derive an expression for the temperature distribution 
along its width as a function of time. 



Solution: The figure shows the cross section of the slate 
with temperature for time t >0. The problem involves a three 
dimensional analysis. 

For simplifying the problem non-dimensional parameters are 
introduced. 

For temperature gradient 


T-Tjl 

non-dimensional 

temperature 

(1) 

f -T, 
O 1 

= X 
b 

non-dimensional 

width 

(2) 

St 

n 

non-dimensional 

time 

(3) 
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Now the problem reduces to the simpler partial differential 
equation 


30 = 3 2 0 

57 W*~ 

with boundary conditions 

6=1 for time x = 0 Initial condition 
0 = 0 at A = + 1 for x > 0. 


(4) 


Equation (4) can be solved by variables separation method and 
the solution can be written as 

O 2 T 

0 = ae (csinBi + dcosBi ) (5) 

where a, c and d are some constants. 

Since the problem is symmetric the above function should be 
even. This implies that c = 0 and hence the term csin$i 
vanishes. 

Substituting the boundary condition 
0 = 0 for x > 0 

0 = (ae~® T )dcosBA 

This implies that dcos0£ = 0 
-B 2 x 

since ae f 0 

and cosBl =0 Y d f 0 

.\ the value of & n = (n + i)ff (6) 

where n = 0, + 1, ±2, 

.\ The solution is 

0 = (ae ® T ) (dcosgi) 
where & = (n + J)tt 

The above equation can be written as 

-B 2 T 

e n = A n x e n x cosB n i 
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where A n is another constant = a x d. For different values 
of n,6 will be different, hence for all integrals from 

n = -o° to n = +«> 


00 2 

0 = E A e“®n T cosB n t (7) 

n=0 

Now to find the value of A n substitute the initial condition 
i.e. 0=1 for time x = 0 


1 = Z A n cosfJ n l (8) 

n=0 

Multiplying both sides by cosg and integrating between the 
limits -1 and +1 m 

+1 +1 

f cosfj^l = f I A n cos0 n & cosB m £ 

-1 m -1 n=0 


On the right hand side, except for m = n, all the other terms 
when m f n are each equal to zero. When m = n it is equal to 

2 * 

On the left hand side 
+1 




-1 


(- 1 ) 

cosB 1 = > < x - 

p m (m+4)7r 


.• A = 2 — ^T 1 ) 
n (m+i)7r 


m 


(9) 


Substituting the value of and 3 n in equation (7) 

9 ° 2 f 0 £m+l)Tr x e~ G n+ ^) 1 D T x cosQn+£)irjQ (10) 


Now substituting the transformed parameters in equations(1), 
(2) and (3) and putting m = n 


T-TV, « / 1N n f .7Tv2at 

T^-T'i = 2 n f 0 (n+i) 7 r x e 2 b 2 x cos(mr+^) 


( 11 ) 


This is the most generalized equation. 


Solutions for heat conduction in rectangular parallelopipeds 
and finite cyclinders can be worked out similarly. 
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CONVECTION 


• PROBLEM 13-13 


Water at 80° F is being heated by a vertical plate. 
Determine the temperature at which the plate should be 
maintained if the rate of heat transfer from the plate to 
water is 5000 Btu/hr. The values of the constants for the 
number may be taken as a = 0.13 and m = 1/3. 



Solution : An iterative method is adopted to solve the 

problem. A plate temperature is assumed and using the Nusselt 
number, the convective heat transfer coefficient is obtained 
Subsequently, the plate temperature is re-calculated. The 
above procedure is repeated until the value 


T s T is approached, 

^assumed Calculated 


The heat transferred from the plate is equal to the heat 
supplied to the plate 

Therefore, q ■ hAAT (AT =» T - T ) 

p w' 

or 5000 - h(J x 1) (T - 80) 

where subscripts p and w refer to plate and water, 
respectively 

or 10,000 - h(T p - 80) (1) 


The average film temperature at the plate-water 
interface is given by 


i <T 


T ) 
w 
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The turbulent (boundary layer type) free convection flow is 
given by the equation 


or 

Also, 

Hence, 


££ = Nu = 0.13 (Ra) 1/j 

K f 

K f X/ 
h = 0.13 (Ra) /3 

Ra = a^L 3 AT 

h “ 0.13 K f a f Vs (T p - T w ) Vs 


Equating (1) and (2), we get 


T -80 
P 



( 2 ) 

(3) 


(4) 


A value of Tp is assumed in order to calculate the film 

temperature, the values of a^ and are obtained at this 

temperature (T^), then Tp is calculated from eq. (3) and 

compared with the assumed value. If the two values differ 

substantially then this calculated value becomes the new 
assumed value and the procedure is repeated till we get 
nearly the same value. 


Assume Tp = 120°F, then 

T f = J (120 + 80) - 100°F 


From property tables of water at 100°F, 


a f = 547 x 10* 


Therefore, 



or 


K f = 0.363 

812. 



144°F 


Assume T = 144°F 
P 

T f = J (144 + 80) - 112°F. 
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Therefore, a f - 697 * 10 6 
K f = 0.367 
a f 1/s =883 



or T = 140°F which is reasonably close 
P 

to the assumed value. 


Properties of Water 


»(°F) 

Saomtloa 

pressure 

(Ibm/ft*) 

n 

(Ib/lttft) 

ft 

(Btu/hr ft ®F) 

(Btu/lbm°F) 

it* 

«tx 10** 
O/ft* °F) 

40 

0.122 

62.43 

3.74 

0326 

13041 

115 


50 

0.178 

6251 

3.16 

0334 

13013 

959 


60 

0.256 

6236 

2.72 

0341 

05996 

758 

154 

70 

0363 

6230 

237 

0347 

05987 

631 

238 

80 

0.507 

6232 

258 

0353 

05982 

559 

330 

90 

0598 

62.12 

155 

0358 

05980 

5.15 

435 

100 

0549 

6250 

155 

0363 

05980 

455 

547 

110 

1.28 

6156 

159 

0367 

05982 

436 

670 

120 

159 

61.71 

135 

0371 

05985 

354 

804 

130 

232 

6155 

134 

0375 

05989 

359 

949 

140 

229 

6138 

1.13 

0378 

05994 

330 

1100 

150 

3.72 

6130 

1.05 

0381 

13000 

2.74 

1270 

160 

4.74 

6150 

0.968 

0.384 

13008 

252 

1450 

170 

559 

6050 

0.900 

0.386 

13017 

233 

1640 

180 

751 

6058 

0339 

0388 

13027 

2.17 

1840 

190 

934 

6036 

0.785 

0.390 

13039 

232 

2050 

200 

1153 

60.12 

0.738 

0.392 

13052 

139 

2270 

212 

14596 

5953 

0586 

0.394 

13070 

1.76 

2550 

220 

17.19 

5953 

0555 

0394 

13084 

157 

2750 

240 

2457 

59.11 

0588 

0396 

13124 

151 

3270 

260 

35.43 

5856 

0534 

0397 

13173 

137 

3830 

280 

4930 

5756 

0.487 

0397 

13231 

136 

4420 

300 

6751 

5732 

0.449 

0396 

13297 

1.17 

5040 

320 

8956 

5655 

0518 

0395 

13368 

1.10 

5660 

340 

11851 

5554 

0393 

0393 

13451 

134 

6300 

360 

1535 

55.19 

0371 

0391 

13547 

130 

6950 

380 

1955 

5438 

0351 

0388 

13662 

057 

7610 

400 

2473 

5351 

0333 

0384 

13800 

054 

8320 

420 

3085 

5251 

0316 

0379 

13968 

052 

9070 

440 

3815 

5158 

0301 

0374 

1.1168 

050 

9900 

460 

4665 

50.70 

0385 

0368 




480 

566.1 

4957 

0372 

0362 
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Checking for the Rayleigh number 

R - a.L 3 AT 
a f f 

= 697 x 10 s (J) 3 (140-80) = 5.24 x 10* 

Since K > 10*. use of equation (2) is justified, and the 
a f 

required plate surface temperature is 140°F. 


• PROBLEM 13-14 


Consider a heating chamber with a 1 ft high vertical wall. 
The wall surface temperature is 450°F and the ambient 
temperature is 100°F. Find the convective heat transfer 
coefficient and the rate of heat transfer per unit surface 
area of the wall. Neglect radiation heat transfer. 


Table 1. 


Physical Properties of Air at 101.325 kPa (1 Atm Abs) 


(English Units) 


T 

rn 

&) 

(A) 

(i centipois c) 

* 

( »•* \ 

Pr 

f * to* 
vr*) 

vr* ft*) 


0 

0.0861 

0240 

0.0162 

0.0130 

0.720 

118 

09 x 10* 

32 

0.0807 

0240 

0.0172 

0.0140 

0.715 

103 

3J1 x 10* 

50 

0.0778 

0240 

0.0178 

0.0144 

0.713 

1.96 

170 x 10* 

100 

0.0710 

0240 

0.0190 

0.0156 

0.705 

1.79 

1.76 x 10* 

150 

0.0651 

0241 

0.0203 

0.0169 

0.702 

1.64 

112 x 10* 

200 

0.0602 

0241 

0.0215 

0.0180 

0.694 

1.52 

0140 x 10* 

250 

0.0559 

0242 

0.0227 

0.0192 

0.692 

1.41 

0.607 x 10* 

300 

0.0523 

0242 

0.0237 

0.0204 

0.689 

1.32 

Q.4S4 x 10* 

350 

0.0490 

0244 

0.0250 

0.0215 

0.687 

113 

0J36 x 10* 

400 

0.0462 

0245 

0.0260 

0.0225 

0.686 

1.16 

0164 x 10* 

450 

0.0437 

0246 

0.0271 

0.0236 

0.674 

1.10 

0104 x 10* 

500 

0.0413 

0241 

0.0280 

0.0246 

0.680 

1.04 

0.163 x 10* 


Solution: For a vertical plate at constant temperature and 

having a height of less than 3 ft, the average natural 
convective heat transfer coefficient is given by the 
following equation 


= hL „ ( L 3 p 2 g 6AT M* 
k \ y 2 k / 

* a(GrPr) m 
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where a and m are constants and can be found from the given 
table. 


The physical properties of air are found at the average 
film temperature T f 


Tf . . i50_*_100 . „ 5 . F 

Hence, from table 1, at 275°F 

k - 0.0198 Btu/hr-ft-°F 
p = 0.0541 lbm/ft 3 

y = (0.0232 Cp) (2.4191) - 0.0562 lbm/ft-hr 
8 = 1/(460 + 275) - 1.36 x 10 - */°R 
Pr = 0.690 and AT = 450 - 100 - 350°F 

Grashoff number is defined as 

Gr - LV g . P^T 
V 2 

_ (1.0) 3 (0.0541) 2 (32.174)0600) 2 (1.36 x 10 _3 )(350) 

(0.0562) 2 

- 1.84 x10" 

Gr Pr - (1.84x10*)(0.69) 

= 1.27 x10 s 


From table 2, for vertical plates, corresponding to 
Gr = 1.27 x 10*, the constants a and m are 0.59 and i, 
respectively. Therefore, 

Nu = lit = 0.59 (1.27 x 10®)* 

or h = 0.59 ( 1.27 x lO 8 )^ 0 ' - ^ 1 ^ 
h = 1.24 Btu/hr-ft 2 -°F. 
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Table 2. 


Constants for use with Eq. (1) for Nusselt Number 


Physical Geometry 

(Gr Pr) 

a 

m 

Vertical planes and cylinders 




[vertical height l<ltn(3 ft)] 



i 


<10* 

1.36 

5 


10*-I0» 

0.59 

1 

4 


>10* 

0.13 

1 

Horizontal cylinders 




[diameter D used for L and D < 0.20 m (0.66 ft)] 




<10- 5 

0.49 

0 


lO-’-lO-* 

0.71 

1 

25 


10-*-l 

1.09 

X 


1-10* 

1.09 

10 

1 


10*-10* 

0.53 

5 

1 

4 


>10* 

0.13 

Horizontal plates 



1 

3 

Upper surface of heated 

10*-2 x 10* 

0.54 

1 

plates or lower surface 
of cooled plates 

2 x 10 7 -3 x 10 ,# 

0.14 

4 

1 

3 

Lower surface of heated 

10M0" 

0.58 

1 

plates or upper surface 
of cooled plates 



5 


The rate of heat transfer per unit wall surface area is given 
by 

q = hA(T w - T b ) 

= 1.24 x 1 x (450-100) = 434 Btu/hr. 


• PROBLEM 13-15 


A 3.5m x2m vertical plate is subjected to a constant heat 
flux of 800 »/m 2 . The back of the plate is insulated and 
the ambient air temperature is 30°C. Determine the average 
surface temperature of the plate, assuming that all the 
incident radiation is lost by free convection to the 
surrounding air. 


Solution : In this problem, the plate surface temperature 

and the heat transfer coefficient are not known. The 
analysis is initiated with an assumed heat transfer 
coefficient and using this value, the surface temperature 
is calculated. Subsequently, using the Nusselt number, a 
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new heat transfer coefficient is evaluated. This procedure 
is repeated till the assumed value nearly equals the 
calculated Nusselt number. 


Physical Properties of Air at Atmopheric Pressure (SI Units) 



P . 

(kgV) 


1.379 

1.293 

1.246 

1.137 

1.043 

0.964 

0.895 

0.838 

0.785 

0.740 

0.700 

0.662 


V * 10 * 

c p <?•••, or k B*10* gBp 1 /** 1 

(kJA9*>0 kg/**«) (M/a-X) Pr (1/K) <l/X-» 9 ) 


1.0048 

1.0048 

1.0048 

1.0048 

1.0090 

1.0090 

1.0132 

1.0174 

1.0216 

1.0258 

1.0300 

1.0341 



0.022S0 

0.02423 

0.02492 

0.02700 

0.02925 

0.03115 

0.03323 

0.03531 

0.03721 

0.03894 

0.04084 

0.04258 



3.92 

3.65 

3.53 
3.22 
2.95 
2.74 

2.54 
2.38 
2.21 
2.09 
1.98 
1.87 


2 . 79 * 10 * 
2 . 04 * 10 # 
1 . 72 * 10 # 
1 . 12 * 10 * 
0 . 775 * 10 1 
0 . 534 * 10 # 
0 . 386 * 10 9 
0 . 289 * 10 9 
0 . 214 * 10 * 
0 . 168 * 10 9 
0 . 130 * 10 9 
1 . 104 * 10 * 


Assuming a value of h ■ 10W/m 2o C, heat transfer per unit 
area is 

q = hAT 

or AT - g ^ - 80°C. 

Therefore, T f = ^ + 30 - 70°C or 343°K. 

The properties of air at 70°C are 

v = 2.005 X 10" 5 m 2 /s , 6 = - 2.92 x 10~ 3 °K _1 

k = 0.0295 W/m°C and Pr = 0.7 

The Grashof number is defined as 

Gr = —— 

kv 2 

_9.8 x (2.92 x 10 _3 )(800)(3.5) , ‘ 

Gr = --- 

(0.0295)(2.005x 10 _ ) 2 
= 2.9 xlO 14 (greater than 10*) 
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The flow of air around the plate is turbulent as the Grashof 
number is greater than 10 s . Hence, the Nusselt number is 
given by 

1 / 

Nu = 0.17 (Gr Pr) /4 

Nu = x = 0,17 (Gr Pr)1/l * 

or h = (0.17) (2.9 x lo 14 x o.?) 1 ^ 

3.0 

- 5.4: W/m 2 °C. 

Now, in a turbulent flow the value of h does not change 
appreciably, therefore it is reasonable to assume a constant 
value of h for further iterations. 

Therefore, T f - + 30 = 104°C 

Properties of air at 104°C are 


v - 2.354 X 10 _s m 2 /s , p - =r- « 2.65 x 10 

L f 

k » 0.0320 Wm°C , Pr = 0.695 


Hence, Gr - 65 x IQ ' 3 ) ( 800 ) ( 3.5 ) 4 

(0.0320)(2.354x 10 -5 ) 2 

= 1.758 x 10 14 

or using the Nusselt number 

h = ^ (0.17)(Gr Pr) 1/4 

_ (0.0320)(0.17)(1.758 x 10 14 x 0.695) 1/4 

3.5 

= 5.17 W/m 2o C 


Thus, the new temperature difference is 


AT 


800 

5.17 


155°C 


and the average wall temperature is 

155 + 30 - 185°C. 
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• PROBLEM 13-16 


Saturated steam at 30 psig and 50°F is flowing through a 
2-in OD pipe. Calculate the rate of heat transfer when 

(a) the pipe is surrounded by air at 55°F 

(b) the pipe is surrounded by water at 55°F. 

Assume the emissivity of the pipe surface as 0,9. 


Solution ; Transfer of heat takes place by convection only 
when the pipe is surrounded by water, and when surrounded 
by air,heat transfer is by convection and radiation. 

From the table, corresponding to an absolute pressure of 
30+14.7 a 45 psia the saturation temperature of steam is 
274.4°F. Therefore, the average film temperature at the 
pipe-fluid interface is 

T f = 274 ‘\ + 55 - 164.7°F 

The physical properties of air and water are obtained from 
the tables. 


Physical Properties of Air at 1 Atm Abs 


T 

CF) 

m 

( \ 

V 

( centipoise ) 

* 

( t,M 

Pr 

p X »* 
<//•*> 

qPp’/p 1 

or* ft') 

W- 9 f) 

\hfffj 

0 

0.0861 

0.240 

0.0162* 

0.0130 

0.720 

2.18 

4.39 X 10* 

32 

0.0807 

0.240 

0.0172 

0.0140 

0.715 

2.03 

3.21 x 10* 

50 

0.0778 

0.240 

0.0178 

0.0144 

0.713 

1.96 

2.70 x 10* 

100 

0.0710 

0.240 

0.0190 

0.0156 

0.705 

1.79 

1.76 x 10* 

150 

0.0651 

0.24] 

0.0203 

0.0169 

0.702 

1.64 

1.22 x 10* 

200 

0.0602 

0.241 

0.0215 

0.0180 

0.694 

1.52 

0.840 x 10* 

250 

0.0559 

0.242 

0.0227 

0.0192 

0.692 

1.41 

0.607 x 10* 

300 

0.0523 

0.243 

0.0237 

0.0204 

0.689 

1.32 

0.454 x 10* 

350 

0.0490 

0.244 

0.0250 

0.0215 

0.687 

1.23 

0.336 x 10* 

400 

0.0462 

0.245 

0.0260 

0.0225 

0.686 

1.16 

0.264 x 10* 

450 

0.0437 

0.246 

0.0271 

0.0236 

0.674 

1.10 

0.204 x 10* 

500 

0.0413 

0.247 

0.0280 

0.0246 

0.680 

1.04 

0.163 x 10* 


For air 

y - 0.04943 lbm/hr-ft 

k * 0.0171 Btu/br-ft-°F 

C = 0.241 Btu/lbm °F 
P 
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8 = (l64.7 1 + 466) " 1,6x10 ^ 

Pr «* 0.697, p - 0.0636 lbm/ft s 


Properties of Water 


#fF) 

Saturation 

pressure 

(j*») 

(lbm/f< s ) 

0b/hr ft) 

k 

(Btu/hr ft *F) 

C P 

(Btu/lbm*F) 

Nr, 

•tx ur* 
O/ft* *F) 

40 

0.122 


MEM 

0326 

1.0041 

113 


50 

0.178 


ESS 

0334 

1.0013 

9.49 


60 

0.256 

EI9 


0341 

03996 

738 

154 

70 

0.363 

62.30 

2.37 

0347 

03987 

631 

238 

80 

0.507 

62.22 

2.08 

0353 

03982 

5.89 

330 

90 

0.698 

62.12 

1.85 

0358 

0.9980 

5.15 

435 

100 

0.949 

62.00 

1.65 

0.363 

03980 

435 

547 

110 

1.28 

61.86 

1.49 

0.367 

03982 

436 

670 

120 

1.69 

61.71 

1.35 

0.371 

03985 

3.64 

804 

130 

2.22 

61.55 

1.24 

0375 

03989 

339 

949 

140 

239 

61.38 

1.13 

0378 

03994 

330 

1100 

150 

3.72 

61.20 

1.05 

0.381 

1.0000 

2.74 

1270 

160 

4.74 

61.00 

0.968 

0.384 

1.0008 

232 

1450 

170 

5.99 

60.80 

0.900 

0.386 

13017 

2J3 

1640 

180 

7.51 

60.58 

0.839 

0.388 

1.0027 

2.17 

1840 

190 

9.34 

60.36 

0.785 

0.390 

13039 

232 

2050 

200 

1153 

60.12 

0.738 

0.392 

1.0052 

1.89 

2270 

212 

14.696 

59.83 

0.686 

0.394 

1.0070 

1.76 

2550 

220 

17.19 

59.63 

0.655 

0.394 

1.0084 

1.67 

2750 

240 

24.97 

59.11 

0.588 

0.396 

13124 

131 

3270 

260 

35.43 

S8.86 

0334 

0.397 

13173 

137 

3830 

280 

49.20 

57.96 

0.487 

0.397 

13231 

1.26 

4420 

300 

675)1 

57.32 

0.449 

0.396 

13297 

1.17 

5040 

320 

89.66 

56.65 

0.418 

0.395 

1.0368 

1.10 

5660 

340 

118.01 

55.94 

0.393 

0393 

13451 

1.04 

6300 

360 

1535) 

55.19 

0.371 

0391 

13547 

1.00 

6950 

380 

195.8 

54.38 

0.351 

<1388 

13662 

0.97 

7610 

400 

247.3 

53.51 

0.333 

0.384 

13800 

034 

8320 

420 

308.8 

52.61 

0.316 

0.379 

1.0968 

032 

9070 

440 

381.6 

51.68 

0.301 

0.374 

1.1168 

030 

9900 

460 

466.9 

50.70 

0.285 

0368 




480 

566.1 

49.67 

0.272 

0362 





For water 

Pr = 2.43, y = 0.936 lb/hr ft 
p - 60.906 lbm/ft*, k - 0.385 Btu/hr ft°F 

C = 1.0012 Btu/lbm°F, 6 - 1.6x10“* ^ 

P « 

Rayleigh number is the product of Grashof and Prandtl 
numbers, 

Ra « (Gr.Pr) 
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For air, Gr 


= gp 2 8ATL 3 


32.2 x (Q.Q636) 2 1.6x10' 
(0.04943)* 

x (274.4-55) = 1.1228 x 10* 


_ 2 _ 

12j 


x (3600) 2 X 


For water, Gr 


32.2x (60.906) 2 x 1.6x 10“* / 2\ 3 
-(0.936)2- \Tt) (3600) 

X (274.4-55) 

2.87 x10 9 


Therefore, Ra 


1.1228x 10* x 0.697 = 0.782x 10* for air 

9 

2.87 x 10 x 2.43 **6.974 xlO 9 for water. 



Free-convection heat transfer correlation for horizontal 
cylindrical surfaces. 
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Knowing the values of the Rayleigh number for air and water, 
the corresponding values of the Nusselt number can be 
obtained from the graph. For air, 

Ra « 0.782 x 10 s 

log (0.782x 10 s ) - 5.893 and corresponding to this value, 
log (Nu) -1.2 


hence Nu =» 15,84 


For water 

Ra - 6.974 x 10* 

log (6.974x 10*) - 9.843 and corresponding to this 
value, log (Nu) - 1.98 which gives 

Nu - 95.5 


Next, the convective heat transfer coefficient for water and 
air are calculated . 


For air, h c - 150171 = 1.625 Btu/hr-ft 2 -°F 
For water, h c - —■- |y^§ - 385 " 220.6 Btu/hr-ft 2 -°F. 


The rate of heat transfer per unit length of pipe - when 
submerged in water: 

q w = h c AAT 

220.6 x w x 2 x (274.4-55) 

12 

= 25,342 Btu/hr-ft 


When exposed to air: 

by convection, Ql = 1-625 xwx^x (274.4-55) 

- 186.6 Btu/hr-ft 

4 

by radiation, q 2 - eA a (Ti - T 2 1 *) 
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where, 

o * Stefan-Boltzman constant 
= 0.171x10* Btu/hr ft 2o R 4 
Ti = 274.4 + 460 = 734.4°R 
T 2 - 55 + 460 = 515°R 

e = emissivity of the pipe surface =0.9 


q 2 = 0.9x v - * -■ ? - * ^ x 0.171 


734.4 

100 


= 177.2 Btu/hr-ft 


515V 

iooy 


The total heat transferred in air 


“ Qi + Q2 

- 186.6 + 177.2 
= 363.8 Btu/hr-ft 


It is interesting to note that the rate of heat transfer in 
air is only 1.44 percent of the rate of heat transfer when 
the pipe is submerged in water. 


• PROBLEM 13-17 


A spherical ball, 1 in. in radius and at a temperature of 
800°F, is suddenly quenched in a large pool of liquid 
which is maintained at 280°F. Estimate the surface 
temperature of the ball after one hour. The average 
convective heat transfer coefficient h = 2 Btu/hr ft 2o F. 
The properties of the ball material are: 

k = 25 Btu/hr ft°F p * 492 lbm/ft 3 

Cp = 0.11 Btu 


Solution : Biot number (Bi), the dimensionless parameter, 
compares the relative values of internal conduction 
resistance and surface convective resistances to heat 
transfer. 


Biot number - Bi = -g- < 0.1 

where h is the coefficient of convective heat transfer 
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k is the coefficient of heat conductivity 
x is the characteristic dimension of the body. 

For a sphere, the characteristic dimension is given by 

= volume of sphere _ 

surface area of sphere 

= 4irr 3 /3 
4irr 2 


= r = 1 , 

3 3 * 


Now, substituting values in the expression for the Biot 
number, 

Bi = — (ii) = °- 00222 


Since Bi is less than 0.1, the problem can be solved by 
using the lumped parameter analysis. 


T-T„ 

Hence, m 

1 o » 



Therefore, 


lira _ m_ . 

Cppv 0.11 x 492 x (1/36) per nr 
= 1.333 per hr 

T-280 -(1.333)1.0 

800-280 * 

or T = 417°F 


• PROBLEM 13-18 


A 1/12 in. dia metal wire is placed in still air at 66°F. 
Compute the rate of heat generation required to maintain the 
surface temperature of the wire at 1734°F. The heat loss due 
to radiation may be neglected. Use the given chart. 
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Solution : The mean film temperature at the air-wire 
interface is 


m _ 1734 + 66 
L f ~ 2 

Properties of air at 900°F are: 


900°F 


k = 0.032 Btu/hr-ft-°F 

a = = 0.0251 x 10 6 (1/f1 3 -°F) 

y 2 k 

Gr x Pr = x^- gg ^ Cp x(AT)x(D 3 ) 


0.0251x 10* x (1734-66) x 


^12 x 12 J 

* 14.02 

log (Gr x Pr) = log (14.02) = 1.146 



Natural convection for horizontal cylinders, ©s are experimenta] 
points for gases, Xs are experimental points for liquids. 
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From the graph, log Nu = log(0.15) 


Nu " X “ 1 * 412 


or 


Hence, 


1.412k _ 1.412 x 0.032 


(t2xI2 ) 


6.51 


q = h x A x AT 

= 6.51x 
s 237 Btu/hr ft 


^ X I2^) X (^734-66^ 


• PROBLEM 13-19 


Consider the heat transfer involved in turbulent fluid 
flow in a pipe. It is known that the dependent variables 
are: 

k - thermal conductivity G - mass fluid velocity 
d - pipe diameter p - viscosity 

Cp - specific heat 

Use dimensional analysis to discover the physical re¬ 
lationship involved, and from this, define the heat 
transfer coefficient. 


Solution : The basic dimensional system to be used is the 
ML6 (mass, length, time) system. First, each dependent var¬ 
iable must be non-dimensionalized. So, if T= temperature 
and H * heat, then 

k “ (oEt) g " (eUr) 

d - (L) p - (£] 

C P " (w) 


For purposes of simplification. 


the constant K„ 

n 
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is included, since M and H appear in it. Now the heat 
transfer coefficient may be expressed as 

h = fdc.G.d.y.Cp.Kjj) (1) 

Taking an infinite series of this, 


= (Cik ai G bl d ei 


y fl c p il K mi )+(C 2 k a2 G b2 d e2 y f2 c p i2 K m2 )+... 


The law of dimensional homogeneity states that each grouping 
must have the same overall dimensions. Therefore, the first 
group is taken as a complete representation. Since 

h - | e ^ 2T |, substituting all the dimensional formulae into 

eq.(2) gives 



Taking each dimension separately and collecting exponents, 


EH: 

1 = 

a + i - m 

E0 : 

-1 = 

-a - b - f - 2m 

EL: 

-2 = 

-a - 2b + e - f + 2m 

ET: 

-1 = 

-a - i 

EM: 

0 = 

b + f - i + m 


Solving these five simultaneous equations yields: 

m = 0, b=e+l, a = 1-i, and a + e+f = 0 

Now, if the variables as shown in eq.(2) are given these ex¬ 
ponents and rearranged, the result is 



is called the Nusselt number (Nu), J-jj-J is t 
number (Pr), and is the Reynolds number (Re). 


is the Prandtl 


Thus, 


in terms of the non-dimensional parameters is 
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• PROBLEM 13-20 


A plate loses heat to a stream of air by convection. 

The plate is 2 ft. in length, and it is initially at a 
surface temperature of 500°F. The ambient air tempera¬ 
ture is 100°F, and the air flow rate is observed to be 
150 ft/sec. Assuming a unit (1 ft.) width, calculate 

(a) the heat transferred from the laminar boundary 
layer region; and 

(b) the heat transferred from the turbulent boundary 
layer region. 

Then assume that the boundary layer is completely turbulent. 
Find 

(c) the heat transfer involved; and 

(d) the error this assumption results in. 


Solution: The mean film temperature is 

T = 10 - ? -i- 500 . 300 o F 
m £ 

At this temperature, the properties of air are 

v = 1.1026 ft 2 /hr k = 0.01995 Btu/hr-ft-°F 

and 

Pr = 0.701 

(a) The Reynolds number over the entire length of the plate 

18 Re = UL _ (150)(3600)(2) 

Ke L v 1.1026 

= 9.8 x10 s 


If the Reynolds number is used for computing the Nusselt num¬ 
ber the resulting coefficient of heat transfer will be an 
average value, or one that is for the entire length. Simi¬ 
larly, the heat transfer calculated using the average coef¬ 
ficient will be the heat transfer over the entire length, or 
the total heat transfer. This is equal to the sum of the 
heat transfer from both the laminar and turbulent boundary 
layer regions, or 

q T ” q Lam + q turb 


Now, the length of the laminar boundary layer L cr can be 
found, knowing the critical Reynolds number. 


Re 


cr 



( 2 ) 
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If the Nusselt number is found over the laminar boundary 
layer region, then the coefficient of heat transfer of that 
region may be found, as 


Nu 


Lam 


^Lam^cr 

k 


(3) 


Then the heat transfer of that region is easily determined. 
Proceeding to that end, first consider the plate as a whole. 
For mixed flow (where there are both laminar and turbulent 
regions) the Nusselt number is 


Nu t 


= 0.037 Re L °-® - 872j 


Pr 




with the constraint 


5 * 10 5 < Re L < 10 7 


As this is satisfied, 
Nu 


= jo. 037(9.8*10 5 ) # ‘ 


’ ,8 - 872] (0. 


701) 




= 1265.97 


Then the average heat transfer coefficient is 


Nu L k (1265.97)(0.01995) 
h av = 1-- 

= 12.63 Btu/hr-ft 2 -°F 

This is used for the calculation of the total heat transfer¬ 
red, or 


= k av A(T s ” r *' a> ^ 


- 12.63(2)(1)(500 - 100) 

= 10,104 Btu/hr 

(a) The length of the laminar boundary layer is found from 
eq.(2). 


L 


cr 


Re v 

cr 

U 



= 1.021 ft. 


Now, for laminar flow, the Nusselt number is found as 
Nu l = 0.664 Re L * Pr^* 


where the subscript L refers to the length of the laminar 
boundary layer. The condition 

0.6< Pr< 50 
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is satisfied. Then 


Nu l = 0.664(5xl0 s )^(0.701) 

= 417.09 

Then the heat transfer coefficient in the laminar region is 
found using eq.(3). 

_ Nu Lam k _ (417.09)(0.01995) 

n Lam L 0)21 

cr 

= 8.15 Btu/hr-ft 2 -°F. 

Finally, the heat transfer out of the laminar region is 

q Lam k Lam^Lam^s ~ ^ 

= (8.15)(1)(0.817)(500 - 100) 

= 2,663.3 Btu/hr. 

(b) Referring to eq.(l), the heat transferred from the tur¬ 
bulent boundary layer region is easily found as 

q turb “ q T“ q Lam 


= 10,104 - 2,663.3 


= 7440.7 Btu/hr 


(c) If the boundary layer is turbulent from the leading edge 
on the Nusellt number is given by 


Substituting, 


Nu l = 0.037 Re L #,e Pr 1 ^ 3 

Nu t = 0.037(9.8x10 5 ) °' 8 (0.701 ^ 
jL 


= 2040.6 


The heat transfer coefficient is then 

Nu L k _ (2040.6)(0.01995) 
h L = L-2- 

= 20.36 Btu/hr-ft 2 -°F 

Therefore, the total heat transferred 
q T = (20.36)(2xl)(500- 100) 

= 16,288 Btu/hr 
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(d) The difference between the two values of the total heat 
transfer may be expressed as a percent error: 


% error = 


16,288 - 10,104 

io,164- 


x 100% 


“ 61% 


The overall turbulence assumed results in erroneous results 
and hence is to be avoided. 


• PROBLEM 13-21 


A plate at 60 # C, is cooled by forced convection from an 
airstream. The steady flow velocity of the air stream 
is observed to be 2m/sec with the temperature and pres¬ 
sure as 27°C and 1 atm., respectively. Find the heat 
transfer per unit width from the leading edge to a dis¬ 
tance of (a) 20 cm and (b) 40 cm . Also find (c) the 

drag force over the 40 cm distance. 


Solution : When referring to a length of plate, the heat 
transfer must be calculated using a coefficient of heat 
transfer that applies over the length, or the average coef¬ 
ficient. Therefore, the average Nusselt number correlation 
is used. 


(a) First, the Reynolds number must be calculated. The 
mean film temperature is 


T = 
m 


27 + 60 

- 2 - 


43.5 # C 


At this temperature, the air tables give 

v = 17.36 xio -6 m 2 /sec k = 0.02749 W/m- # C 
Pr = 0.7 and C p = 1.006 KJ/kg°C. 

(a) Then at a length of 20 cm, 


Re - ffi! - ( 2 K°- 2 ? 

(x) v 17.36x10” 6 

= 23,041 

This is a laminar flow. As the condition 
0.6 < Pr < 50 


875 




is satisfied, the average Nusselt number may be calculated 
as 

Nu l = 0.664 Re L ^ 2 Pr 1 / 3 

= 0.664(23,041) 1 / 2 (0.7)^ 3 
= 89.49 


From this, the average heat transfer coefficient is found to 
be 

_ NU L k _ (89.49)(0.02749) 

h L " “l -cn- 

= 12.3 W/m 2 -°C 


Then the heat transferred from this region is 
q = h L A(T s -T.) 


= 12.3(0.2)(l)(60-27) 
= 81.19 W 


(b) The same process is repeated, but the plate length is 
now taken to be 40 cm. Thus 

Re = UL = (2)(0.4) 

L v 17.36x10'® 


= 46,083 


The flow is still laminar, so the same Nusselt number expres¬ 
sion is used. 

Nu l = 0.664 Re L ^ 2 Pr^* 

= 0.664(46,083)^ 2 (0.7)^* 

= 126.56 

This gives an average heat transfer coefficient of 

_ Nu L k _ (126.56)(0.02749) 

“L “ L 0.4 

- 8.7 W/m 2 - # C 
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Finally, the heat transferred is 


q - h L A(T s - T„) 

= 8.7(0.4)(1)(60-27) 
- 114.8 W 


(c) The drag force F D is 
f D = T#A 


where To is the wall shear stress, 
knowing the relation 

T. - | D D pU‘ 


This may be evaluated 


where is the coefficient of drag. This is given by 
„ _ 1.328 


Re. 


1/2 


For a length of 40 cm, the coefficient of drag is 


C D = - 1,328 %h = 0.00619 


(46,083) 


At the mean temperature, the air tables give 
p * 1.115 kg/m 3 


Then 


T 0 - £(0.00619)(1.115)(2) 2 
- 0.0138 N/m* 


The drag force is, then, 

F d - (0.0138)(0.4)(1) 
- 0.0055 N 
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• PROBLEM 13-22 


Water enters a reactor through a length of pipe in 
which the necessary preheating is accomplished. The 
reactor has a maximum power rating of 150 W per meter 
of pipe, and its operating temperature is 350°K. The 
flow is measured at 5 kg/hr, and it enters the pipe at 
a mean bulk temperature of 290°K, If the internal dia¬ 
meter of the pipe is 0.005 m, calculate (a) the length 
of pipe over which the necessary heat transfer may be 
accomplished, and (b) the maximum exit temperature of 
the water. 



Solution : (a) The heat balance over the length of pipe L 

is given by 

qirdL = ifaC p AT fe (1) 


Solving for L, 


ihC AT V 


Now, the mean bulk temperature of the water is 

T = 290 % 350 - 320 °K 
m z 

Properties of water at this temperature are 


p = 989 kg/m 3 


v = 0.59 x10~ 6 m 2 /sec 


C p = 4.174 kJ/kg°K k = 0.641 W/m 2 -°K 


The heat flow per meter of pipe is 150 watts. It is desired 
to express this per unit area of pipe, so 

150 W/m _ 150 

q ” nd " n(0.005) 

= 9549.3 W/m 2 

Substituting into eq.(2) gives the required length as 

f_5_] 

T _ 136001(4.174>(1000>(350-290) 

L ~ - (9549: $U( 0.005)- 

= 2.32 m 


(b) The Reynolds number is 
Re = ™ 
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Since 


or 


ih = pU | d 2 


Ud 


4ih 

pird 


the Reynolds number may be calculated as 

4rfa 
prrdv 


Re - 


(989)n(0 

606 


4 f 5 ) 

. 005)(0. 


5)(0.59xl0"«) 


This is a laminar flow. Now, if the flow is assumed to be 
fully developed, the Nusselt number will approach the value 
4.364 by an asymptotic curve. Then 


u _ kNu _ 4.364k 

h - ~a-a— 


(3) 


Since the heat flow per unit area in a pipe is defined as 
q/A = hAT b , 


the change in bulk temperature along a length is 


4T b ‘ Ia ir i 


(4) 


Substituting eq.(3) into eq.(4) yields 


With the given parameters, this becomes 


AT, 

D 


(9549.3)(0.005) 
4.364(0.641) 


= 17.07 # K 


Then the exit temperature is 

T b 2 - 350 + 17.07 
- 367.07®K 
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• PROBLEM 13-23 


A tube is heated by means of forced convection from an 
airstream. The tube has a length of 1000 ft., and the 
wall surface temperature is 60 # F. The flow is measured 
at a speed of 30 ft/sec, and it moves through an area 
measuring 3 in. across. If the air is at a mean bulk 
temperature of 70 # F and a pressure of 29.4 psia, calcu¬ 
late 

(a) the pressure drop over the tube length, 

(b) the rate of heat flow from the air, and 

(c) the coefficient of heat transfer by which this 
occurs. 

Neglect the effects of any disturbance at the pipe en¬ 
trance . 



Solution: Since the temperature difference is small (AT = 
70-60 = 10 # F), the properties of air may be evaluated at the 
mean bulk temperature. The air tables list the properties 


y = 0.0441 lbm/ft-hr 
Pr = 0.71 


C p = 0.24 Btu/lbm-°F 
k = 0.0149 Btu/hr-ft- # F 


Density may be found from the equation of state as 


(29,4)(144) 

“ (53.3)(70+460) 

=0.15 lbm/ft 3 

Then the Reynolds number is given by 

Substituting the values, 


0.0441 


= 91,837 

This is a turbulent flow. 

(a) For this case, the pressure drop is defined as 
Ap = 4f ^ p-g- 
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where the friction factor for a turbulent flow is 


f = 


0.08 


Re 


TV 

0.08 


-77 


= 0.0046 


and 


Ap = 


(91,837) 

4(0 .0„ 46 )(«00](-l|), 130^1 

1.071 psi 


(b) For calculating the rate of heat transfer, the follow¬ 
ing relation may be used: 


where 

and 


QfC AUAT 
P 

q = 2Pt 

C = v x C = (0.15)(0.24) = 0.036 Btu/ft 3 - # F 

P „ >/ 2 

_ Pr ' _ 

Q = . 750(Pr) ^ 7.5(Pr)^ 4 

1+ 


Substituting, 

Q - 


(0.71) 


, . 750(0.71)‘ /! . 7.5(0.71)*^ 
" S1 - 43 *- (91,837) * 


and 


= 0.818 
A = ndL 


_ _f 3 1 
' n TZ 

V J 


(1000) - 785.4 ft 2 . 


Substituting the values, 

q = (0.818)(0.0046)(0.036)(785.4)(30)(70-60) 
2(o.71) 


- 22.48 Btu/sec 


= 80928 Btu/hr. 

(c) Since q = hAAT, 

h - -S_ 
n AAT 


_ 80928 

" (785.4)(70-60) 

- 10.3 Btu/hr-ft 2 - # F 
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Note: the heat flux can also be found from the correlation 

of Dittus-Boelter: 


Nu. = 0.023 Re. 0,8 Pr°' 4 
d d 

where as the process involves heating. 

This is applicable as the difference of the pipe sur¬ 
face temperature and the bulk fluid temperature is small. 


With this method, values of 
q = 87,4^3 Btu/nr 

and 

h = 11.14 Btu/hr-ft 2 - # F 

are obtained. 


• PROBLEM 13-24 

A pipe is cooled by forced convection from a stream of 
water flowing at the rate of 20 gal/min. The pipe is 10 
ft. long and has an inner diameter of 1 in. The wall 
surface temperature of the pipe is maintained at 210°F. 

If the water has an entrance temperature of 50°F, cal¬ 
culate the exit temperature. Use analogies of 

(a) Reynolds, 

(b) Colburn, 

(c) Prandtl, and 

(d) von Karmin. 

Assume the flow is fully developed. 


Solution : Consider a pipe length dx. The heat balance be¬ 
tween the pipe and the water is 


pu \ d2c p(T| x+Ax -T| x ) - hirdAx(T s -T> 


where T is the mean bulk temperature. Letting Ax-*-0 and 
rearranging yields 
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dx pUc d < T - T s) * 0 
P 


The group — ^ represents the Stanton number. This equation 
may be solved by the separation of variables into 

JJTTK- + St 4 dX - 0 
s 

Integrating over a given length L yields 


* St i I 


dx = 0 


ln t L -t S + St Q « 0 

. o s, 


If the Stanton number can be found, this equation may be 
used to find the exit temperature T t ; 


_ ■ ■■ i ■■■ ■■■■■■■■ 
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For a given Reynolds number, the associated friction 
factor may be found from the accompanying Moody diagram (see 
Figure 1). Then the Stanton number may be found from an 
appropriate analogy. The exit temperature is solved for 
from eq,(1), 


Assume a mean temperature of 70°F, At this temperature, 
the water tables give values of 

v = 1.06 x 10 -5 ft 2 /sec. 

Pr = 6.82 

The velocity is found as 

w = (20gal/min)(lmin/60sec)(lft 3 /7.48gal) 

* 8.17 ft/sec 


Then the Reynolds number is 


Re 


Ud _ (8.17U1/12) 
v ” 1.06x10-5 


= 64,230 

Using the smooth pipe line on the Moody diagram, the fric¬ 
tion factor is read as 0.005. 


(a) Reynolds relates the Stanton number to the turbulent 
friction coefficient as 


Then 


St 


v f 

T 


St 


0.005 

2 


( 2 ) 


* 0.0025 


Substituting in eq.(l) gives 


or 


T l - 210 
50 - 210 


. (0.0025)(4)(10) 
1/12 


0 


T. - 210 

■^TSo 


e 


- 1*2 


Solving for T^ gives 

T l = 161.8°F. 
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(3) 


(b) Colburn expresses the Stanton number as 

C. 


St - (Pr) -?/ * 


which gives 


St - °ffi 5 (6.82)"^* 

- 0.000695 

Substituting in eq.(l) and solving gives 


T l - 210 - 160e 


7o.ooo695U4)qor 

” _ 1712_ 


95.4°F. 


(c) The analogy of Prandtl is 

C f /2 


St = 


l+5/C f /2 '(Pr-l) 
0.005/2 


1+5/0.005/2'( 6 • 82-1) 

0.00102 


Then eq.(l) yields 


T l - 210 - 160e 


~( 0.00102) (4) (10) 
_ - 1/12 _ 


= 111.9°F 


(d) Finally, the von Karman relation is given by 


St 


_Cf/2_ 

l+5/C f /2{(Pr-l)+ln[l+|(Pr-l)1} 


_ _ 0.005/2 _ 

1+5*7).005/2{(6.82-l)+lnI 1+|(6.82-1)] } 

“ 0.000863 


and so 


T l = 210 - 160e 


_ ~( 0.00086^3 y 4 ) (10 )~ 


104.3°F. 
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These values of 

Reynolds 
Colburn 
Prandtl 
von Karman 


are summarized below. 

- T l « 161.8°F 

- T t = 95.4°F 

- T L = 111 ,9°F 

- T l « 104.3°F 


Only the Reynolds analogy proved to show a great discrepancy 
from the others. Based on the other three, the average out¬ 
let temperature is 

T l = 9 5 .4+H^. 9 + 104. 3 = 103>87 o f 
T hen the mean bulk fluid temperature is 

. SSa g. 3- . 8 2 5 77°F. 

m z 


• PROBLEM 13-25 


A steel cylinder contains liquid at a mean bulk temper¬ 
ature of 80°F. Steam condensing at 212°F on the outside 
surface is used for heating the liquid. The coefficient 
of heat transfer on the steam side is 1,000 Btu/hr-ft 2 -°F 
The liquid is agitated by the stirring action of a tur¬ 
bine impeller. Its diameter is 2 ft., and it moves at an 
angular velocity of 100 rpm. The cylinder is 6 ft. long, 
with a diameter of 6 ft. and a wall thickness of 1/8 in. 
The thermal conductivity of steel may be taken as 9,4 
Btu/hr-ft 2 -°F. Properties of the liquid, taken as con¬ 
stant, are: 

C p « 0.6 Btu/lbm- # F k - 0.1 Btu/hr-ft-°F 

p = 60 lbm/ft 3 

The viscosity at 130°F is 653.4 lbm/ft-hr, and at 212°F 
is 113.74 lbm/ft-hr. Calculate the time required to 
raise the mean bulk temperature of the liquid to 180°F. 


Solution : If an energy balance is taken over the cylinder, 

the result is 


q = UAAT. - me AT. 

L p b 


886 



where 


AT l 


T b2~ T bi 


In 




where T g 
tuting, 


is the steam temperature. 


I = ff> 

UA 

m 


In 



-T 


b 1 
b 2 , 


Rearranging and substi- 


( 1 ) 


Now, the overall heat transfer coefficient (based on the in¬ 
side surface area) is defined as 




A.x 

+ A~k + 
m 


A 

V\ 


where m denotes a mean value, and x is the wall thickness. 
However, since the walls are relatively thin, the approxima¬ 
tion 


may be used, giving 



( 2 ) 


The unknown quantity here is the inside heat transfer coef¬ 
ficient h^. This may be found from the appropriate Nusselt 

number configuartion, which is 

h . dq, i 0 • 24 

Nu = =0.73 Re 0,6 * Pr l/3 ^bj (3) 

where w refers to the inside wall surface temperature value 
and d T is the total hydraulic diameter. 


Now, if the Reynolds and Prandtl numbers are known, h^ 

may be found from eq.(3). With this, may be found from 

eq.(2). Finally, if eq.(l) is used, the required length of 
time will be 

At(hr) = i weight(lbm) 

m l ' 


so rewriting eq.(l) yields 


At = 


(wt)c 

UA 


In 


T 

s 



(4) 
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Calculations will be done at the mean temperature of 

T = 80 + 180 = 130 ®F 
m z 

The Reynolds number is 


but given the angular velocity, U = wd is used. Then 


653.4 


= 2204. 


The Prandtl number is 


Pr- jE 


= 3920.4 


From eq.(3), 


h ± = 0.73(2204) 0,65 (3920.4) ** 


= 43.5 Btu/hr-ft 2 -°F 


Then, from eq.(2), 


4375 9.4 1,000 

= 39.85 Btu/hr-ft 2 -°F 
Now, since p * wt/vol, 

wt = (p)(vol) 

- ( 60 )iri|^-( 6 ) 

= 10,179 lbm 

The wall surface temperature is taken to be approximately 
equal to that of the condensing stream. 

Substituting the values in eq.(4), 

At = (10,179)(0.6) , f 212 -80 ) 
z ( 39.85 )ir(6 ) ( 6 ) in |212 - 180J 

= 1.92 hr 
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• PROBLEM 13-26 


A compressible gas flows over a flat plate. Properties 
of the gas are closely similar to those of air. The 
flow is at a temperature and pressure of 700°F and 30 
psia, respectively. The plate is 1 in. in length and is 
assumed to be perfectly insulated. If the gas is moving 
at a speed of 500 ft/sec, calculate the surface tempera¬ 
ture of the plate. (Note: the speed is too great to 
neglect the effects of viscous dissipation.) 


Solution: Heat transfer takes place by forced convection, 
and the high-speed flow results in viscous drag which cannot 
be neglected. This is similar to the aerodynamic heating 
effects on high-speed aircrafts, rockets and missiles where 
mechanical energy is transformed to thermal energy. For the 
given problem, properties must be evaluated at a reference 
temperature which is given by 

T* = 0.5(T + T ) + 0.22(T - T ) (1) 

s oo r oo 

where T r is the recovery temperature of the surface that 

would be attained if it is allowed to come to equilibrium 
with the flow. 

A related variable is the recovery factor. This is de¬ 
fined as 

T - T 

r = r 00 

u*/2e 0 c p 

For laminar flow, it is given as 

r = Pr** 

while for turbulent flow, it is 

r = Pr*^ J 

Now, for this problem, the plate is perfectly insulated. 

This simplifies the problem, as it can be assumed that T g =T r 
Substituting this into eq.(l) yields 

T* = 0.72 T + 0.28 T (5) 

r oo 

An iterative procedure is used to calculate the recovery 
temperature as follows: 

to begin with, a value of T r = 800 # F is assumed. 
Substituting in eq.(5) yields 

T* * 0.72(800) + 0.28(700) 

* 772°F. 


( 2 ) 

(3) 

(4) 
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At this temperature, the properties of air are: 

V* = 0.0795 lbm/ft-hr Pr* =0.68 

C * = 0.256 Btu/lbm-°F 
P 

Since D * = JL_ = (30)(144) _ 

&ince p RT* (53.3)(772+460) 

= 0.0657 lbm/ft 3 

The Reynolds number is 

_ PUL _ (0.0657)(500)(3bU0)(1/12) 

Ke W 0.0795 

= 123,962 

which is a laminar flow, and hence eq.(3) is used. 

r = (0.68)^ 2 
= 0.825 


Substituting this into eq.(2) and rearranging gives a new 
value of the recovery temperature as 


T 


r 


U 2 r 

2 g c 
6 c p 


= 700 + 


(500) 2 (0.825) 
2(32.2)(778)(0.256) 


= 716 # F. 


The value of 778 ft-lb/Btu is used as a conversion factor. 


There is a difference between the assumed and the calcu¬ 
lated T . Hence, 716°F is assumed for the second iteration 
r 

for the recovery temperature. Substituting in eq.(5) gives 
T* = 711.5°F 

The air tables give corresponding values of 
p* = 0.0773 lbm/ft-hr Pr* = 0.7016 

c p * = 0.254 Btu/lbm-°F 


Then 


p* = 0.069 lbm/ft 3 

and 

Re = 134,254 

As the flow is still laminar, 
r = 0.838 


eq.(3) is used, giving 


890 



Then eq.(2) gives 

T = 716.5 # F 
r 

As there is not much difference between the assumed and the 
calculated recovery temperature, this is acceptable. As 
the surface temperature is equal to the recovery temperature, 

T = 716.25°F. 

s 

This is the average value. 


RADIATION 

• PROBLEM 13-27 


The temperature of a tungsten filament of a light bulb is 
6000°R. Calculate the energy emitted by the bulb in the 
visible wavelength spectrum from 0.4 pm to 0.7 pm, consider¬ 
ing it as a grey body. 



Solution : The given data is as follows: 

X x = 0.4 pm 

X 2 = 0.7 pm 

T = 6000°R 

Therefore 

X x T = 0.4 x 6000 = 2400 pm°R 

X 2 T = 0.7 x 6000 = 4200 pm°R 


From tabulated values of XT and E.,- ^ 
determined that: ^ 


/ 


OT** 


it can be 


For 

XiT = 2400 um°R 
A 2 T = 4200 ym°R 



0.0053 

0.1269 
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TABLE: Energy Radiation 





















































Therefore the energy emitted in the visible wavelength range 
is: 

0.1269 - 0.0053 
= 0.1216 

or 12.16% of the energy is released as visible light. 


• PROBLEM 13-28 


Compute the heat absorbed by a body which is exposed to an 
electric heater releasing energy at the rate of 1850 W/m. 
The absorbing body accepts 95% of the radiation falling 
above 2.7ym and 30% of radiation below 2.7ym. The dia¬ 
meter of the heating element is 25 mm while the two bodies 
are 10 cm apart. 



Solution : The irradiation upon the surface is given by the 

equation 

q = [I - ][2 sin yj [n/2] 

• 

The intensity I = [Q/nDL] [1/ir] 

= [1850/n(0.025H ][1/n] 
and 2 sin Y i =2.5/10 

Therefore q“=[1850/0.025n][1 /it][ 2.5/10][n/2] 

=2944 W/m 2 



Accordingly, AT=(2.7um)(803K) 
=2168 umK 

and f =0.095 

e 
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Thus the absorbed flux aq~ Is 
aq'=[<0. 95)(0.30) + (0.905)(0.95)] [2944] 
=2615 W/m 2 


• PROBLEM 13-29 

The annular space between two concentric aluminium spheres is 
evacuated to provide insulation to the system. The radii of 
the inner and outer spheres are 0.75 ft and 1.0 ft respect¬ 
ively. The inner sphere contains liquefied oxygen and the 
outer sphere is maintained at 45°F. The boiling temperature 
of oxygen is -297°F and the emissivity of aluminium is e=0.03. 
Determine the rate of heat flow to the oxygen by radiation. 


Solution : The rate of heat loss from the outer sphere to 

the inner sphere due to radiation is given by: 


A.o(T 4 - Tj) 



Where A x = Area of the outer sphere 
A 2 = Area of the inner sphere 
e i = e 2 = Emissivity of aluminium 

T x = Temperature of the outer sphere 
T 2 = Temperature of the inner sphere 
R x = Radius of the outer sphere 

R 2 = Radius of the inner sphere 

A x = 4irR 2 = 4^) (1.0) 2 = 12.57 ft 2 
A 2 = 4 ttR 2 = 4 (^( 0 .75) 2 = 7.07 ft 2 
= e 2 = 0.03 

The temperature of the oxygen will remain unchanged due to 
the phase change which occurs 

T 2 = 460 - 297 = 163°R 

Tj = 460 + 45 = 505°R 
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Substituting the numerical values and calculating. 

12.57 (0.1714 x KT^QSOS) 4 - (163) 4 ] 

” 1 . 12.57 ( 1 .\ 

0.03 7.07 [ 0.03 " ') 

1386.02 

= 33.33 + 57.48 

1386.02 
= 90.81 

q x = 15.26 Btu/hr 

The rate of heat loss from the outer sphere to the oxygen 
by radiation is 15.26 Btu/hr. 


• PROBLEM 13-30 

Estimate the velocity of flue gases flowing through a 6 in. 
diameter and 36 in. long duct such that its (flue gas) tem¬ 
perature drops by 200°F from 1200°F. The outside of the 
duct is perfectly insulated, the average temperature and 
emissivity of the inside surface are 900°F and 0.8, respectively. 
The contents of the flue gas and the specific heat of the 
gas are given below. Assume heat exchange occurs by radia¬ 
tion alone. 

C0 2 -► 10% 

(Vapor) H 2 0 ► 20% 

C p ► 0.007 Btu/ft 3 -°F. 


Solution ; The radiant heat transfer depends upon the rate 
of flow for a given set of temperatures for the tube. 


The net radiation heat flux from gas to duct wall is given by 


Ae av otE (c + w)1 


T? - E 


(c + w)2 l2 


where e av is the average emissivity = —^ 1 


= 0.9 


o - Stefan Boltzmann constant * 0.1714x10 
T - Absolute temperature in Rankine 

E. . - effective emissivity of the flue gas at a tempera- 

* c + w; ture 


P w £ = 0.2x0.4 = 0.08 ft-atm. 
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Fig. 1 Emissivity of carbon dioxide for total pressure 
1 atmosphere. 


From figure 1,the emissivity of carbon dioxide at a mean 
temperature of gas +1PQQ — =• 1100°F and of duct 900°F 

can be read as 

E (1100) = 0.057 and 
c 

E c (900) = 0.055 
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Temperature. *R 

Fig. 2 Emissivity of water vapour for total pressure 
1 atmosphere. 


Similarly, for water vapor, from figure 2. 

E w (1100) = 0.061 and 
E w (900) = 0.069 

Applying the correction factor from figure 3., i.e., multi¬ 
plying the values by correction factor 1.15, the corrected 
values are 


E w (1100) 
E w (900) 


0.07 and 
0.079 


Subscripts 1 and 2 correspond to inlet and outlet of the 
duct, respectively. The value of E ( c + w j can found from 

the charts figuresl, 2 and 3 corresponding to the product of 
pressure and characteristic length of the duct. 
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Fig. 3 Ratio of emissivity of water vapour for p = p 

to that for p =0 

w 


Equivalent Thickness 1 for Non-Luminous Gas 
Radiation Layers of Different Shapes 




Factor by which Z is to be 
multiplied to give equivalent 1 
/or hemispherical radiation 

Shape 

Characteristic 

dimension 

Z 

Calculated 
by various 
workers 

3-4 x 

( volume/area ) 

Sphere ..... 

Diameter 

0*00 

0-67 

Cube. 

Side 

0*00 

0*57 

Infinite cylinder radiating to 
walls. 

Diameter 

0*90 

0*85 

Ditto, radiating to oentre of base 

Diameter 

0*00 

0-85 

Cylinder, height - diameter, 
radiating to whole surface 

Diameter 

0*00 

0*57 

Ditto, radiating to centre of base 

Diameter 

0*77 

0-57 

Space between infinite parallel 
planes 

Distance 

apart 

1*80 

1-70 

Space outside infinite bonk of 
tubes with centres on equi¬ 
lateral triangles, tube dia¬ 
meter ■■ clearance 

Clearance 

2*80 

2*88 

Ditto, but tube diameter ■■ 
one-half clearance 

Clearance 

3*80 

3*78 

Ditto, with tube centres on 
squares, and tube diameter ■ 
clearance .... 

Clearance 

3*50 

3*49 

Rectangular parallelepiped, 

1x2x0 radiating to: 

2x0 face 

Shortest 

edge 

1*00 

1*01 

1x0* face 

tt 

1*00 

1*05 

1x2 face 

tt 

1-00 

1*01 

all faces .... 

it 

1-00 

1-02 

Infinite cylinder of semicircular 
cross-section radiating to 
centre of flat side 

Diameter 

0-03 

0-52 
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The characteristic length of the duct is given by (see table) 

3,4 x volume _ 3.4 x 7rr 2 % 
surface area ” 2vrZ + 2ttt 2 


or 


Mr l 1 .7 x 6 x 36 
U + r) " (36 + 6) 


4.8 in. 


0.4 ft 


Now, the product of the partial pressure of the gas and the 
characteristic length can be evaluated. 

p = 0.1 x 0.4 = 0.04 ft atm. 
r c 


The total emissivity of the gas at 1100°F and 900°F can be ob¬ 
tained by combining the individual constituent of gas 
emissivities. 


E (c + w) (1100) = 0*055 + 0.07 = 0.127 
E (c + w) (900) = 0*057 + 0.079 = 0.134 


Introducing the values in the equation for net radiant heat 
transfer yields 


q 


0.9 x 0.173 x 10 


8 x IT x yj x j^0.127 x (1 560) 4 
- 0.134(1 360) 


= 2155 Btu/hr. 


Let v be the velocity of flow of the flue gas. Then heat trans- 
fered from the gas for a temperature drop of 200°F is 

CpQ x A T 

= 0.007 x rrr 2 vx200 


which should be equal to the net radiant heat transfer 
/. 2140 = 0.007 x irr 2 v x 200 


or 


v 


2140 _ 

200 xa007 x (0.4 ) 2 


v = 3040.9 ft/hr 2 


899 



• PROBLEM 13-31 


Determine the geometric shape factor for radiant heat trans¬ 
fer between a very small disc of area dA x and a large paral¬ 
lel disc of area A . The large disc is placed directly above 
the smaller disc. 2 The radius of the larger disc is R and the 
perpendicular distance between the two discs is L. See 
figure (1). 


Figure (1) 


Solution : The geometric shape factor is given by: 

1 f COS0, • cos0 2 

F * ! ■ ar; —ip-“* 


But 0i = 02 since they are alternate angles. Consider a 
differential area of radius x and thickness 6x. Refer to 
figure (1 ). 


Then, 


dA 2 = 2ttx • dx 


Therefore equation (1) simplifies to 


WiTil 




From the geometry it is clearly seen that 

y 2 = x 2 + L 2 , using the Pythagorean theorem 

y = \lx 2 + L 2 


Also 


cos0 = 


adjacent 

Hypotenuse 


cos 0 = ± 

y 

but y = \lx 2 + L 2 

Therefore cos0 = —===r 
\Jx 2 + L 2 


Substituting the values of cos0 
reduces it to 
R 


F 


1 2 


L 2 x 2 ttx 

X 2 + L 2 TT • (x 2 + 


and y into equation(2) 


L 2 ) 


dx 


The limits of integration are so taken since x varies from 
0 to R. 

R 


2xL 


(x 2 + L 2 ) 


2 \ 2 


dx 


In order to integrate use the substitution technique. 
That is. 

Let x 2 + L 2 = Z 


Differentiating 

2xdx = dZ 


Therefore 



Substituting back the expression for Z, 



o 
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Evaluating the limits. 



• PROBLEM 13-32 


Determine the geometric shape factor between a small area 
dAi in a vertical plane and a rectangular surface (a x b) in 
a horizontal plane. The area dAi is directly below one cor¬ 
ner of the rectangle and the distance between them is H. 
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Substituting, 



o 
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= -H- h r( - 1 - 3 - 

2* I \ y 2 + H 2 y 2 + a 2 + H 2 
0 

This is of the form: 



• PROBLEM 13-33 


A spherical body, in space, is at a distance of 1 astronomical 
unit from the sun. Assume the body to be at a uniform tem¬ 
perature and having negligible internal heat generation. 
Determine the quality of the surface required such that the 
temperature of the body remains at 300°K. 


Solution : The steady state internal heat transfer from a 

spherical body of radius R with uniform temperature and uni¬ 
form surface finish is expressed as 

Q = e(T JoT 1 * (4nr 2 )-a(T T )(I d ) < irr 2 ) 
w ' w w w,ssws 

where subscripts w and s refer to the spherical body and the sun, 
respectively, e and a are the emissivity and absorptivity, 
respectively. 


The irradiance on a surface normal to the solar radiation at 
a distance of 1 astronomical unit and outside the earth's 
atmosphere is known as the solar constant and is given by 

Id =130 W/m 2 
s ws 

The value of Q is zero as there is no internal heat genera¬ 
tion or dissipation to the outside of the sphere. There¬ 
fore the equation simplifies to 
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or 


£(T w ) 0< T w >M4irr 2 ) = “(T w T s > ( I S d WS > ^ ) 

40T 1 * 
a _w 


4 x (5.667 xIO ) x (300) 4 
(1380) 

= 1.33 


Again, the ratio of absorptivity and emissivity is also ex¬ 
pressed as 

ft — F * ot i * (1 ~ F i) Qt 2 _ ^ 23 
c F iCi + ( 1 - Fi)e 2 


The viev; factor F x can be expressed as 

Fl = _ U22 _9L2_ 

oi“ 1 • 33ci“ oi2 + 1*3302 


Table 1 Total Emittances and Solar Absorptances of Surfaces 


Total 

Extraterrestrial 


Normal Emittance 

Solar Absorptanca 

Alumina, flame sprayed 

0.80 (-10T) 

0.28 

Aluminum foil, as received 

0.04 (70*F) 


Aluminum foil, bright dipped 

0.025 (70°F) 

0.10 

Aluminum, vacuum deposited on 

0.025 (70°F) 

0.10 

duPont mylar 

Aluminum alloy, 6061, as received 

0.03 (70°F) 

0.37 

Aluminum alloy, 75S-T6 weathered 

0.16 (150°F) 

0.54 

20,000 hr on a DC6 aircraft 

Aluminum, hard anodized, 6061-T6, 

0.84 (- 10*F) 

0.92 

35 amp/ft* at 45 volts in 20*F sulfuric 
acid solution, 1 mil thick 

Aluminum, soft anodized Reflectal 

0.79 (- 10*F) 

0.23 

aluminum alloy, 5 amp/ft* for 2 hr in 

40*F. 10% H,SO, solution 

Aluminum, 7075-T6, sandblasted with 

0.30 (70*F) 

0.55 

60 mesh silicon carbide grit 

Aluminized silicone resin paint 

0.20 (200*F) 

0.27 

Dow Coming XP-310 

0.22 (800*F) 


Beryllium 

0.18 (300*F) 

0.21 (700*F) 

0.30 (1100*F) 

0.77 

Beryllium, anodized 

0.90 (300°F) 

0.88 (700°F) 

0.82 (1100*F) 
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The basic material for the sphere may (refer to table) be 
assumed as aluminium for which e = 0.1 and a=0.03, and the sur¬ 
face may be painted with white potassium zirconium silicate 
for which a=0.13 and e=0.86. 

Introducing these values in the equation for Fi yields 

p 1 .33(0.86) - 0.13 _ 

1 “ 0.10 - 0.04 -0.13 +1.33(0.86) 

* 0.943 


• PROBLEM 13-34 


A solar energy collector, aperture area 15m?is installed on 
top of a house at an angle of 25° from the horizontal and 
located at latitude 35°N. The angle of acceptance is 24°. 
The normal radating beam on a day at a particular hour was 
900 W/m 2 . Calculate the solar flow to the panel. 



r rrn r 9 run //>/// 

Fig. 1 


Solution ; As shown in figures (1) and (2), the following 
condition must be satisfied for energy from the incident 
beam of the sun to be effectively absorbed: 

(a-4>) £ tan” 1 (tan4> z cosy) £ (a + 4> ) (1) 
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Fig. 2 Solar incident angle measured counter¬ 
clockwise from North to South (azimuth angle). 


To check for the effectiveness, a decision factor (F) is in- 
troduced such that 

_ 1 if equation (1) is valid 

0 otherwise 

For the angle of zenith angle $ z , 

cos$ = cos6 coscoso) + sin6 sin4> 
z 

gives cos$ z = 0.851 and $ z = 31.6° 

Now, solar azimuthal angle is 

cos6 sing) cos(17.9) xsin(-30) 
sinY = sin* z = sin(31.6) 

siny = -0.908 /. y = -65.2° 

For the solar panel, a - ♦= 25 - 12 = 13° 
and o + * = 25 + 12 = 37° 

.'. tan _1 (tan$ z cosy) = tan *[tan 31.6 cos(-65.2)] 

= 14.5° 

Since 14.5° is between 13° and 37°, the decision factor is 1. 
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Angle of incidence for the beam radiation on the aperture is 


cose = cos(L - a) cos6 cosa> + sin(L - a) sin6 

= cos(35-25) cos 17.9 cos 30 ♦ sin(35-25) sin17.9 
= 0.865 

The effective energy rate of the beam radiant incident on the 
solar panel is 

= G.x F x cos0 
e bn 

= 900 x 1 x 0.865 = 778.5 W/m 
.*. for aperture area of 15m*effective beam radiation 
= 778.5 x 15 = 11677.5 W 
= 11.68 kW. 


• PROBLEM 13-35 


If a thin high thermal conductivity grey plate is intro¬ 
duced parallely between two infinite parallel grey plates of 
equal area, obtain an equation which provides the reduction 
in radiant heat transfer between the plates. 


Solution : The total energy absorbed by the second plate can 

be obtained by summing up energies absorbed from any beam on 
repeated reflection. (Refer to figure (1)) 

Q l-2 = A ° T 1 IS®* + e i e * (1 " ®1 )(1 " V + ••*] 

where e is the emissivity. 

Similarly the total energy absorbed by first plate is: 

Q 2*, = A ° T " [ e ‘ e * + e i e * (1 " e i )(1 " e 2> + •*•] 

The net total energy transfer is: 

Q 12 = Acer? - Tz) [e^ + e i e 2 (1 - e^d - e 2 ) + .. .J 

which can be simplified to 

Q 12 = Ace^Cr* - t' 2 ) ,f 0 [(1 - e x ) (1 - e 2 )] 1 (1) 
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Reabsorbed by "1" 




L 


Emitted beam 


•,«v 




»,(! -« 2 )eTi 4 


Absorbed by “2 M 




(l-c,)*aT, 4 


r 


«,(1 -«i)(l -« t )*T, 4 
«,d -«, >(i - c,) , gr 1 4 


t,(l - «,)*(! 

'S 


#1*2(1 -#i) 

.(l-# 2 )a7i 4 


etc 


Surface T at 
~ temperature T x 
with emissivity #| 


Surface **2“ at 
- temperature T 2 
with emissivity « 2 


Schematic diagram showing what happens to radiation 
emitted from surface "l". 

Fig. 1. 


It is known that 


v n 1 

Z x = 


n=0 

Therefore: 


1 - x 


ilo [ (1 " ® l)(1 ' ® a) ] = 1 - (1 - e x ) (1 - 


e 2 ) 


1 


1 - (1 - e 2 - e, + e x e 2 ) 

_1_ 

1 - 1 + e 2 + e 2 - e,e 2 


1 


e1e 2 i + 1 2 " 1 ) 

Substituting in equation (1) yields: 


Q 12 = Aoe l e 2 (T 1 - T 2 ) 


! l ®a(iT + 57 - 0 
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To obtain the solution, T 2 must be written in terms of T x 
and T 3 . 


At steady state: 

^12 = ^23 




Substituting the value of T 2 : 
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The ratio of radiant energy transfer with a middle plate 
to that without one is: 



• PROBLEM 13-36 

Compute the rate of radiant heat transfer to a spherical 
meat ball, 8 in. dia., at a temperature of 70°F, placed in 
a cubical oven, of side 2 ft., at 400°F. The emissivity 
of the walls of the oven is 0.8. The meat ball is wrapped 
in an aluminium foil having an emissivity of 0.1. 



Fig. Electrical analogy for a two-gray surface 
system enclosed by reradiating walls. 


Solution : Using the electrical analogy, the problem can be 

represented in the form of an electrical circuit as shown 
above. The notations used are as explained below. 

E, is the radiosity of the heat source (oven) and the meat 
b ball 

A is the surface area involved in the radiation heat 
transfer 
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is the shape factor 

c is the emissivity of the surfaces 

The subscripts 1, 2 and R correspond to the heater surface, 
meat ball and the other 5 walls of the oven, respectively. 

The net radiant heat transfer rate can be computed by solving 
the electrical circuit using the equation 



T 1 = 400 + 460 = 860°R 

T a * 70 + 460 = 530°R, 0 = 0.171 x 10 

Ej » 0.8, C] = 0.1 
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1 - g-a 

£i 


1 - 0.8 
0.8 


= 0.25 


1 - e 2 1 - 0.1 


£ 2 


0.1 


= 9 


2 ” TT 8_ 2 

12 


Ax = 2 x 2 = 4sq.ft. 
= 2.865 


Tj 4 - T$ = 860 4 - 530 4 = 4.68103 x 10 


11 


Substituting the values in the equation, 

(4) x (0.171 x 10“ 8 )(4.68103 x 10 11 ) 
q “ (0.25) + (3.569) + (9 x 2.865) 


q * 108 Btu/hr. 


• PROBLEM 13-37 


The temperature of two 1 m 2 square boards, placed parallel 
and 0.5m apart, are T 1 =1000°K and T 2 =400°K, with their res¬ 
pective emissivities CxsO.8 and£ 2 = 0.5. Formulate the node 
relations, by network analysis, when: 

(a) the boards are enclosed in a housing at 300°K, and 

(b) a re-radiating wall, perfectly insulated at its outer 
surface, connects the two surfaces. 



Fig. 1 Radiation network of the three body system. 


Solution: This is a three-body problem, i.e., the two 
boards, surfaces 1 and 2, and the receptacle, surface 3. The 
equivalent electrical network of the system is shown in fig.1. 
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Referring to fig. 2, the ratios needed to determine the shape 
factors are: 

Y/D = 1.0/0.5 = 2.0, X/D = 1.0/0.5 = 2.0 


and the shape factors are: 

Pi-2- 0.46 = P 2-1 
^ 1 - 1 = 0 = F 2 _ 2 

F = 1 - F t = 1 - 0.46 = 0.54 

1- 3 1-2 

F = 1 - F = 1 - 0.46 = 0.54 

2- 3 2“1 

(a) The energies radiated per unit time and per unit area by 
the surfaces are: 

E w = OT ,, = (5.669 x 10 -8 ) (1000°K)*'= 56690 W/m 2 

bi i 

E w = ot; = (5.669 x 10 -8 ) (400°K) ,( = 1451 W/m 2 
b2 2 

E = OTNtS.eeg x 10 -8 ) (300°K) ,( = 459 W/m 2 

b3 3 


Since the area of the receptacle is very large, the radiation 
shape factor from the receptacle surface to the boards will 
reach zero. 
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0 


Using the concept of reciprocity yields: 


A F = A F , F 

1 1-3 3 3 — 1 f 3-1 


A F = A F , F 

2 2-3 3 3 — 2 * 3-2 


bill r 2 m 


A-F- * 

? *“3 = o 


For surfaces which may see themselves, the general relation 
is: 

l r »- uo 

Applying this relation yields: 

F, ,+ F, , t F, = 1.0, F, , = 1.0 
The relations for nodes 1, 2, and 3 are expressed by: 

J i - 1 - £ i J F ij J j - £E bi 

Node 1: J t -(1 -£ l )(F 1 _ 1 J I +F x _ 2 J 2 + F^, J 3 ) = ^ 

Node 2: J 2 -(1 - e 2 )(F 2 . l J 1+ F J . 2 J J+ F 2 _ 3 J,) = e 2 ^ a (1) 

Node 3: J 3 -(1 - e 3 )(F,_ 1 J 1 +F 3 _ 2 J 2+ F 3 _ 3 J 3 )= e, J^ 3 

Substituting in the corresponding values for equation set 
(1) yields: 

J 2 -(1 - 0.8) £ <0)Jj + <0.46)J 2 + (0.54)J 3 = (0.8)(56690) 

J 2 -(1 - 0.5) £ (0.46)J 1 + (0)J 2 + (0.54)J 3 ^J = (0.5X1451) 

J -(1 - e 3 ) (_(0)J l + (0)J 2 ♦ (1.0)J 3 J « e 3 (459) 


Since the receptacle is very large, the radiation emitted 
toward it will be completely absorbed. But, the receptacle 
surface will still radiate heat per unit time and per unit 
area. Therefore, node three gives J = 459 W/m 2 


Simplifying the node relations yields: 
J x - 0.092J 2 - 0.108J 3 = 45,352 
-0.23J + J - 0.27J = 725.5 

12 3 

J 3 = 459 

Solving for J^ and J 2 yields: 

J x = 46462.87 W/m 2 = 46463 W/m 2 
J 2 = 11 535.885 W/m 2 = 1 1 536 W/m 2 
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The energies radioed for boards 1 and 2 are calculated as 


<*x 


A> c l 

n -£!> 


(E, 


bi 


J»> 


<| *°| (56690 - 46463) = 40908 W 


% 


A, e 2 
(1 - e 2 > 


(E 


b2 


j 2> 


(1.0X0.5) 
(1 - 0.5) 


(1451 


11536) = -10085 W 


The total energy assimilated by the receptacle is: 

q 3 = q 3 + q 2 = 40908 - 10085 = 30823 W 

(b) The area of the plate joined to the board exteriors is 
4.0 m 2 . 


Applying the concept of reciprocity yields: 


AjFj_,* A 3 F 3 _ 1 


* F3-1 


= A 1 F 1 — 3 = (1.0)(0.54 ) 0135 


4.0 


F =AF f P . , Q.135 

2*2-3 ft 3*3-2' * 3 — 2 A 4.0 


and F + F + F = 1.0, F. = 1 .0 - 0.135 - 0.135 = 0.73 

3-1 3-2 3-3 3-3 


The relations for nodes 1, 2, and 3 are the same as in part (a) 

Substituting in the corresponding values yields: 

J 4 -(1 - 0.8)[(0)Jj+ (0.46)J 2 + (0.54)J 3 ) « (0.8)(56690) 

J 2 -(1 - 0.5)[(0.46)J 1+ (0)J 2 + (0.54)J 3 ] = (0.5)(1451) 

Jj-d - e 3 ) t (0.1 35)Jj+ (0.1 35)J 2 + (0.73)J 3 = e 3 J 3 

Simplifying the three equations yields: 

J - 0.092J - 0.018J_ = 45,352 

1 2 3 

-0.23J X + J 2 - 0.27J 3 = 725.5 

-0.135J - 0.135J + 0.27J = 0 

1 2 3 

Solving the three equations simultaneously for J lf J 2 , and 
J 3 yields: 

J = 51,424 W/m 2 

J 2 « 22,535 W/m 2 

J 3 s 36,980 W/m 2 
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The energies radiated from the boards are: 

q = "7 (E - J ) = ^ (56690 - 51424) = 21064 W 

i 1 - E 1 bi l 1 - 0,8 

*32 = < E b2 - J 2 > = •^o 0 ^ 5 ^ (1451 - 22535) = -21064 W 

It is obvious that the energies radiated from the boards com¬ 
pliment each other since the plate connected to them is 
protected from heat loss. The plate temperature may be cal¬ 
culated from 

J 3 = E bs = oT 3 = 36,980 W/m 2 

t . 36 ■ 980 1 . e 99 k 

5.669 x 10“ 8 


• PROBLEM 13-38 


Determine the net energy transferred for a square channel 
(fig. 1) at each surface of different material. The prop¬ 
erties of the surfaces are given in table 1 . 



Ti = 760°F 
T 2 = 1700°F 
T 3 = 1720'* F 
T 4 = 1395°F 


Fig, 1 Channel for semigray problem. 


Table 1 


Surface 

Number 

Material 

Temperature 

Emissivity 

1 

Monel Metal 

760* F 

0.44 

2 

Iron, Polished 

1700°F 

0-34 

3 

Nickel, Oxidized 

1720°F 

0.71 

4 

Mild Steel 

1395*F 

o 

to 

*0 
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Solution : The problem to be solved is a Four-Node System 

Each surface will have the node energy depicted as: 

( 1 , 0 , 0 , 0 ), ( 0 , 1 , 0 , 0 ,), ( 0 , 0 , 1 , 0 ), and ( 0 , 0 , 0 , 1 ). 


The radiation shape factors of each surface will be equal to 
its corresponding emissivity: 

Fll + ^*12 + ^*13 + 11* “ ^1 

or, 0.0598 + 0.0909 + 0.2336 + 0.0557 = 0.440 

F 21 + F 2 2 + F 2 3 + F 2% = ^2 

0.0683 + 0.0491 + 0.1765 + 0.0461 * 0.34 

F31 ♦ F 32 + F33 + F 3% * e 3 

0.1552 + 0.1791 + 0.2880 + 0.0877 = 0.7100 

F + F + F + F = 6u 

r 41 S 2 43 44 H 

0.074 + 0.0632 + 0.1135 + 0.0189 = 0.27 


Next, the emissive powers of the walls are 
E b ,= EjOT^ = 0.44(. 171 4 x 10' 8 )(760°F+ 460°R)" 

= 1.67 x 10* Btu/hr. ft 2 

S b2 = e 2 OT 2 " = 0.34 (. 1 71 4 x 10“ a )(1700°F + 460°R)" 
= 1.268 x 10 " Btu/hr.ft 2 

E w = e, oT! = 0.71(.1714 x 10“ # )(1720°F + 460°R) * 
= 2.748 x lO* Btu/hr.ft 2 
E. * s oTJ* = 0.27( .1714 x 10 -# )(1395°F + 460°R)" 

Oi| *• * 

= 5.48 X 10* Btu/hr. ft 2 


The energy transferred by each surface may be represented 
by: 

4 


= 


k =1 


P kj E bk 


e j E bj 


(1 ) 


Expanding eg. (1) yields: 


= F n E bi + P 2 i E b 2 + Pj » E bj + P »‘ E b., - E,E bi 
- 0.0598(1 .67 x 10*) + 0.0683( 1 .268 x 1 0 ") + 0.1552(2.748 x 10") 
+ 0.0744(5.48 x 10*) - 0.44(1.67 x 10*) = 4.9 x 10* Btu/hr.ft 2 
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q, = F E k + F E. ♦ F E K _ + F E. - £ 2 E, , 

2 12 D l 22 fc>2 32 03 42 O'* z D2 

= 0.0909(1.67 x 10 3 ) + 0.0491 (1 .268 x 10") + 0.1 791 (2.748 x 10" ) 

+ 0.0632(5.48 x 10*) - 0.34(1.268 x 10 ") = 1 .73 x 10 3 Btu/hr.ft 2 
q 3 = F i 3 E bi + F 2J E b2 + P 33 E bj + F „3 E bi> -e 3 E bj 

= 0.2336(1.67x 10 3 )+ 0.1765(1.268x10") +0.2880(2.748x10") 

+ 0.1135(5.48 x 10 3 ) - 0.71 (2.748 x 10") = -8.35 x 10 3 Btu/hr.ft 2 
q 4 = F 14 E b t + F 2 n E b 2 + F 34 E b 3 + ^ E b, " E b » 

= 0.0557(1.67 x 10 3 ) + 0.0461 (1.26 x 10") + 0.0877(2.748 x 10") 

+ 0.0189(5.48 x 10 3 ) - 0.27(5.48 x 1 0 3 ) = 1 .71 x 10 3 Btu/hr.ft 2 
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CHAPTER 14 


STATISTICAL THERMODYNAMICS 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 920 to 
971 for step-by-step solutions to problems. 


Statistical thermodynamics is the part of statistical mechanics that deals 
with equilibrium states of macroscopic systems whose behavior is described in 
terms of the properties of atoms, molecules, and ions. When measuring a thermo¬ 
dynamic property such as pressure, the value is the result of chaotic molecular 
motion on the instrument, and macroscopic measurements are averages over a 
very large number of possible quantum states of the atoms and molecules in the 
system. Consequently, the purpose of statistical thermodynamics is to evaluate 
macroscopic properties using time-averaged molecular properties, and the con¬ 
cept of an ensemble is used. 

Ensembles and Postulates 

An ensemble consists of a large number of imagined systems, and each of 
these systems has the same macroscopic properties of the real system, but may 
have different quantum states. For example, if a real system has total energy E, 
volume V, and molecules N, then every system in the ensemble has the same 
energy E, volume V, and molecules N (constant E, V, N). A canonical ensemble is 
one where every system contains molecules N in volume V with heat conducting 
walls in a large heat bath (constant T,V,N ). 

The first postulate of statistical thermodynamics is that the time average of a 
dynamic property (e.g., pressure) is equal to the ensemble average of that prop¬ 
erty. To calculate the ensemble average, the distribution of quantum states is 
required. A canonical ensemble with total energy E consists of K systems, with each 
system having a volume V containing N molecules, and all systems are in thermal 
contact. Therefore, the canonical ensemble has volume KV with KN molecules, and 
has systems n u n 2 ,..., n k in quantum states 1,2,..., k with energy eigenvalues of 
£], E 2 , ..., E k . There are many distributions that satisfy the following equations 
for the sum of the number of systems and the sum of the energy of the individual 
systems: 
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( 1 ) 


t n ‘ mK 


2 n > E i‘ E ( 2 ) 

1-1 

Let n represent a particular distribution of k quantum states over the K sys¬ 
tems (k s K), where some systems are in the same state, i.e., n x systems in quan¬ 
tum state 1, n 2 systems in quantum state 2, and n k systems in quantum state k. Then 
Q(n) is the number of different arrangements of quantum states in an ensemble 
where the systems in each set n t , n 2 , .... n k are not distinguishable, and this is 
given by the following equation: 


Q(n) 


(”i + n 7 +...+n k )\ _ 
n J ln 2 l..n k l 


K\ 



(3) 


k 

where n represents the product over the number of quantum states. Also, the 

i-1 

probability that a particular system is in quantum state i for a given distribution n 
is: 


Pi = nJK 


(4) 


The probability p,is averaged over all possible distributions of quantum states. 
With each distribution of quantum states over the system being equally probable, 
this gives the following equation for the averaged probability <p t >: 


< Pi >-■ 


1 


2 rtjQ(rt) 
M _ 


(5) 


K 2Q(n) 

n 

where K is the total number of systems in the canonical ensemble, n t is the num¬ 
ber of systems in distribution n that are in quantum state i with energy eigenval¬ 
ues E h Q(n) is the number of states with distribution n, and 2 indicates summa- 

n 

tion over all distributions which correspond to those given in Eqs. (1) and (2). 


When the number of systems in the ensemble become very large (K -»• «), an 
approximation can be used which replaces the summation with the most probable 
distribution. The most probable distribution, n*, is the one that has the maximum 
number of quantum states in the canonical ensemble, and Eq. (5) can be written 
as: 


. _ 1 fl(«*K(w*) _ w,(n*) 
‘ K Q(«*) " K 


( 6 ) 


where n,{n*) indicates the number of systems of distribution rt* that are in quan¬ 
tum state i with energy eigenvalue E h and Q(«*) is the number of states of the 
canonical ensemble in the most probable distribution. 
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To evaluate p,*and «,(«*), the maximum value of Q(n) is required subject to 
the constraints given by Eqs. (1) and (2), and Q(«) is given by Eq. (3). Using 
Stirling’s formula [In rtl = n In n - n\ and the method of Lagrange multipliers, the 
following results are obtained: 


«,(«*) = / ^ 

(7) 

i-l 

k 


P * _ — j V 

(8) 


i-l 


where P is the Lagrangian multiplier associated with Eq. (2), and p,* is the prob¬ 
ability that a given system of the canonical ensemble is in quantum state i with 
energy eigenvalue E,. The summation is over all of the k possible quantum states. 

The second postulate of statistical thermodynamics is that for a closed system 
with fixed energy, all accessible and distinguishable quantum states of a 
microcanonical ensemble are of equal probability. This can be expressed by the 
following equation: 

P-^PiPi ( 9 ) 

i-l 

where P is the measured macroscopic dynamic property of the real system, P, is the 
property of the system in quantum state i in the ensemble, and p, is the probability 
of quantum state i of the system in the ensemble. Equal probability in the postulate 
hasp, =p 2 = ... =p*(=p*). 


Partition Functions 


The second postulate of statistical thermodynamics can be applied to a closed, 
isothermal system where U, the internal energy from classical thermodynamics, 
is equal to E, the total energy of the canonical ensemble. Using Eqs. (8) and (9) 
gives: 

6 k k k 


= ^ A**,-]? 

i-l i-l i-l 


( 10 ) 


The summation in the denominator of Eq. (10) is called the canonical parti¬ 
tion function Q, i.e., 
k 


1*1 


( 11 ) 


where E t {V, N) is the energy of the system in the canonical ensemble that is in 
quantum state i. The partition function Q is a function of p, V, and N. 


The internal energy can be written in terms of the partition function by 
partially differentiating the natural logarithm of Eq. (11) with respect to P to ob¬ 
tain: 
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It can be shown that the Lagrangian multiplier P is related to the thermody¬ 
namics temperature T by the following equation: 

P = 1 /(kT) (13) 

where k is Boltzmann’s constant (1.3805 x 10~ 23 /Kr'). Thus, the statistical ther¬ 
modynamics analog for internal energy is: 



Consequently, the internal energy U can be computed knowing the partition func¬ 
tion Q. 


Other statistical analogs of thermodynamic functions can be obtained by 
mathematical manipulations of Eqs. (10) through (14) and relations from classi¬ 
cal thermodynamics such as dU = TdS - PdV. This will give the following equa¬ 
tions for enthalpy H, entropy 5, pressure volume product PV, Helmholtz energy A, 
and Gibbs energy G: 


H = kT 


/31n£\ /djnj2\ 

UlnT/v^ \d\nv) 


(15) 



(16) 

(17) 


A = -kT In Q 


(18) 


G = -kT 



(19) 


There is a comparable set of statistical analogs from the ensemble where the 
systems exchange both energy and matter—the grand canonical ensemble. This 
leads to the generalization for a multicomponent system. 


Evaluation of Thermodynamic Functions 

The canonical partition function, Q, is used to evaluate the thermodynamic 
functions, and it is factored into contributions from internal, kinetic, and potential 
energy for this purpose. First, the partition function, Q, is considered to be a 
product of internal energy, Q m1> and translational energy, Qtrans contributions, where 
Qint includes contributions from rotation and vibration and Q, ra ns includes contri¬ 
butions from positions and motions of the centers of mass of the molecules. Then 
Qtrans > s composed of a product of two factors: one includes the contributions 
from kinetic energy, Q kirv and the other from potential energy Z N . Thus, the parti- 
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tion function has the following form: 

Q = QinlN,T) QkJN,T) Z^N,T,V) (20) 

where Z N is called the configurational partition function, which depends on tem¬ 
perature and volume, and it is the only contribution that depends on intermolecu- 
lar forces. 

From Eq. (20), In Q is the sum of the In of the internal, kinetic, and configu¬ 
rational parts, i.e., 

In Q- In Q int + In Q ki „ + In Z N (21) 

Thus, when Eq. (21) is substituted into Eqs. (14) through (19), separate contribu¬ 
tions for internal, kinetic, and configurational parts are obtained. 

Various classes of gases—monatomic, diatomic, and polyatomic—differ by 
the number and type of internal modes of energy. However, translational energy 
is the same for each of these types of molecules, and the translational contribu¬ 
tion to the partition function is given by the following equation: 

< 22 > 

where V is the molecular volume, h is Planck’s constant (6.6242 x 10 -34 Js), m is 
the molecular mass, and k is Boltzmann’s constant (1.38048 x 10~ 23 JK -1 ). 

Using Eq. (22) with Eqs. (14) through (19), the translational contribution to 
these thermodynamic properties is obtained as: 


u = 3RT 

u trans 2 



(23) 

5RT 

n trans 2 



(24) 

■Sf runs ~ R * n ( 

2jtw' 
h 2 J 

3/ 2 (* 7 ) 5/21 + 5R 

' P + 2 

(25) 


Values for other thermodynamic functions can be obtained by performing the 
indicated partial differentiation. 

For a monatomic gas, the only internal mode of energy is that of the elec¬ 
tronic levels of the atom. By convention, the ground electronic level energy is 
taken as zero. Then the internal partition function is evaluated by direct summation 
over the electronic terms as needed. 

For a diatomic gas, the internal modes consist of independent rigid rotation 
and harmonic oscillation, and all molecules are in the ground electronic level. A 
rotational partition function is determined, which is used to evaluate the contribu¬ 
tion to the thermodynamic properties. Extensions include electronic contributions 
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using an electronic partition function, and dissoc.Jon energy using a chemical 
partition function. These same procedures are used for extensions to polyatomic 
gases. 

In summary, the key concepts of statistical thermodynamics were presented 
in the context of using molecular properties to predict thermodynamic functions. 
Using the first and second postulates of statistical thermodynamics, the total 
energy of a canonical ensemble was related to the internal energy from classical 
thermodynamics, and this gave the equation for the thermodynamic properties in 
terms of the canonical partition function. Procedures to evaluate the partition 
function were described in terms of contributions from internal, kinetic, and 
potential energy for gases. 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Statistical Thermodynamics” 


• PROBLEM 14-1 


(a) Show that the partition function appropriate to an 
isothermal-isobaric ensemble is 

A(N,P,T) « n fi (N,V,E)e“ E/kT e _PV/kT 

(b) Derive the principal thermodynamic connection formulas 
for this ensemble. 


Solution : An ensemble is a (mental) collection of a very 
large number of systems, each constructed to be a replica 
on a thermodynamic level of the actual thermodynamic system 
whose properties are being investigated. For example, con¬ 
sider a system of pressure P that eontains N molecules of a 
single component and is immersed in a large heat bath at a 
temperature T. In this case, the ensemble consist of it 
systems, all of which are constructed to duplicate jthe ther¬ 
modynamic state (N,P,T) and the environment of the original 
system. Define: 

= enthalpy measured from system i 

N = Jn^, where n^ is the number of systems with 
enthalpy 

a -In lHi 

The constraints are 

♦i “ W “ " “ 0 

i) a'd$j! = Jadn^ = 0 

where the parameter a is called the Lagrange multi¬ 
plier 

* 2 " l n i H i - H “ 0. 

ii) Pd<|>2 = = 0. 
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For each value of N, there will be a different set of 
energy states. Let the number of states associated with 
the distribution n = fl(n). Then 


fi(n) 



( 1 ) 


Let the total number of states over all n = C. Then, 

C = £fi(n) (2) 


and the probability w(n), of a given distribution is given 
by 

w(n) = • (3) 


Since the most probable distribution set is desired, maxi¬ 
mize <*> using equations (1) and (3) : 

in w(n) *» in N! - l in n^! - in C. 

i 

Using Stirling's approximation 

in w(n) s N In S - N - [ n. in n. + £n^ - in C. 

i 


But N = ln ± , 

. in w(n) - N 

d in o>(n) _ 
dn 


in S - J n. in n. - in C. 

i l i 

dn, 

”?^ n i “n7 + dn i * n n i^ 
-£(1 + in n i )dn i 


Apply Lagrange's method of undetermined multipliers; 
£(-l - in - a' - BH^d^ = 0. 


Thus, (1 + a') + in n^ + (JH^ * 0. 
Let a = 1 + a' then 


or 


in n. 
i 


n. 



( 4 ) 


Recall that £n^ = N. Therefore, 
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( 5 ) 


„ ~ eH i 

N = l e a e x 


-a v " i 
= e l e 


Let the probability of the system having enthalpy of in 


the maximum distribution n be 


• P -!i 
1 N 


From equations (4) and (5) 


-BH. 

-a l 

p = e e 

i -BH. 

-ar _ 1 

e l e 


e- 6H i 


-BH. 
Ie 1 


where A is the partition function. Now 


5 = l P iHi 


H = 


-BH. 

?»i* 1 

l 

-BH. 

I • 1 


_BH. 

s 

Differentiate equation (7) to obtain 
dH = l P^H. + I H.dP. 


From the combined first and second laws of thermodynamics 


dH A = TdS + VjdP 
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But 


3Hi 

Sp“ 


N 


= V. 
1 


dH. = 


3H. 

sir 


N 


dP = VjdP 


( 10 ) 


Also, from equation (6) 

In P^ + tn i s -8H^ 

Rearranging this to solve for yields 


H,. = - ;r(*n P ± + An A) 


(ID 


-i r 

Using the expressions for dH^ and in equation (8) gives 
dH - l P i V i dP - I |(An P ± + An A)dP ± 

= VdP - l j An P ± dP ± -|tni £dP i 

= VdP - l | An P ± dP ± - 0 

dflPi An P.) = I P ± + l dP ± An P. 

\ / i i i 

= 0 + £ dP A An P i 
i 

= l dP i An P i 


But 


dH 


- -1 a ( p i “ p i)♦ vap 


( 12 ) 


and from equation (9) 

dH = TdS x VdP 

Comparing equations (9) and (12) imply that 
TdS = - l d( Pi In 

From the cannonical ensemble, 8 is defined as 

r - 1 
6 " JcT • 


But 


-PH. 

A s J e 1 
i 
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i 

Summing over all levels yields 

A = l l fi(N,V,E)e“ E/kT e“ PV/kT 
E V 


(b) The derivation of the thermodynamic functions are as 
follows 


dS = 


= P. in 


= -kd 


-PH. 

I • 1 


-PH, 


in 


1 e- BH i 

i 


PT 


3 -t+PHj. + in A) 


-PH. -PH. 

I Hi® 1 in A l e 

5 = I i + _L i 

6 T S Bt a 


= I + k in fi . 


(13) 


G = H - TS 


or 


s = « - ® 

T T 


From equation (13) 

4 = k In 4 
T 

or G = -kT in A(N,P,T) 

dG = -SdT + VdP + ydN 


(14) 


and 



S 

V 

V 
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Solution : The molecular translational partition function 
is given by 

—• ■ pr] 3/% 


*trans 


where h is Planck's constant, m is the mass of the molecule 
and V is the volume. Taking the mass out of the square 
bracket, gives 


‘trans 


•' L» 2 ] 


3/2 » 3 ' 2 

vm 


_ 2ir(1.38xl0“ 23 JK -1 ) (298°K)1 3/2 /n 3. f 1 m ) 3 2 

.-34- e : ~ 2 - (1 CI " > (lbO cm m 

(6.63x10 J Sec) J 


= 1.42 x io' 


(j -1 S~ 2 ) m 3 ^ 2 (meters) 3 


a) For H 2 : 


(2.016 g mol” 1 ) 

Mass per molecule of H_ = - sc*—r*— 

z 6.02 x io ZJ mol A 

= 3.348 x 10“ 27 kg 


From equation (1) 
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64f T -l„-2) 3/2 [ 


g trans. = L42 x 10 S 


3.348 x 10 


24 f ,-l c -2 ) 3/2 kg 3/2 (met) 3 


= 2.750 x 10 24 (j _1 S~ 2 ) kg 


= 2.750 x 10 


2*Lie<L_ 1 3/2 kg V2 (met) 3 

kg(met) sec 


=2.750 x io 24 kg" 2/3 met" 3 kg 3/2 met 3 


= 2.750 x 10** 
b) For CH 4 : 

(16.04 g mol -1 ) LiJ^ 

mass per molecule of CH. = -n— l J - u r u 

6.02 x io 23 mol -1 

= 2.664 x io -26 kg 


1 trans. 


64 f 

= (1.42 x 10®*) [2.664 x io 26 j 


= 6.175 x io 2 


c) For C 8 H 18 : 


Mass per molecule of C g H 18 


. (H4.22 g mor- L )| Ig i k 2 ? 
6.02 x io 23 mol" 1 


= 1.897 x IO -25 kg 


g trans. = < 1 * 42 * 10 


(l.897x 


.-25) 3/2 


= 1.173 x 10“ 


PROBLEM 14-3 


Using the Euler-Maclaurin summation formula 


oo 

00 r 

l f (n) = J f(x)dx + if (a) - j^-f'(a) + ^F”(a) + ..., 


evaluate the rotational partition function at high temper¬ 
atures . 
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Solution : The rotational partition function for a diatomic 
molecule is given by 


q 


rot 


(T) 


l <2J + H.-BBJW+D/ICT 
J=0 


where J = the rotational quantum number. 
Let BB/k = 0 


q rot. (T) 


OO 

I 

J=0 


(2J + l)e 


-0 rot J(J+l)/T 


( 1 ) 


The Euler-Maclaurin summation formula is 


00 


l 

J=0 


f (J) 


q rot 


i | f(x)dx + jf(0) - j-yf'(O) 
0 


+ ^"’(O) + 


where f(J) 


(2J + l)e 


-J(J+l)© rot /T 


( 2 ) 

(3) 


and a is symmetry number. 

©rot 

Let a = — . Take the in of both sides of equation 

(3) and differentiate it to obtain 


in f(J) = in(2J + 1) - a(J 2 + J) 


in f•(J) = 2 - a(2J + l)a. 


Then 


f' (J) 
f (J) 


2 

2J + 1 


a(2J + l)a 
a(J 2 + J) 


f,J) - ^ 

= [2 - a(2J ♦ 

Taking natural logarithm 

in f'(J) = in [2 - a(2J+l){]in e" (J +J)a 
= in [2 - a(2J+l) 2 ] - (J 2 +J)a 
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2 ”1 

f"(J) = Q-4a(2J+l) - (2J+l)a[2-a(2J+l) 2 ]e" (J +J)a ] 

= [^4a (2J+1) - 2a (2J+1) + a 2 (2J+1) 3 3e" (J +J)a 

= [a 2 (2J+1) 3 - 6a(2J+l)3e _(j2+J)a 
Taking In of both sides 

2 

Hn f"(J) * Hn[a 2 (2J+1) 3 - 6a(2J+l)}jln e“ (J +J)a 

= Hn{a 2 (2J+l) 3 - 6a(2J+l)J - (J 2 +J)a 
Evaluating the third derivative 
f-(J) _ a 3 3(2J+l) 2 x 2 - 6a x 2 

jn r j - f i - j t - - izJ+lja 

'' a^(2J+l) J - 6a (2J+1) 

2 

f m (J) = (ja 2 (2J+1) 2 - 12a - a 3 (2J+l) 4 + 6a 2 (2J+1)0e“ (J +J)i 

2 

F"(J) = [j-a 3 (2J+1) 4+ 12a 2 (2J+1) 2 - 12aJe _(J +J)a 

The terms under the Euler-Mac laurin summation formula 
will now be evaluated. Let J = x. Thus 


| f(x)dx = j (2x + l)e” (x +x)a dx. 
0 0 


Let 


U = x + x 
dU = (2x + l)dx 


| f(x)dx = | 
0 0 


e" aU dU 


w 

= -H«- 


a)e~ aU dU 


U=°° 

U=0 

= 1 
a 

Also f(0) - (l)e° 


1 -aU 
a 
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1 


f• (0) = [2 - a(l 2 )]e 0 
= 2 - a 

F"(0) = [-a 3 + 12a 2 - 12a] 

= a[-a 2 + 12a - 12]. 
Therefore from eqn ( 2 ) 


l f (j> 

J =0 


= q r “ + ^ (1) " T^ (2 ’ a) + 7fff ( ~ a2+12a ~ 12) ] 

_l|"l.l_l. a a 3 12a 2 12a . “] 

~ o [a + 7 6 + 17 ~ ITS* TW " 727 + * * *J 

= l|l + I + i8a. + a^_a 3 1 

a [a 3 720 60 727 * * *J 

= iTl + I + la + ® 2 a 3 1 

a |a 3 15 60 777 * * *_[ 

= if + J + 17 + to ~ 727 + •••] 


But 


a = 


Therefore, 
T 


q 


rot a0 


rot 


rot 


t- 


i 

720 


f0 ] 

(0 ) 2 

fe 

rot 

+ _I_ r °t + 1 

rot 

T J 

15 ^ T J + 67 

T J 


N'*-l 


For T >> ® rQt , then q rot = 59- / which is the classical 

rot 

high temperature result. 


• PROBLEM 14-4 

Calculate a) the rotational partition function q rot # b) the 

entropy contribution from rotation and c) the rotational 
contribution to the heat capacity at constant volume, C Vr 

for HD gas at 96 °K. Take © r = 64 °K. d) What is the val- 
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ue of E in cal mole -1 deg’ 1 for HD at 96 °K ? e) Find 
the fraction of HD molecules in each of the first four ro¬ 
tational energy levels at 32 °K, 96 °K and 256 °K. The 
value of is 6100 °K. 



(2) 

R = 1.987 ca1/mole °K 
q r - 1.884 
© r = 64 °K 

Substitute these values into equation (2) and solve for E r . 
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As a result, 
c) C. 


E * 145.7 cal/mole 
r 


'Vr 


-(*], 


i^' 2e/T ♦ 180 S’"*** ♦ 1008 

T 2 T 2 


- R 


-20 /T -6G/T 

IT « A/N _ * 


. -120 /T 

60 r e r + 30© r e + 84©e 


f -20 /T 


_ - e_ -60 /T 0 r -120 /T 

6 -£e r +30 -£e r + 84 -fe 

T 




_ i 


-20_/T - 6 ©_/T 

Rq -4ll2e + 180e + 1008e 

r T z 


-120 /T 


R © 2 f -20 /T -60 /T -120 /T ) 2 

- 5 =-l. 6 e r + 30e + 84e r J 


_ 11.3106 - 1.9068 

? 

= 2.65 cal/deg mole 


E total E trans + E rot + E V^ + E elec. 


(3) 


= (3/2)NkT 

trans. 


= y(6.02xio 23 mole -1 )(1.38X10 -16 erg deg -1 ) 


1 cal 


14.18x10' ergj 


(96 °K) 


= 286.2 cal mole 


-1 


E . = 145.7 cal mole 
rot 


-1 


E v . = Nk 


Vi 


Vi 


(eV - l] 


The value of 0„. » 6100 °K 
Vi 


E„. = 1.987 cal mole °K -1 (3050 °K) 

”l 
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= 6060.35 cal mole 
E elec °* 

Using the above values in equation (3) gives 
E fcot = (286.2 + 145.7 + 6060.35)cal mole -1 
= 6492.3 cal mole -1 . 

e) Fraction of HD molecules in each of the first four 
rotational energy levels is estimated using the Boltzmann 
distribution and it is given by 


P(e)de = 


to ^e 


-Ej/kT 


3 i# • * • # 4 


-J(J+l)0 /T 

_ (2J+l)e ___ 

q (t) 

The following results are tabulated as 



T = 32 °K 

96 °K 

256 0 

J = 0 

0.948 

0.531 

0.230 

II 

0.052 

0.420 

0.419 

J = 2 


0.049 

0.257 

ll 

u> 



0.080 


T(°K) 

32 

96 

256 


q(T) (°K) 
1.055 
1.884 
4.345 


• PROBLEM 14-5 


For the 33 ci 0 molecule, the following data is available. 

^ —8 
The equilibrium internuclear distance = 1.988 x 10 cm. 

The reduced mass = 17.4894g mol" 1 . The fundamental vibra¬ 
tional frequency = 1.6947 x 10 1 ^s 1 . Neglecting the 
electronic contributions, calculate the a) molar heat ca¬ 
pacity at constant pressure, b) enthalpy functions, c) 
Gibbs free energy function, d) and the entropy of 

35 C1 2 at 25 °C and 1 atm. 
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Solution ; The translational contributions to the thermo- 
dynamic functions of an ideal gas are as follows 


Internal Energy; 


fu°-u?j 


fa Jin Q 1 

0 

= kT 

trans 

trans 

T J 

l 9T 


V,N 



where Uq is the internal energy at standard conditions, Q 

is the molar partition function and R is the gas constant, 
a) In the same manner, the enthalpy function and the molar 
heat capacity are given by 


H °-H° 


trans 


‘ f^trans " ^ * * 

= |(8.314J K -1 mol -1 ) + (8.314J K -1 mol -1 ) 


= 20.78J K -1 mol -1 . 

b) The Gibbs free energy function is given by 


r° h° 
G -H q 


= -R in 


trans 


q 


trans 

N 


= -R in 


V(2irm]kT) 3/g ] 

J Nh^ J 


where V for an ideal gas is given as V = RT/P. N is 
Avogadro's number and h is Plank's constant. 


G°-H° 


-141.00J K -1 mol 


,-l 


trans 


The rotational contributions to the enthalpy functions and 
molar heat capacity are 

. * 

■ ( c >u 

= R 

= 8.314J K -1 mol 


= kT 


3 In Q 


i 


IT 


trans 
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The rotational contribution to the Gibbs free energy func¬ 
tion is given by 


o _o 


r ' 

G “ H o 

= -R fn 

q rot 

T 

N 


rot 

** J 


8 ir 2 IkT 

qr °t ~^r- 

2 

where I is the moment of inertia given by I = yr . U is 

35 

tne reduced mass of the Cl^ molecule and r is the equili- 

^ —8 

brium internuclear distance which is 1.988 x 10 cm 
I = 17.4894 g mol -1 x (1.988 x io -8 cm) 2 
= 6.912 x io -15 g cm 2 mol -1 

_ 8^ 2 (6.912)10- 15 8 (l. 38 x10 -23 JK -1 ] (*98 °k] 

q rot 

(6.63 x 10 --J J*S) 

= 8tt 2 (6.912 10~ 22 kqm 2 mol~ 1 ) (4.11xl0~ 21 ) 

4.396 10 -67 m 2 kg S -2 *S 2 

= 5.102 x io 26 mol -1 . 

Therefore the Gibbs free energy function becomes 


G°-H° 


= -8.314 J K -1 mol -1 Hn 


rot 


5.102 x 10 26 mol -1 


6.02 x 10 23 mol -1 


= -56.06 J K -1 mol -1 . 


The vibrational contribution to the enthalpy function is 
given by 


«°-»s 


= Bi 


W T 


vib 




(l) 


where 0^^ is the characteristic temperature of vibration 
given by 


0 — 
vib 


hv 

k 


h is Planck's constant and v is the fundamental vibration- 
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al frequency, in this case given as 1.6947 x 10 12 S -1 , 
For the value of 


®vib 


- 2.74 


From equation (1), 


H °“ H 0 


= 8 


vib 


314 J K ~ 1 -°l- 1 [ j IT Ti 4 . - 1 ] 


8.314 J K -1 mol” 1 (0.189) 


= 1.573 J K -1 mol -1 


The vibrational contribution to the heat capacity is given 
as 


C 


o 

vib 



0 . ,/T 
„ vib' 



1 


= 8.314 J K- 1 n.ol- 1 [(1^0>(f» 48 )] 

= 8.314 J K -1 mol -1 (0.554) 

= 4.606 J K -1 mol -1 

The vibrational contribution to the Gibbs free energy func 
tion is given as 


Gvib - R 4 - .- e - /T ) 

= 8.314 J K -1 mol -1 in(l - e -2-74 ) 

= 8.314 J K -1 mol -1 in(0.935) 

= -0.555 J K -1 mol -1 

The total contributions to the thermodynamic functions are 
as follows; 


C 


o 

P 


( c p) + ( c p) + ( c p) 

1 Fj trans ' FJ rot ^ F 'vib 

(20.78 + 8.31 + 4.60)J K -1 mol 
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■ 33.66 J K -1 mol -1 


«°-hS 


H°-H» 


trans 


«°-H° 


H°-H“ 


= (20.78 + 8.31 + 1.57)J K _1 mol" 1 


“ 30.66 J K _1 mol" 1 


g °-h; 


g°-h° 


trans 


G°-H° 


G°“Hq 


= (-141.00+ (-56.06) - 0.55) J K -1 mol'' 1 


= -191.89 J K" 1 mol" 1 


d) The entropy is given in terms of the thermodynamic 
functions. Thus 


„o "°-"o e °-»S 

5 T T 


= 30.66 + 191.89 


= 222.55 J K -1 mol" 1 . 


• PROBLEM 14-6 


Calculate the constant-pressure heat capacity, C p and en¬ 
tropy, S of ideal gaseous fluoroform, CHF_, at 25°C and 1 
atm. The following data are available 

O 

OH bond lengths 1.096 A 

o 

C-F bond length: 1.330A 

Each of the bond angles (F-C-F and F-C-H) is very close to 
the tetrahedral value of 109° 28'. The vibrational wave 

numbers are = 3,035.6 cm 1 , ~ 09 cm 1 , 

u> 3 - 703.2 cm" 1 , o> 4 (2) ■ 1,351.5 cm" 1 , o> 5 (2) * 1,152.4 cm" 

and o>g(2) = 509.4 cm" 1 . The last three modes are doubly 
degenerate. 
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z' 



X 

Fig. 3 Fig. 2 


Solution ; Assume that the electronic contributions to en¬ 
tropy are negligible at the 25°C. Therefore the general 
partition function Q = Q t Q r Q v . The fluoroform molecule 

has the structure shown in figure 1. 

ROTATIONAL CONTRIBUTION: 

The rotational contribution to heat capacity is given by 

C_ = (3/2)R 
rot 

where R is the gas constant. 

.\ C p = 3/2 (1.987 cal mole -1 °K -1 ) 

*rot 

= 2.980 cal mole -1 °K -1 . 

Find the entropy contribution by first calculating 
the principal moments of inertia. To do this, calculate 
the center of mass of the molecule. 

Reducing the tetrahedral structure of the molecule as in 
fig. 2 to a linear molecule gives 



The molecule CHF 3 is a symmetric top and therefore the 
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center of mass is 

Z' 

cm 


located on the Z-axis and is given by 


Z' = i T m.z.. 

cm M . 11 


Here, M is the molecular mass of CHF 3 , m is the mass of 
the atoms and z^ is the perpendicular distance. 
Therefore from the bond distances and angles 


Z* = —— [(1.096A)(1.008) - (3 x 19.00 x 1.330 sin 19°28')] 
011 70 gm 

To convert 28' to its decimal degree equivalent use the 
relation 28 ft * = .467 degree. Hence 19°28' 

becomes 19.467°. 


z ' = -0.345A 
cm 


Now, construct the principal axes x,y,z parallel to 

x', y', z' and having their origin at the center of mass: 

The principal moments of inertia about the new principal 

axes are I , I„, I. But I = I„ because of the symmetry 
x y z x y 

of the molecule. See Fig. (3). 

Calculate the moment of inertia about the z and x 

axes; 


" l m i (x i + y i> 

= 19 <3-• 330 A) 2 x 10 -16 gjj2 x (2 cog 2 19 * 28 • cos 2 60* 
6.023 x 10 23 ^2 


+ 2 cos 2 19°28' cos 2 30° 

+ cos 2 19°28') 

-40 2 

149 x 10 gm cm 


!y - l m i(^i + 


z i ) 


+ 


23 x 

6.023 x 10 ZJ 
2(1.330) 2 cos 2 


10 -16 x[3(.345 - 1.330 sin 19 0 28 l ) 
19°28 * cos 2 30°] 


+ 12.00 

6.023 x 10 23 


x 10“ 16 x (0.345) 2 
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1.008 


6.023 x 10 


23 


x 10 -16 x (1.096+ 0.345) 2 


= 82 x io~ 40 g cm 2 

Therefore the entropy contribution per mole for rotation 
is given by 

S r = R * n Q rot. + C P 


■ R &n Q rot . + (3/2)R 


( 1 ) 


where Q rot is the rotational partition function given by 

] 1/2 


‘rot 


TT 1 / 2 

8tt 2 I kT 

1/2 

2 ' 
8r IykT 

1/2 

8tt 2 I^cT 

CT 

h* J 


h 2 J 


h 2 J 


( 2 ) 


o is the degree of freedom, I x , Iy, I z are the principle 

moments of inertia and h is Planck's constant. 

For these molecules, o = 3. 

From equation (2) 

n _ n 1/2 f8ir 2 (82xi0“ 40 ) (1.38X10 -16 ) (298°K) 

U rot 3 | 1 !T7Tl 


L 626 x 10“ 27 J 

IT 


8tt 2 (149x1Q~ 40 ) (1.38xlQ~ 16 ) (298°K)] 1/2 


.626 x 10 


-27 


= 16030.5 
From equation (1) 

S =1.987 cal mole -1 0 K -1 in 16030.5 
rot 

+ 3/2(1.987 cal mole -1 °K -1 ) 

=22.2 cal mole -1 °K -1 


TRANSLATIONAL CONTRIBUTION: The heat capacity contribution 
per mole is given by 


(t) 


I* 


= *-(1.987 cal mole 


-1 °K -1 ) 


4.967 cal mole -1 °K -1 
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Therefore, the entropy contribution per mole is given by 

(3) 


S trans R £n Q trans. + f R 


But 


trans. 


2irmkT 


l h 


3/2 


where V is the volume given by 

v = £1 

Pn* 


Consequently, equation (3) becomes 


S = R in 

trans 


27TmkT 

3/2 *T~ 

h 2 

Ll h J 

PN 


+ l R 


(4) 


= 1.987 in 


2tt(70) (1.38x1Q~ 16 ) <2981 


_3/2 


U 


6.023xl0 23 ) (6.626xlo _27 )^J 


| ~(82.05) (298) 1 + 5 
[l (6.023 X 10 23 )J_ ? 


(1.987) 


= 38.6 cal mole -3, K - ^ 



Vibrational contribution to heat capacity: 

as <*>C v p-R . Fig.4 
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VIBRATIONAL CONTRIBUTION: The entropy contribution is 
given by 


Svi ‘ i-i 


Nk e 


lTv 


er/T 
e V1 - 1 


(« 


- Nk Un 1 - e 


-0 ./T 
vr 




where 0 is the vibrational characteristic temperature given 
as 


0 


vib 


he 

——to 

k vi 
= 1.439a) 


(5) 


vi 


co . represents the vibrational wave numbers. 

S 

Graphs of — p— nS vs and vs - are plotted 

R e vi R e vi 

in fig. 4 and fig. 5 respectively and the entropy contri¬ 
bution S vt and the specific contribution can be cal¬ 
culated using the wave numbers. 


From equation (5) 


vi 


he 
f 1 co 

k vi 


For the first wave number 


0 


V 


1 


he 

Y 


1 


= 1.44(3035.6) 
= 4.37 x 10 3 
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298 



Similarly 


and 


T ______ 

^ 4.37 x 10 3 

= 0.068 

u> 2 = 1,209 cm -1 

0„ = 1.44(1209) 

v 2 

* 1740.9 

T _ 298 

8T" 1740.9 

v 2 



0.171 

0.294 

0.154 

0.180 

0.407. 


Now. using figs 4 and 5 and values of the reduced vibration- 

T 

al temperatures *—$ the different values of and S TT . 

0 vi P vi Vl 

the contributions to thermodynamic properties, can be read 
off the graph. They are tabulated as follows 


T* = JL_ fzi fvi 

vi e vi R R 


0.068 

0 

0.171 

0.098 

0.294 

0.50 

0.154 

0.135 

0.180 

0.251 

0.407 

0.130 

1.114 


T*^ is the reduced vibrational 
capacity and entropy are: 


0 

0.011 

0.173 

0.010 

0.060 

0.531 

0.786 

temperature. The total heat 
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Total C - C + C + C 

rot. trans. 

= (2.980 + 4.967 + 1.114) cal mole” 1 °K _1 

=9.06 cal mole' 1 °k“ 1 

and Total S=S.+S^ +S. 

rot. trans. vi 

= (22.2 + 38.6 + 0.786) cal mole' 1 °K _1 


= 61.58 cal mole' 1 °K _1 


• PROBLEM 14-7 


CC >2 is a linear molecule with moment of inertia, 

-40 2 

I » 71.67 x 10 g cm # and four degrees of vibrational 
freedom corresponding to wave numbers of 

= 2349 cm v 2 = *320 cm * and = 667 cm * 

(doubly degenerate). Assume that CO 2 is an ideal gas, cal¬ 
culate the heat capacity at constant volume, C v , per mole 
of C0 2 at intervals of 200 °K from 0 to 1000 °K. 


Solution s The heat capacity at constant volume is defined 
as 


- = M 

'V [3TJ V 


where U is the internal energy given by 


U = NkT 


2 f3 &n Ql 


N is the Avogadro’s number and Q is the molar vibrational 
partition function. But 


®vib 


= (l - e' 


hcv/kT 


where h is Planck's constant, c is the speed of light and 
v is the wave number. Let 


then, equation (3) can be written as 


°v ib - - *- 6/T ) 


9^3 




or 


An Q vib = -An(l - e -6 ^ 1 ). 


Equation (2) then becomes 

Nke 


u = 


e 9/T - ! 


The expression for the heat capacity in equation (1) 
changes to 



From equation (4) , 


(5) 


a _ (6.63 x 10 34 Js)( 3*10 10 cm s 1 )v 
(1.38 x 10 J K A ) 

= 1.438 cm °K v 


( 6 ) 


The heat capacity has contributions from the three modes of 
motion namely translational, rotational and vibrational 
modes, neglecting the electronic contributions. Therefore 

Sf ” C V,trans. + C V,rot. + C V, vib. 

S;,trans. + C V,rot. + C V (2349 cm ) + c v (132 ° cm } 

+ 2C y (667 cm -1 ) (7) 

The translational contributions to the molar heat capacity 
is given by equations (1) and (2) 


3U 


~V,trans, 


trans . 
3T 


3 

3t 

3 

3t 


kT 


_.8 An 

2| trans . 

5t 


V 


(H 




= j(8.314 J °K _J ]) 


-1\ 


944 



= 12.47 J-K A 

The rotational contributions to the molar heat capacity is 
given by 


But 


and 




and 



= 8.314 J*K 

The. four degrees of vibrational freedom in CO^ will 
now be used in calculating at intervals of 200 °K from 

0 to 1000 °K. For wave number = 2349 cm~* and from 
equation (6) 


e = (1.438 cm °K)(2349 cm -1 ) 

= 3380 °K 

Using equation (5) with values of T = 0, 200, 400, 600, 
800 and 1000 °K, the corresponding values of C v are tabu¬ 
lated as follows: 



9^5 



e = (1.438 cm °K)(1320 cm" 1 ) 
6 = 1899 °K 

and the corresponding table is 


T 

0 

200 

400 

600 

800 

1000 

c j* k" 1 

\r 

0 

0.0564 

1.653 

3.833 

5.304 

6.209 


V 1 1 

For wave number, = 667 cm 


e = (1.438 cm °K)(667 cm" 1 ) 
= 959.7 °K. 

The corresponding table is 


T, °K 

H 

200 

400 

600 

800 

1000 

c j.k" 1 

V 

0 

1.604 

5.225 

6.746 

7.384 

7.705 


Using equation (7) 


C 


V 


at T = 200 °K , 

12.47 + 8.314 + 1.09 * 10" 4 + 0.0564 + 2(1.604)J l 
24.04 J K _1 . 


At T = 400 °K , 

C y = 12.47 + 8.314 + 0.127 + 1.653 + 2(5.225)J K 
= 33.07 J K _1 

Similarly at T = 600 °K , 


Cy = 39.06 J K A 

At T = 800 °K , 
C v = 4 3.09 J K _1 

and at T = 1000 °K 
C y = 45.87 J K _1 
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• PROBLEM 14-8 


Spectroscopic studies give the moments of inertia of water 
molecule as = 1.022 x 10" 40 g cm 2 , I Q = 1.918 * 10" 40 g 
2 “*40 2 

cin , I c = 2.940 x 10 g cm and the vibrational frequen- 

cies as V ± = 3657 cm -1 , V 2 = 1595 cm -1 and V 3 = 3756 cm" 1 . 

Calculate the entropy of water vapor at a temperature of 
25 °C and a pressure of 1 atm f given that the symmetry num¬ 
ber of the molecule is 2 and assuming ideal gas conditions. 
Discuss why the calorimetric value of entropy 

c 

£ = 22.29 +0.03 is less than the calculated value. 


Solution s The molar partition function for an assembly of 
independent indistinguishable molecules is given by 


where q is the individual molecular partition function 
given in terms of the translational, rotational, vibration¬ 
al and electronic contributions. That is 

g g trans. q rot. g vi. g elec. 


Also Q = Q ^ Q . Q . 

trans. rot. vi. elec. 


The molar translational contribution to entropy is 
given by 


= Nk Zn 

trans. 


Prl ♦ 

NJl_ 


where 


(27rmkT) 


h is the Planck's constant and m is mass of the water 
molecule given by 

M 

m = N 

18 gm mole* 1 

-—--T 

6.02xl0 ZJ mole x 

= 2.99 x 10* 23 gm 


Since ideality is assumed, 


V 
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(8.314 N m °K~ 1 mole~ 1 ) (298 °K ) 
101325 N m -2 

» (0.02445 m 3 ) | 10 Q cm | 3 

= 2.445 x io 4 cm 3 mole -1 


From equation (2), 
A = 


-27 

6*63 x IQ erg sec 


17 ? 


( 2 ^ (2.990 x 10 -23 g)(1.38 x 10 -16 


era °K -1 )f298 °m1 


= 2.38 x io -9 — e £ ^ e c _ = 2>38 x 10 -9 erg sec^ 


(9 erg) 




sec 


g cm , 


sec 


= 2.38 x 10 


-9 sec 


cm 

sec 


= 2.38 x io -9 cm. 
From equation (1) 


s s 

trans. _ trans. _ 

Nk-R- £n 


2.445xl0 4 cm 3 mole -1 


(6.02X10 23 mole -1 ) (2.38xl0 -y cm) J 


-1 


-9 


= 14.915 + j 


= 17.415 

The rotational contribution to entropy is given by 
IT* ' tn °rot * I 


(3) 


. 1/2 


where 


rot 


0 . 0 „ 0 _ 

ABC 


1/2 


(4) 


Here a is the symmetry number and 0 is the characteristic 
temperature. For substance A, 


6 A = 


8ir 2 k I, 


948 


in leg 



where I is moment of inertia 


6 a = n 


(6.63 x 10 ^ ergsec)^ 


8tt* (1.38 x 10~ 16 erg 0 K~ 1 ) (1.022xl<r 40 g cm 2 ) 


= 39.4 °K. 
For substance B, 

2 


0 = ___ 

B S- 2 k I 


B 


_ (6.63><10~ 27 ergsec) 2 


8n 2 (1.38xl0 -16 erg °K _1 ) (1.918xl0 -40 g cm 2 ) 


= 20.99 °K. 


Similarly, 


G C «_2 


8tt k t 


(6.63 x IQ -27 ergsec) 2 


8ir 2 (1.38xl0 -16 erg °K -1 ) (2.940xl0 _40 g cm 2 ) 


= 13.69 °K 

From equation (4) with a = 2, 


_ u 1/2 r (298 °K) 3 "1 

2 L(39-4) (20.99) (13.69)J 


1/2 


rot 

= 42.85 

From equation (3) 

g 

= i n 42.85 + | 

= 5.258 

The vibrational contribution to entropy is given by 


S . 3 6./T 

Vi . I - m 

R i=i e i /T 7 

e -1 


(l - *- e i /T ) 


(5) 


hv. 


k ' 


where 0^ 



and v is the frequency given by 
v i = cVi 

where c is the speed of light and Vi is the vibrational 
frequency. Therefore 

- hcVi 
e i " -T" 

_ (6.63*10~ 27 erg sec) (3*10 10 cm s" 1 )^ 

1.38 x 10" 16 ergs °k" 1 

= 1.438 cm °KVi 

V 1 = 3657 cm -1 , V 2 = 1595 cm -1 and V 3 = 3756 cm -1 

= 1.438 (3657 cm -1 ) 

= 5261.7 °K. 

Similarly, 

0 2 = 2294.9 
and 0^ = 5404.1 

From equation (5) 


fvi . ? V T 

p £ 


i=i ^7 ~ 

1 1 e 1 -1 


- £n 


(l - e- 6 * A ) 


e x /T 

0,/t 

e A -1 


- £n 


(l - e‘ 8 l /T ) 


-e./T) e,/T 


1' * I "2 

+ T7t " * n 

e -1 


6,/T 

+ e ~ /t " £n 

e J -1 


(l - 

(x - e-^ /T ) 


h. = 5261.7 °K = A1 ._ 

T 296 °K 17.657 


_2 = 2294.9 °K 
P 298 °K 


= 7.701 


h. = 5404.1 °K . 1# ... 
T 298 °K 1B.XJ3 


Vi 


.-7 


-3 


- 4.004x10 + 3.3937x10 J + 2.5462x10 


\”7 
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0.004 


S 


Vi 


R 


V* krans. * s ro t. + Si 

(17.415 + 5.258 + 0.004) 

22.677. 

The argument for the difference between the calculated 
and calorimetric values of entropy is as follows. 

Ice has oxygen atoms tetrahedrally situated with a 
hydrogen atom in between each o-0 position of the tetrahe¬ 
dron. Each water molecule has two hydrogens and therefore 
two possible orientations with respect to the rest of the 

2n 

crystal. With N molecules, there are 2 possible config¬ 
urations. However only a few are acceptable with respect 
to possible species. 

+2 

1 way for 4H to be close to O => (OH^) 

4 ways for 3H to be close to O => (OH^) + 

6 ways for 2H to be close to O => OH^ 

4 ways for 1H to be close to O => OH~ 

1 way for no H to be close to O => O 

16 total ways but only six yield for I^O molecule. 

6 3 

Therefore, fraction of ways acceptable = ^ = % and total 

2N 

3 2N 

acceptable ways = —g— * 2 


Assume R — e — • - ~ 0 

g 

Therefore = 

R 



= a 

But from Boltzmann's formula 
S = kN in fl 

and ^ = in j 

= 0.41 

Therefore the calorimetric value with correction is 


951 



| = ( 22.29 + 0 . 03 ) + 0.41 


= 22.70 + 0.03 


|= 22.68 


which is now comparable with the calculated value. 


• PROBLEM 14-9 


Figure 1 shows the potential energy curve for the dissocia¬ 
tion reaction 


N 2 (g) 


2N (g) 


N 2 and N have degeneracy numbers in the electronic ground 

levels of one and four respectively. Calculate the equilib¬ 
rium constant for the dissociation reaction at 5000 °K as¬ 
suming the rigid rotor and harmonic oscillator approxima¬ 


tion. The ground state of N is a doublet denoted by P 

4 -1 

with a separation of 3.8854(10 )cm 


3/2,1/2 



1.0976X10 cm 

DISTANCE 


Fig. 1 


Solution s From figure 1, the energy of dissociation of N 2 
is AEq = 9.751 eV. The fundamental vibration frequency 

v = 2357.6 cm and the internuclear distance is 
—8 

1.0976 * 10 cm. The equilibrium constant expression for 
the reaction has the form 
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K P - 


fa] 

(nJ 

fa] 

W N 


2 

N(g) 


(g) 


-Ae 0 /RT 


where q is the partition function given by 

q = o xq xq xq „ 

^trans. ^rot. vi. ^elec. 


(1) 


From equation (1) 


K P = 


^trans 

N (g) 

l N J 

^trans 

< 

n 2 (g) 

’J 3 ^ 2 rt| 

N J 

R 2 TTm N K ' 1 

L Nh 3 P J 

[( 2 ’"N 2 kT ) 3/2 ‘ 


-AEq/RT 


Nh 3 P 


h 2 o 


8ir 2 IkT 


(l - e'^) 


N 2 (g) 


n 2 (g) 


2 -Ae 0 /RT 

( q elecJ N(g) Xe 


( 2 ) 


where 


0 . 


vi 


_ hcv 


k 


here c is the speed of light and v is the vibration fre¬ 
quency. a is the symmetry number and N is the Avogadro's 
number. 

From equation (2) 


[ (2imlcT) 3/2 RT/Nh 3 P] 2 


tranS [2irmkT) 3/2 RT/Nh 3 P] 


_ - 1 _ 14 g mole 

™N(g) 2 m N 2 (g) 


N 2 (g) 

-1 


6.02 x 10 23 mole -1 


= 2.33 10 -23 g 


q trans = 8.393 x 10< 


(3) 
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(4) 


q rot 


ikT ;» 2 (9) 


where I = moment of inertia given by 


I 


yr 


2 

e 


where y is the reduced mass and r is the internuclear dis¬ 
tance 


I = 


m l m 2 


m i + m 2 


-1 


14.008_g mole 
6.023*10 23 mole -1 


f28.016 g mole 


^r 


l 6.023 x 10 23 mole 1 


x (1.098X10 -8 cm) 2 


= 1.402 x 10 -39 g cm 2 


Substitution of these values into equation (4) gives 

*rot = X 10 ' 3 


- fl - 6 vi /T l 

ri - ^ ' e J N . 


(g) 


e . 

vi _ hv 
T kT 

= ^ CV 
kT 


- 6.7915 x 10 


-1 


q vi - -4923 

-Ae /RT 

e is computed as follows: 


Ae o 


9.751 


eV 

molec 


x 


6.023(10 23 ) 


molec x 
mole 


1.602 (10 -19 )^ 
4.184 J/cal 


= 225,023 cal/mole 
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-Ae 0 /RT _iq 

e 0 1.457 x io 1U 


^elec is calculated as follows: 


g elec g 0 e 


- e o /kT 


+ g x e 


-e^/kT 


+ g 2 e 


-e 2 /kT 


+ ... 


where g^ is the electronic degeneracy and is the elec¬ 
tronic energy of level j taken relative to the ground level. 

2 

The ground state of N is a doublet ( P^/2 1/2^ separated 

by 7603 cm”^. Thus, the first term has a degeneracy of 4 
while the second term has a degeneracy of 2. Hence 


-(e n /hc)(hc/kT) -(e,/hc)(hc/kT) 

q , = 4e u + 2e x 

^elec 


Given that 


the ground state has a separation of 7603 cm , = 0, 

while e^/hc = 7603 cm Therefore 

q , 4e 0 + 2e -(3.8854(10 4 )™- 1 ) (hc/kT) Now 
^elec 

he _ (6.63x10 2?) erg sec * (3*10^)cm sec ^ 
kT (1.38xl0~ 16 )erg K -1 x 5000 °K 


= 2.882(10 )cm 

q . = 4 + 2.74 x io -5 ~ 4 

I DP 


From equation (2) 

K p = (8.393X10 8 )(1.150X10 -3 )x(0.4923)xl6x(1.457xl0" 10 ) 
= 1.108 x io -3 atm. 


• PROBLEM 14-10 


For the dissociation reaction 

ci 2 (g> j 2ci(g) 


at 1200 °K, calculate the equilibrium constant K p by 
statistical thermodynamics. The equilibrium internuclear 
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distance is 0.199 nm, the fundamental vibration frequency 
of Cl 2 is at v = 565 cm~*, and the energy of dissociation 
of Cl 2 is 2.48 eV. 


Solution : The equilibrium constant K p of a chemical reac¬ 

tion can be calculated from the partition functions, Q of 
the reactants and products by using the relation 

AG° = -RT In K p (1) 

Using the expression for Helmholtz free energy, partition 
functions and Stirling formula, equation (1) becomes 

AG° = -RT £n(Q°/L) (2) 

where L = the Avogadro's number and Q° = the partition 
function of an ideal gas in the standard state, and is 
given by 


Q° 


= Q 


int 


(27rmkT) 

- 3 ” 


3/2 


■(RT) 


(3) 


Here, Q^ nt indicates the product of the rotational, 

vibrational and electronic contributions to Q°. 

For the general reaction 

aA + bB j cC + dD, 

Equation (2) gives 


(QVL) C (Q®/L) 

Ag° = -RT An—---- 

(Q£/L) a (Q»/L) 


d 

^exp(-Ae° 0 /kT) 


where exp(-Ae^/kT) = the dissociation energy term. 
The equilibrium constant expression is then 


K 


P 


(Q£/l) c (q£/l) 

(Q£/L) a (Q®/L) 


d 

^exp(-Ae° 0 /kT) 


Now, write the K p expression for the dissociation re- 


action Cl. 


2C1 as 


K = C Q°(C1) 1 


Tff'fClj) ]L ex P ( -^e 0 /kT) 


(4) 


From Equation (3) 
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K P = 


But, 


2irkT 


3/2 in 


/ 


Cl [RT] 


m, 


3/2 ^PL ,J ^rot^vib^electronic 
C1 2 


m ci ^"ci. 


= 35,5 g mole ^ 
6.02X10 23 mole" 1 


= 5.89 x lo “ 23 g 

R = 82.06 cc atm K 

Take note of the units of R. 

Thus the translational partition function 


trans 


[2TTkT | 3/2 m d RT 


m 


3 

Cl 
372 PL 


Cl, 


Q 


.-16 


-1. 


2tt 


(1.38x10 ^ erg K x )(1200°K) 


n 3/2 


(6.63xl0“ 27 erg sec) 


(5.89xl0" 23 ) 


(2(5 
= 9.298 x 10 


89 10 
7 


-23 


>) 


372 


(82.06 cc atm K -1 mole -1 )(1200°K) 
(1 atm)6.02*10 23 mole -1 


trans 

The rotational partition function, 


rot. 


_ 87rikT 
ah 2 


where h = the Planck's constnat, a is the symmetry number 
= 2 for a homonuclear molecule. I is the moment of in¬ 
ertia given by 

I = pr 2 

_ m l m 2 2 
m l +m 2 

Observe that the molecule is homonuclear. 

I = —r 2 
• * 2m r 


" ¥ci r2 
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r is the interatomic distance 


I = 116.5 


x 10 ^ g cm^ 


Consequently, 
Q 


= 8TT 2 (116.5 x l(r 40 g cm 2 ) (1.38*10~ 16 erg K -1 ) (1200°K) 
rot * 2(6.63 x 10 _27 erg s) 2 

= 1732.7. 

The vibrational partition function, 

i-l 


vib 




-hcv.AT 


where c = the speed of light and Vq is the fundamental 
vibrational frequency. The term 

hcv Q _ (6.63 x10 _34 J s) (3x10^11 s _1 ) (565 cm" 1 ) 
kT (1.38 x 10 _23 J K _1 )(1200 °K) 


-1 


= .67861. 


“vib - (l - *'- 67861 ) 


or ® v ib 2.030. 


The electronic partition function 
“elect. * 4 * 


where g = the statistical weight of the degenerate level 
and is equal to the number of superimposed levels. The 
ground state of Cl 9 is singly degenerate and the ground 

z 2 -1 
state of Cl is a doublet ( 1/2^ 9 se P arate< * b Y 881 cm 


Q elect. (C1) = 4 + 2 exp(-eAT) 


e/kT = (e/hc) (hc/kT) 


-27 10 

he _ 6.63x10 erg secx3xi0 cm/sec . , nA w in -3 

---- 2 -1.20 x io cm 

KA 1.38x10 10 erg/°K x l200°K 


e/kT = 881 cm -1 x 1.20 x 10 -3 cm = 1.056 
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••• 0 eleet ,cl) ' 4 + 2e 
- 4.696 


-1.056 


‘Wt. (cl > ‘ 22 '° 5 


The dissociation energy term 

Ae» (2.48 eV) 
vm ~ -23 -1 

KA (1.38*10 ZJ J°K )(1200 °K) 
= 23.90 


e -23.90 = 4>17 x 10 -11 


Prom (4) 


„ _ ^®trans.^elec.^C1 

rQ Q Q i 

( trans. rot. vib.) 


sxp(-Ae°yfcT ) 


_ 9.298xl0 7 x22.05x4.17xl0‘* 11 
1/732.7x2.032 


K p = 2.43 x 10 


• PROBLEM 14-11 


What is the superposition approximation? Give a phys¬ 
ical and a mathematical description. In what context is it 
used?, and when does it fail? 


Solution ; The superposition principle can be written as 
g 3 (r) = g(r 12 )g(r 23 )g(r 13 ) 


where g 3 (r) is a three particle distribution function and 
by definition 


f 3 is proportional to the probability of particles located 

at positions dr^, dr 2 , dr 3 . 

The superposition approximation indicates that the 
three-body problem is related to the three separate two- 
body (g 2 ) radial distribution function by a simple product. 

The approximation is used in connection with the Yvon, 

Born and Green (YBG) equation. 
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0 


3g(r 12 ) 


+ g(r 12 ) 


3<J> < r i2 ) 

3r^i 


3<t> < r 13 ) 


C 091*^ 

J “^7 


' 3 (r)dr 3 = 


to determine the equation of state of fluids. This approx¬ 
imation fails at high densities. 

• PROBLEM 14-12 


Every unit area of a dilute monomolecular film on the sur¬ 
face of a liquid contains N identical molecules each of 
mass m. Answer the questions below, expressing them in 
terms of mass m, number of molecules N, T, and universal 
constants; assume that each molecule moves independently of 
one another and of the solvent molecules, a) Determine 
the two-dimensional speed distribution function f(v) for 
these molecules, normalized so that 

00 

| f (v ) dv = 1 

0 

- 2 ~~3 

b) Calculate the average velocities v, v , v . c) A line 
segment is placed on the edge of the surface layer. Calcu¬ 
late the number of collisions, per unit length per unit 
time, with the line, d) Calculate the average kinetic 
energy of those molecules escaping through a small gap in 
the partition. 


Solution: a) The two dimensional speed distribution func¬ 
tion is given by 



where m is the mass of the molecules, v is the speed and 
k is the Boltzmann constant. The constant C is determined 
by the normalization condition, 


| f(v)dv = 1 (2) 
0 

since the possible values of v run from 0 to «. A distri¬ 
bution function obeying equation (2) is said to be normal¬ 
ized. Substituting equation (1) into equation (2) yields 


i 



vdv = 1 


c j e -mv 2 /2kT vdv _ 1 
0 


(3) 
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2 

The integration is performed as follows: Let x = v , 
then dx = 2vdv and idx = vdv. Also let a = 2fcfx* There¬ 


fore, the equation becomes 

00 

2° \ 


-ax, 

e dx = 1. 


It is now in a familiar standard form and easily integrated 


to yield £(- ije 
equation becomes 


-ax 


= 1, 


After replacing a by 


m 

2kT 


the 


kTp -mv /2kT 
In 


= 1 


-c^(0) + C^- = 1 
m m 


cS.- l 

m 


and 


r - m 

c " £f 


From equation (1), the normalized two dimensional speed 
distribution function becomes 


-, , m -mv /2kT 
f(v) = kT e vdv 

b) (i) The mean speed v is given by 


v = C j vf(v)dv 
0 




-mv / 2kT 


y 


dv 


= m 

kT 4 [ m J 

■ m 1 ' 2 


(ii) 


v 2 = C |v 2 f(v)dv 
0 
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* CT I e-""' 2 / 2kT v 3 av 

0 

_ m.1f 2kTl 2 

“ et yprj 

2kT 

m 


00 

(iii) v 3 = C | v 3 f(v)dv 
0 

00 

- ® I e‘" V /2kT v 4 dv 
0 

= JL 3A f 2kTl 5/2 
kT 8 ( m J 




c) Fig. 1 shows a line segment AB which contains molecules. 
The molecules have speeds between v and v + dv and a veloc* 
ity vector between angles 0 and 0 + d0. They collide if 
they are in the area ABCD. 

AD = v. 


This area is given by 

(AB) (AD) sin 0 

and since there is a unit line segment the area becomes 

v sin 0. 


As a result, the number of molecules in this area is 
Nv sin 0. The number of molecules in the range v, v + dv 
and 0/ 0 + dfi is given by 


Nv sin 0 


2 

m -mv /2kT 


vdv 


dO 

5¥ 
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_ Nm sin 6 d0 e _mv ^ 2kT v 2 dv 
2irkT 


(3) 


Equation (3) gives the number of collisions in the given v 
and 6 range. To obtain the total number of collisions Z , 
integrate equation (3) as follows: 


Z = USE* j sin 6 d6 f e- mv2/2kT v 2 dv 


= N 


0 

kT ] 1//2 
[27rmJ 


d) The number of molecules colliding with the gap is equal 
to the number of molecules escaping, since any molecule 
striking the gap will escape. Therefore the average kinet¬ 
ic energy of the escaping molecules e, is equal to the 
total kinetic energy E, divided by the number of molecules 
colliding with the gap. That is. 


e 


E 

Z 


But E 


1 2 
= ^v 


Z 


(4) 


Nm _ 1_2 

27rkT # 2 mv 


j .in e SO j e ->»v 2 /3<T v 2 

n a 


dv 


TT 

Nm 1 f 

= Mf? J sln 
0 


e d6 | e“ mv //2kT v 4 dv 
0 


_ 3N 


kT 

2 J 


3/2 


From equation (4) 


7=(“) V2 



3kT 
" ~T~ 
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• PROBLEM 14-13 


A set of ideal gas molecules, each of mass m, are restricted 
to two dimensions. The distribution law for each component 
of velocity is given by 

dN v (-mv 2 /2kT) 

“ = A e X dv 

total 

a) Show that the distribution law with respect to speed v, 
is given by 

dN v _ „2 -mv 2 /2kT , 

-- = 2ttA e vdv 

N total 

and evaluate the constant A. 

b) Determine the average speed v of the molecules, in 
terms of mass m of the molecules, temperature T, and uni¬ 
versal constants. 


Solution ; a) These molecules are confined to two dimen¬ 
sions, thus the probability of locating a molecule with 
velocity, v x in the x-direction, is given by 


-mv /2kT 

= A e X dv 


total 


Likewise for molecules with velocity, v^ in the y-direction. 


-mvV2kT 

= A e y dv 


total * 

Now the probability of simultaneously finding a molecule 
with velocity v , between v x and v x + dv x and with velo¬ 
city Vy, between v^ and v^ + dv^ is the product of the 
separate probabilities. Therefore, 


total 


I N total Il N total 




-mvV2kT I f -mv /2kT 
e X dvJUe y 


2 [v 2 + v 2 ] 

= A expj-m^ -^ 2kT - yj dv x dv y 
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v dv d0 


(3) 


*2 -mv /2kT 
= A e 

Equation (3) is written in polar coordinates in velocity 

v 2 

space, where 0 is the angle such that tan 0 = —and v replaces 

2 2 Vjc 
v + v . The distribution law with respect to speed v 
** y 

(that is, the number of molecules with speeds between v 
and v + dv) is obtained by integrating equation (3) at 
all angles 0. Therefore, 


total 


ii 

"I A 


2 -mv /2kT 


v dv d0 


_.2 -mv /2 kT 

A 6 


£* I 

v dv | 


. .2 -mv /2 kT _ 

= 2ttA e ' v dv I 

The constant A is determined by using the normalization 
condition given by 


r ^!v 
I 


total 


j 2,AV“' 2/2kT vav = 1 


0 - 2 -mv /2kT . , 

or 2 ttA e vdv = 1 


U = - 


Then, dU = - ^ 2v dv 


= • kT v dv 


Eqn (5) becomes 


iS 2 ,A 2 

m 


(* u 


dU = 1 
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kT ,„.2 U 
—2 ttA e 
in 


= 1 


( 6 ) 


Substituting u ■ - back into equation (6) yields 


- —2eA 2 e -mv /2kT 


m 


= 1 


_ klo + ^2 ttA 2 = 1 
m m 


2 IT A 2 ^ = 1 

m 


A 2 = m 

• • A 57kf 

2 

Alternatively, to solve for A , each of the separate integrals 
could be solved for A and this answer squared. Eqn. (4) 
then becomes 


dN 


N 


= 2tt 


total 


f m ] 

[JttTcTJ 


e -mvV2kT v dv 


= — e -mV /2kT v dv 
kT 

b) The average speed v is given by 


- r dN , 

v = J 


total 


£ j e -mvV2kT v 2 flv 
0 


$r J v e ~ mv /2kT v dv 
0 


m 

kT 


h 


-mx/2kT 


x dx 


(7) 


Integrate by parts using 

| udv = uv - | vdu 

From equation (7), 


( 8 ) 
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Let U = x and dv = e mx x dx 


dU - dx and v = - 


2kT -mx /2kT 


Using equation (8)/ equation (7) becomes 


oo 

/ klV-mx 2 /2kT °° + JJL. [ kT c ~mx 2 /2kT dx 

V m / o kT i m 


= Jl/xEL 

kT T mT 


-mx /2kT 


m ,kT f 
kT m J 


-mx /2kT 


- 0 + I 


- mx / 2kT 


1 / tt 

2 / m 
v 2kT 


in polar coordinates. 


• PROBLEM 14-14 


In one of the experiments on gravitational sedimentation 
equilibrium, the number of gamboge particles in water at 
20°C were monitored. (Gamboge is a yellow pigment not 
soluble in water.) The following data was obtained: 


Height in pm: 

0 

25 

50 

75 

100 

Mean no. of particles: 

203 

166 

136 

112 

91 


Assuming that the gamboge particles had a mean volume equal 

to 9.78 x 10 ^ m^ and a density equal to 1351 kg/m^, 
calculate the Boltzmann constant. 
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Solution : Gravitational sedimentation implies that the 

downward velocity, V G due to gravitational forces alone 

equals the upward velocity due to diffusion alone. 


Let component 1 = water 

and component 2 = particle 


The gravitational downward force = m 2 g. Tlle b ° u Y a nt 
diffusional upward force = m 9 p..g« 


due to gravity and p is the density, 
is that due to Stoke 1 s law, given by 


g is the acceleration 
Another upward force 


f = 6TTpaV G 


where a is the radius and p is the coefficient of viscosity 
of the medium. 

At equilibrium, the forces balance 


and AF = 0 


-m 2 g 


1 



6TTpaV G 


or 


V G = 


m 2 gfl - Pj/P 2 
6trpa 


m 2 g> 

e'tfya 


( 1 ) 


where g'=g(l - 
Determination of V D : 

The rate of diffusion is the upward z-direction is given by 

3 Z = CV D = "*^12 ctZ (2) 

where C is the concentration and is the diffusion coef¬ 
ficient given by 


JD 


12 


kT 

6rya 


, „ _ kT dC 

Therefore, V D - - ^ 

At equilibrium V G = V D and equation (3) becomes 


dC 

C 


m 2 g l 

kT 


dZ 


Integration yields 
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From which 



where C = C Q at Z = 0. 

Equation (4) is the familiar Boltzmann's equation and 
it indicates that the equilibrium distribution of the par¬ 
ticles obeys this equation. The Boltzmann's constant can 
then be determined from the equation. To do this, plot 
An C vs h, where h is the height in the z-direction. From 
equation (4) 

m 2 g»h 

An C = An C A --- 

0 kT 

By using a linear regression calculation, or by graphically 
plotting the data, the slope can be found, using linear 
regression calculation the formula for the slope is given 
by: 


Slope = 



The letter n refers to the number of data item which in 
this case equals 5. Since the plot involves An C versus h, 
the x in the above equation will the h and the y the An C 
term. The following table represents our data. 


h (pm) 


0 I 25 I 50 I 75 I 100 I 


C(mean number of particles) 203 166 136 112 91 


In C |5.313 I 5.112 | 4.913 |4.718 | 4.5111 

lx = 0+25+50+75+100 = 250 urn, (Jx) 2 = 62500 (ym) 2 , £y » 24.567, 
£xy = x^y^+x 2 y 2 + X 2 y 3 +x^y^+Xgyg = 0+127.8+245.65+353.85+451.1 

= 117.84lim 

lx 2 = x 2 +x 2 +x 2 +x 2 +Xg = 0+625+2500+5625+10,000 = 18750(ym) 2 

7.99 (10 -3 )-^r 

pm 

(5) 


Slope = ((250)(24.567) - 5(1178.4))ym = 
(62500 - 5(18750))(ym) 2 


Slope = 


-m 2 g' 


= -7.99 x 10~ 3 ~ 
pm 


(7.99 x io _3 )-Lr 
pm 
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= (9.78 x 10“ 21 m 3 ) (1351kg nf 3 ) 
= 1.321 x 10 -17 kg 




998.230 

1351 


Using these values in equation (5) yields 
, _ (1.321xio -17 kg)(2.55 m s" 2 ) 

K - - s -g- 

(7.99X10 -3 um) [ —i '- jg”] (293 °K) 

= 1.44 x 10 -23 J/°K 
or k = 1.44 x 10 -16 ergs/°K 

• PROBLEM 14-15 


Molecules of a gas are crossing a given plane of unit area 
in unit time. Show that the average total kinetic energy 
of the molecules is 2kT. 


Solution : Let the number of particles in the gas be N, and 
their velocity be v. Also, let the number of molecules 
with velocities between v and V + dv be dN. The number of 
particles emerging across the plane is dN 1 and is propor¬ 
tional to dN. The emitted beam has a mean square velocity 


ti onai to dN. The emit 
of v ' and is given by 


v 2 dN' 


v 3 dN 


[ vdN 
0 
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Of particular interest are the fraction of the molecules 
having a speed in the range v to v + dv, independent of 
the direction. If the origins of the velocity vectors of 
all the molecules in a sample of the gas are brought to 
the origin of a coordinate system , molecules having speed 
vectors ending in a spherical shell of radius v around the 
origin with thickness dv are wanted. The volume of this 
2 

shell is 4 ttv dv, and thus the fraction of the molecules 
with velocities v in the range v to v + dv is given by 

f(v)dv - (j*) 372 e" n '' 2/2kT 4«v 2 dv 

which is the Maxwell equation. Substituting the Maxwell 
equation into equation (1) gives 



= 4kT 
m 


Kinetic energy is given by 



= 2kT . 
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